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Unit C1 
Residues 


Introduction 


In Book B we obtained many theoretical results about analytic functions 
and we pointed out that these can often be used to evaluate integrals. For 
example, if f is a function that is analytic on a simply connected region R, 
T is a simple-closed contour in R, and a is any point inside I’, then 


[i@a=o, 
F 
by Cauchy’s Theorem (Theorem 1.2 of Unit B2), 


iow 
r= 
by Cauchy’s Integral Formula (Theorem 2.1 of Unit B2), and 
(n) 
| Emne- omit 2 forn =1,2,..., 
pr (z—a)nt n! 
by Cauchy’s nth Derivative Formula (Theorem 3.2 of Unit B2). Also, if f 


is analytic on the punctured disc D = {z : 0 < |z — a| < r} (which is not a 
simply connected region), and C is a circle in D centred at a, then 


[ —— da= Diiis 


z—a)rtl 
where an is the coefficient of (z — a)” in the Laurent series about a for f. 
In particular, when n = —1, we have 


f f(z)dz = mia, (0.1) 
C 


z = 2rif (a), 


(equation (4.2) of Unit B4). The complex number a_, is called the residue 
of f at a. In this unit we will use residues to evaluate more general 
complex integrals, and hence solve a number of problems from real 
analysis. 


We start, in Section 1, by introducing a number of useful techniques for 
evaluating residues. 


In Section 2 we state and prove a key result called the Residue Theorem, 
which gives a formula for evaluating integrals that is more general than 
equation (0.1). We then apply the Residue Theorem to the evaluation of a 
wide range of integrals. In particular, we show how it can be used to 
evaluate certain real trigonometric integrals involving cost and sint, such 


as 
27 27 
1 1 
— `> dt and —— df. 
f 5+4sint / 16 cos? t + 9 


Section 3 is about using the Residue Theorem to evaluate certain real 
improper integrals of the forms 


T f(t) dt, a f(t)cosktdt and L f(t) sin kt dt, 


where f is a rational function (with real coefficients) subject to certain 
restrictions, and k is a real number. 
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In Section 4 we see how residues can also be used to determine the sums of 
certain real infinite series. For example, we show that 


1 T 1 T 
D ~ ee a nm 90° 
n=1 n=1 


Finally, Section 5 is about analytic continuation, the process of extending 
the domain of a given analytic function while preserving the function’s 
analyticity. There we will see more examples of real improper integrals 
evaluated using the Residue Theorem. 


After solving so many problems involving real functions by using methods 
of complex analysis, you will be able to appreciate the following 
observation by the French mathematician and twice prime minister of 
France, Paul Painlevé (1863-1933): 


[B]etween two truths of the real domain, the easiest and shortest 
path quite often passes through the complex domain. 


(Painlevé, 1967, p. 2) 


Unit guide 


This is one of the longest and most challenging of all the M337 units, but 
it is also one of the most rewarding. It leads you to results of fundamental 
importance in complex analysis, most notably the Residue Theorem, which 
is widely applied in mathematics, engineering and physics. 


Section 1 describes various methods for calculating residues. You should 
familiarise yourself with these as they will be needed throughout the rest 
of the unit. 


As you study Section 2, you should make sure that you understand the 
statement and use of the Residue Theorem. If you are short of time, then 
you may prefer to omit the proof of the Residue Theorem on a first 
reading, and instead proceed to Section 3. 


Sections 3 and 4 demonstrate some striking applications of the Residue 
Theorem. The techniques used are central to complex analysis. 


Section 5 is about analytic continuation, a subject that we will return to in 
Unit C2. 


1 Calculating residues 


After working through this section, you should be able to: 
e calculate residues using Laurent series 


e calculate residues at simple poles and removable singularities using 
the g/h Rule and the Cover-up Rule 


e calculate residues at higher-order poles. 


Let us begin by revisiting some important definitions from Unit B4. We 
recall that any function f that is analytic on an open punctured disc 
{z:0<|z—a| <r} centred at a point a can be represented by a series 
a_2 aj 2 
Zp See bf — ayo tt 0 + (2 — @) +. 9(2—-— a)” +> 

f(z) Per ~g + 0 + al ) + a2( ) , 
for 0 < |z — a| < r. This series is called the Laurent series about a for f, 
and it is unique: it is the only extended power series about a@ that 
represents f on the punctured disc {z : 0 < |z — a| <r}. The 
coefficient a—ı plays a special role in complex analysis. It is called the 
residue of f at a, and is denoted by Res(f, a). 


Here we look at methods for determining Res(f,a). One method is to 
simply inspect the series. The following example will show you some of the 
techniques involved. 


Example 1.1 

Find the residue of each of the following functions at the point 0. 
i sin z 

@) d= o f= 


Solution 
(a) The Laurent series about 0 for f is 


lee Ce 0 al 
ST se US (eT) eat 
3 gh” x 


Z 
so Res(f,0) = 1, the coefficient of z~!. 


(b) The Taylor series about 0 for the sine function is 


Lo, oot Ze 
CUS ee oy a ray 
Dividing by z*, we obtain the Laurent series about 0 for f, 
sinz 1 1 z 
aena 


so Res(f,0) = —1/6, the coefficient of z271. 


Exercise 1.1 


Find the residue of each of the following functions at the point 0. 
cos z 


(@) f@=4-3 Wa oro 
(d) f(z) = 2? sin(1/z) 
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It sometimes helps to rearrange the function into a more useful form when 
finding residues. 


Example 1.2 
Find the residue of the function 
il 
I) F Ae = 1)2 


at each of the following points a. 
(a) a=0 (b) a= 


(a) We need to find the Laurent series about 0 for f. Using the 
binomial series expansion of (1 — z)~?, which is valid for |z| < 1, 
we see that if 0 < |z| < 1, then 

1 1 


eee ae 


= =(1+ a n = dk =) 


z 


1 
= —(14+2z+327+---) 
Z 


1 

= a A a o ee 

z 

Hence Res(f,0) = 1, the coefficient of z271. 


(b) We need to expand the given function in powers of z — 1. To do 
this, we substitute w = z — 1, so z = 1 + w. We obtain, 
for 0 < |w| < 1 (or, equivalently, 0 < |z — 1| < 1), 
1 
z(z—1)2 (1+ w)w? 


íl Z 
=ar F 


1 
A a 


1 1 

—-—+1l-wt-: 

w w 

= — E ay 
GC eN i 


Hence Res(f, 1) = —1, the coefficient of (z — 1)7!. 


Since the residue of f at the point a is the coefficient of (z — a)~! in the 
Laurent series about a for f, it follows on writing w = z — a that this 
residue is simply the coefficient of w—! in the Laurent series about 0 in 
powers of w. You may wish to use this observation in the following 
exercise. 


Exercise 1.2 


Find the residue of each of the following functions at the given point a. 


(a) f(z) 


=a est) I=, osr 


The next theorem can sometimes save effort in finding residues. It uses the 
concepts of odd and even functions, which we encountered in 

Subsection 3.1 of Unit B3. There we saw that if A is a set for which z € A 
if and only if —z € A, and f is a function with domain A, then: 


f is an odd function if f(—z) = —f(z), for all z € A, 
f is an even function if f(—z) = f(z), for all z € A. 


For example, the sine function is an odd function and the cosine function 
is an even function. 


Theorem 1.1 

Let f be a function that has singularities at the points a and —a. 
(a) If f is an odd function, then Res(f,—a) = Res(f, a). 

(b) If f is an even function, then Res(f,—a) = — Res(f,a). 


Proof Since f has a singularity at a, it has a Laurent series 


a— a— 
snp p a saa |G oa 


about a, which converges on some punctured disc {z : 0 < |z — a| < r}. 
If f is an odd or even function, then z € A if and only if —z € A (where A 
is the domain of f), in which case we can substitute —z for z in this series 


to obtain 
a—2 a1 
— E ee —— —— a a z Q sae 
we) ey ae z pr 1 ) 
This series converges for 0 < |—z — a| < r, that is, for 0 < |z + a| <r. We 
can simplify the right-hand side to give 


a ec a 
f(-2) = "aar z+a 


Hao- alz +a) +-+. (1.1) 


Let us now consider the cases when f is an odd and even function in turn. 


(a) If f is odd, then f(—z) = — f(z), so we see from equation (1.1) that 


a re eee 
Hela =f) utor oka 


for 0 < |z+a| <r. Hence Res(f, —a) = a_; = Res(f,a). 
(b) If f is even, then f(—z) = f(z), so we see from equation (1.1) that 
29 Beit = 
P(2) = fla) Taron z+a 


for 0 < |z +a| <r. Hence Res( f, —a) = —a_4 = — Res( f, a). E 


— ao + a(z +a)— =, 


+a- a2 OL) Ee 2% 
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To see how this theorem can be applied, consider Exercise 1.2(a) in which 
you should have found the residue of the even function f(z) = 1/(z7 + 1) 
at i to be —i/2. Theorem 1.1(b) tells us that 


Res(f, —i) = — Res( f, i) = 17/2. 


Look out for opportunities to apply this theorem in exercises later on! 


1.2 Methods for simple poles and 
removable singularities 


Suppose that we wish to calculate the residue at the point i of the function 
1 
22(1— z)(1 — 2z)(1 — 32) 


Using the methods of the previous subsection, we would have the difficult 


f) = 


task of calculating the coefficient of (z — y~ in the Laurent series about i 


for f. Fortunately, there are some useful rules for determining residues at 
simple poles and removable singularities. We turn our attention to these 
rules in this subsection (and revisit the function f above in Exercise 1.3). 


Let f be a function that is analytic on the punctured disc 
{z:0<|z-al<r} 


and has a simple pole at a. Then f can be represented by a Laurent series 
about a of the form 


f(z) = + a9 tal-a) , for0<|z-al <r, 
where a_; Æ 0. If we multiply this equation by z — a, then we obtain 
(z—a)f(z) =a_1+a9(z—a@) + a(z- a) +++. 


The power series on the right defines a function that is analytic, and hence 
continuous, at the point a. It follows that 


lim (2 — a) f(z) =a_i = Res(f,q). (1.2) 


Note that a similar conclusion holds when the function f has a removable 
singularity at the point a. The only difference is that a_; = 0, and we 
deduce that 

lim (z — a) f(z) = Res(f,a) = 0. 


Za 


These observations about simple poles and removable singularities suggest 
the following result. 


Let f be a function that has a singularity at the point a, and suppose 
that the limit lim (z — a) f(z) exists. Then 
ZA 
Res(f,a) = lim (z — a) f(z). 
ZA 


Furthermore, f has a simple pole at a if the limit is non-zero, and it 
has a removable singularity at a if the limit is 0. 


The statement that the limit lim (z — a) f(z) exists means that (z — a) f(z) 
Za 
tends to some complex number as z tends to a. 
Let w = lim (z — a) f(z). 
Za 


If w Æ 0, then f has a simple pole at a (by Theorem 3.2 of Unit B4), so 
Res(f,a) = w, by equation (1.2). 


If w = 0, then f has a removable singularity at a (by Theorem 3.1 of 


Unit B4), so Res(f,a) = w = 0. o 


We use this result in the following example. 


Example 1.3 


Find the residue of each of the following functions at the given 
point a. 


@) =z e=0 0) asa oat 
Solution 
(a) Since 


il 
l — —— = li — >=> ‘il 
tim (c Sage z) 2 C 
we deduce that Res(f,0) = 1. 
(b) Since 
; : 1 : il 
tin ( (2-3) : =) e 


we deduce that Res(f, i) = —i/2. 


Compare these solutions with those of Example 1.2(a) and Exercise 1.2(a). 
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Exercise 1.3 


Find the residue of each of the following functions at the given point a. 


Here is a useful corollary to Theorem 1.2. 


Let f(z) = g(z)/h(z), where g and h are functions that are analytic at 
the point a, and h(a) = 0 and h’(a) £0. Then 


Res(f,a) = g(a)/h' (a). 


Since h(a) = 0 and h' (a) 4 0, we have 


lim (z - a = fim (gle) a Waa) 
= (im oo) / (im ee) 
= g(a) /h'(a). 


Therefore lim (z — a) f(z) exists and is equal to g(aœ)/h' (a). It then follows 
from Theorem 1.2 that Res(f,a) = g(a)/h'(a). E 


Example 1.4 


Find the residue of the function 


2 
TOE 


A 

at the point i. 

Solution 

Let gle) = 2 amd hle) = 7 = i 

Then g and h are analytic at i. Also, h(i) = i4 — 1 = 0, and 

h' (i) = 4i’, which is non-zero. Thus the g/h Rule applies, and we have 


Ra = = #7/(4i°) = 1/(4i) = -4/4. 


xercise 1.4 


Find the residue of each of the following functions at the given points a. 
1 


a es ail 

a) O= zy ok 
z+9 
b = ES SS Z 3 
0) O= r on 

3 
(c) f(2= I -~ a= eit/4  e3in/4 e5in/4 eTin/4 
z 


The g/h Rule is particularly useful in examples where the function h is a 
trigonometric or exponential function. The following examples are 
instances of this. 


Example 1.5 


Find the residue of each of the following functions at the point n, 
where n is any integer. 


(a) f(z) =a cot nz (b) f(z) = mcosec rz 


sorution 


(a) Let g(z) =acos7z and A(z) = sinzz. 
Then f(z) = g(z)/h(z), and g and h are analytic at n. Also, 
hoa) = sm we = A, 
and 
h'(n) = T cos mn, 
which is non-zero. Thus the g/h Rule applies, and we obtain 


Rete A) g(n) _ mcosmn 


F h'(n) mcosmn 

(b) Let g(z) = r and A(z) = sin zz. 
Then f(z) = g(z)/h(z), and g and h are analytic at n. Also, 
h(n) = 0 and h’(n) 4 0, as in part (a). Thus the g/h Rule 
applies, and we obtain 


ae a F TTT F = eae 
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Exercise 1.5 


Find the residue of each of the following functions at the given points a. 


(a) f@)=T SS, ash- 
b) f= asd- 

© FOs o= jiii 
D O=, a=hi-H 


The residues calculated in Example 1.5 and Exercise 1.5 will be needed in 
Section 4. 


The following special case of the g/h Rule is sufficiently useful to deserve 
its own name. 


Corollary Cover-up Rule 
g(2) 


Let f(z) = ——, where g is a function that is analytic at a. Then 
z-a 


Res(f, a) = g(a). 


Proof Let h(z) = z— a. Then h(a) =0 and h’(a) = 1, so 


Res(f,a) = g(a)/h'(a) = g(a), 
by the g/h Rule. E 


The reason for the name ‘Cover-up Rule’ is that we can find the residue of 
a function at the simple pole or removable singularity œ by covering up the 
factor z — a in the denominator and evaluating what remains at the 

point a. As with Theorem 1.2 and the g/h Rule, this method will help you 
to find residues only at simple poles and removable singularities. 
Furthermore, you should take heed of the following warning. 


When applying the Cover-up Rule, make sure that you cover up only 
a factor of the form z — a. 


The following example demonstrates how to apply the Cover-up Rule, and 
it shows how to deal with factors of the form kz — a, where k Æ 1. 


Example 1.6 
Find the residue of the function 
32 
1) = = ona) 


at each of the points 7 and si. 


The function f has simple poles at the points 7 and si. If we cover up 
the factor z — i and evaluate what remains at 7, then we obtain 


3i 


Res(f,i) = =s 
(i) (2i) (2i — i) 


by the Cover-up Rule. 


For the residue at si, we cannot similarly cover up the factor 2z — i, 
as this is not of the required form z — a. We therefore write 


3z 
Oe aa 
i 


If we now cover up the factor z — 57 and evaluate what remains at ži, 
then we obtain 


i 3 x (5%) 
Sh) = =r 
MEE 


a oag 
Au 2 
by the Cover-up Rule. 


Use the Cover-up Rule to find the residue of each of the following functions 
at the given point a. 


@) O= ay e=-4 
b) (==, a=0 
1 
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1.3 Methods for higher-order poles 


Generally speaking, the calculation of residues at poles of order greater 
than one is an unpleasant chore, since the useful rules of Subsection 1.2 
(the g/h Rule and the Cover-up Rule) do not apply. There are essentially 
two methods for dealing with higher-order poles: use the Laurent series 
directly, or use a higher-order analogue of Theorem 1.2. Which method is 
more appropriate depends on the nature of the function in question. 


Using the Laurent series 


You have already seen how Laurent series can be used to find residues at 
poles of order greater than one. For example, in Examples 1.1(b) 
and 1.2(b) we used Laurent series to calculate the residues of 


i 1 
fiz)= = at 0, and f(z)= Tea? at 1. 


Here are two more such residues for you to calculate. 


Exercise 1.7 


Use the appropriate Laurent series to find the residue of each of the 


following functions at the given point a. 
z+2 1+e” 


(a) 1 aay a= (b) f@)= Co a= 


The higher-order formula 


If f is a function with a pole of order two at the point a, then its Laurent 
series about œ can be written in the form 
ae a 
f(z)= + Hata- a) , where a-s £0. 
(z-a) z-a 
We wish to isolate the term a_ ;. It is tempting just to multiply through 
by z — a and then let z tend to a, but this would cause problems with the 
first term. Instead, we multiply through by (z — a)?, giving 


(z-a f(z) = a_g +a-1(z — a) + alz- a} +ailz- a)? +- 


If we now differentiate each side of this equation, then we obtain 


d 
m a)’ f(z)) = a-1 + 2a9(z — a) + 3a1 (2 — a)? +--+- 
Taking the limit as z tends to a, we deduce that 


i= (e aay s(2))). 


Za 


Using a similar method, we can prove the corresponding formula for a pole 
of order k. 


Theorem 1.3 


Let f be a function that has a pole of order k at the point a. Then 
qk-1 


Res(f,a) = ean lim (fa (2 "o ra)): 


You are asked to prove Theorem 1.3 in Exercise 1.9 below. 


Use Theorem 1.3 to find the residue of each of the following functions at 
the given point a. 


z 2 
Sy er O) fO= aE yy 


Gm m 


(a) f(z) = 


Prove Theorem 1.3. 


1 Calculating residues 


15 


Unit C1 Residues 


Further exercises 


Exercise 1.10 


Find the residue of each of the following functions at the given points a. 


(a) ee a=0 (b) PQ) = Gaye” va 
(c) CO) ae oe a=1,-1,i,-7 (d) fe) =z a = 2, —2 
(c) HD = ay E E 


2 The Residue Theorem 


After working through this section, you should be able to: 


e state Cauchy’s Residue Theorem, and use it to evaluate a given contour 
integral 


e evaluate certain real trigonometric integrals of the form 


20 
f (cost, sin t) dt, 
0 


where ® is a function of two variables. 


2.1 Cauchy’s Residue Theorem 


At the end of Unit B4 you saw that if f is a function that is analytic on 
the punctured disc D = {z : 0 < |z — a| < r}, then 


[ f(z) dz = 271 Res(f, a), 
C 


where C is any circle in D with centre a. It follows that we can evaluate 
such an integral by calculating the residue and multiplying the result 

by 2ri. 

We now extend this result to the case where f has several singularities at 
points inside a simple-closed contour I. In this case, each singularity a 
gives a contribution of 277 Res(f,a) to the value of the integral; we then 
evaluate the integral of f along [ by adding up these contributions, giving 


2ri x (the sum of the residues at the singularities of f inside [). 


The formal statement of this result is as follows; its proof is given in 
Subsection 2.3. 
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2 The Residue Theorem 


Theorem 2.1 Cauchy’s Residue Theorem 


Let R be a simply connected region, and let f be a function that is 
analytic on R except for a finite number of singularities. Let T be any 
simple-closed contour in R, not passing through any of these 
singularities. Then 


i {Gaz = Dms, 
F 


where S is the sum of the residues of f at those singularities that lie 
inside I. 


Remarks 
1. We usually refer to Theorem 2.1 simply as the ‘Residue Theorem’. 


2. Notice that if no singularities of f lie at points inside I, then the 
Residue Theorem reduces to a special case of Cauchy’s Theorem, and 
the value of the integral is 0. 


3. Following the convention from Subsection 1.3 of Unit B2, the contour T A 


in the Residue Theorem is assumed to be traversed once anticlockwise. 


4. When you use the Residue Theorem to evaluate an integral, it is good T 


practice to draw the contour I and plot the singularities of the 
function f, for then it is easy to identify those singularities that lie 2 
inside T. If any of the singularities lie on I, then the integral is not 1 

defined. For example, 


1 
— d 
la E 


where I = {z : |z| = 1}, is not defined because the singularity 1 of Figure 2.1 The point 1 lies 
f(z) =1/(z(z — 1)”) lies on T (see Figure 2.1). on the unit circle 


History of Cauchy’s Residue Theorem 


Cauchy first published his Residue Theorem in a paper entitled 
‘Mémoire sur les intégrales définies prises entre des limites 
imaginaires’ (1825), considered by some to be his masterwork. At 
first, the full significance of the result was not recognised by 
mathematicians, including Cauchy himself, and it was only in the 
1840s that its generality and the richness of its applications became 
properly appreciated. 


The Residue Theorem can be used to evaluate integrals to which we 
applied the partial fractions strategy for evaluating contour integrals of 
Unit B2 (see, for instance, Example 2.1 below). However, it provides a 
much more general method, which applies to integrals (such as that of 
Exercise 2.4 below) to which the partial fractions strategy cannot be 
applied. The following examples illustrate the basic method. 
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Figure 2.2 The circle 
T= {z:|z-1)/=3} 


Figure 2.3 A rectangular 
contour containing both 0 
and 1 


2i 


Figure 2.4 The ellipse I = 
{z = z + iy : 4a? + 9y? = 36} 
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Example 2.1 


Evaluate the integral 


1 
i 7e=0 


where T is 
(a) the circle {z plz —1|= 5} 


(b) any rectangular contour containing both 0 and 1 in its inside. 
Solution 
(a) The function 


== 


z(z—1)? 

is analytic on C apart from singularities at 0 and 1. The point 0 
lies outside I = {z : |z — 1| = 5}, and 1 lies inside I (see 

Figure 2.2). By Example 1.2(b), Res(f, 1) = —1. 

Hence, by the Residue Theorem with R = C, 


| f(z) dz = 277 Res(f, 1) = —2z71. 
T 


(b) Both singularities 0 and 1 of f lie inside IF (see Figure 2.3). As in 
part (a), Res(f,1) = —1, and by Example 1.2(a) or the Cover-up 
Rule, Res(f,0) = 1. 


Hence, by the Residue Theorem with R = C, 


i FG dz on (Reap eRe Oy) 
= 2ni(-1+1) =0. 


Example 2.2 


Evaluate the integral 


i Boe d 
tis. 

r (z—1)(z — 2)(z + 4) 

where I is the ellipse {z = x + iy : 4x? + 9y? = 36}. 
Solution 


The function 
z+3 


M =e =e 
is analytic on C apart from simple poles at 1, 2 and —4. Of these, 1 
and 2 lie inside D= {z = 4 + iy 4x? + 9y” = 36}, and —4 lies 
outside I (see Figure 2.4). 


2 The Residue Theorem 


Observe that although the function f from Example 2.2 has a pole at —4, 
we do not need to calculate the residue of f at —4 to apply the Residue 
Theorem because —4 lies outside the contour r. 


Evaluate the integral 


sin z 
[2 Zi dz, 
where T is 
(a) the circle {z : |z| = 3} 


(b) the rectangular contour with vertices at —2i, 21, —2 + 2i, —2 — 2i. 


Let I be the circle {z : |z — i| = 2}. Evaluate the integral 


z+2 
I= | —— d 
[ws r 


for each of the following values of k. 
(a) k=] (b) k=3 (C) k=T 


T 
Use the result of Exercise 1.4(c) to evaluate the integral 
3 
| a dz, 
where T is the semicircular contour shown in Figure 2.5. Figure 2.5 A simple-closed 


semicircular contour 
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Exercise 2.4 


Evaluate the integral 


il 
f we dz, 
r sinz 


where T is the square contour with vertices 4 + 4i, —4 + 4i, —4 — 4i, 4 — 4i. 


(Hint: Choose the region R carefully so that it contains only a finite 
number of singularities of the function.) 


2.2 Real trigonometric integrals 


The Residue Theorem proves to be useful in some quite unexpected ways. 
One of these is in the evaluation of real integrals of the form 


2m 
f (cost, sin t) dt, 
0 


where © is a function of two real variables. For example, if 
1 
5 + 4y’ 


ry) = 
then 


2m 2m 1 
| (cost, sin t) dt = f —— dt 
0 o oO+4sint 


Let us prove that this integral is equal to the contour integral 


1 
[=e 
co 227 + 51z — 2 


where C is the unit circle {z : |z| = 1}. Using the parametrisation 
y(t) =e" (tE [0, 27]), 


and observing that y'(t) = ie” and sint = aa — e7?) /(2i), we obtain 


27 
dt 
a 222 + Biz —2 T — 54 z= | 2e2it + 5iet — 2 ZE 2 


2m 
f dt 
o 2e? + 5i — 2e" — Qe“ 
2m 
— dt 
=| 5 aor — ett) /j 


il 
= ————— dt 
[ 5+4sint 


This argument can be reversed to transform the given real trigonometric 
integral into a contour integral around the unit circle C. 
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Since choosing y(t) = e amounts to substituting z = e**, we need to 
replace 
1 aif l, it i 1 -1 
cost by zt? ), since cost = 1G +e") = zt? ), 


1 1_; ; 1 
sint by a —z'), since sint = ae —e*)= ze —z'), 


1 f dz; . 
dt by — dz, since — = ie" = iz. 
1z dt 
Using this procedure, we can replace a trigonometric integral 


i ®(cost, sint) dt by a contour integral of the form fo f(z) dz, which we 


can evaluate using the Residue Theorem. An example will make the 
method clear. 


Example 2.3 


Evaluate the integral 


2m 1 
| = 
o o+ 4sint 


Solution 


If C is the unit circle {z : |z| = 1}, then, following the discussion 
above, 


ag 1 il il 
f a= | ae 
o 5+4sint eo A aO tz 

1 
=| TT ue 


il 
G DEP ap ne = 2 
as expected. Now, 
227 + Biz — 2 = (2z + i)(z + 2i) = 2(z + ţi) (z + 2i), 


so the singularities of the function f(z) = 1/(2z7 + 5iz — 2) are simple 
poles at —5i and —27. The pole —si lies inside the unit circle C, and 
the pole —2i lies outside C. 


By the Cover-up Rule, 
1 1 
ee a pee ee 
eT) 2(—hi+2) 34 
It follows from the Residue Theorem with R = C that 


27 
1 1 2 
SS og eee 
i 5 +4sint EOS 


Note that the answer is a real number, as it should be, because it is 
the value of the integral of a real function. 


We can summarise the method above in the form of a strategy. 


2 The Residue Theorem 
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To evaluate a real integral of the form 
2m 
| (cost, sin t) dt, 
0 


where Ẹ is a function of two real variables, proceed as follows. 


1. Replace 
cost by eae) sint by =i) dt by ap 
2 ; 2i í Ga 


to obtain a contour integral of the form fo f(z) dz around the unit 
circle C = {z : |z| = 1}. In order for the strategy to apply, the 
function f must be analytic with finitely many singularities on a 
simply connected region that contains C, and none of the 
singularities can lie on C. 


2. Locate the singularities of the function f lying inside C, and 
calculate the residues of f at these points. 


3. Evaluate the given integral by calculating 


2ri x (the sum of the residues found in step 2). 


Exercise 2.5 


Evaluate the integral 


27 
1 
| <= 
o 2-— cost 


n! 
The next exercise makes use of the binomial coefficient @ = 


k(n — k)! 


Exercise 2.6 


Let n be a positive integer. 


(a) Show that the residue of the function f(z) = (2? +1)"/z"*" at the 
point 0 is 


(a) if n is even, and 0 if n is odd. 


2 


(b) Use this result to evaluate the integral 


2m 
I cos” t dt. 
0 
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2.3 Proof of the Residue Theorem 


We now sketch a proof of the Residue Theorem. The proof is challenging, 
so you may consider just skimming through the details on a first reading. 


Theorem 2.1 Cauchy’s Residue Theorem 


Let R be a simply connected region, and let f be a function that is 
analytic on R except for a finite number of singularities. Let [ be any 
simple-closed contour in R, not passing through any of these 
singularities. Then 


| G2) a2 = 2S. 
Ñ 


where S is the sum of the residues of f at those singularities that lie 
inside I. 


Proof Let a1,a2,...,@n be the singularities of f lying inside T. For each 
singularity az, choose a circle Cp inside I that is centred at a, and has no 
other singularities of f on or inside it. Choose the circles C1, C2,...,Cn in 
such a way that they do not meet one another, as illustrated in 

Figure 2.6(a) for the case n = 3. Since f is analytic on a punctured open 
disc centred at a, containing Ck, we have, by equation (4.3) of Unit B4, 


f(z)dz = 2ri Res(f,o;,), for k= 1,2,...,n. (2.1) 
Ck 


We wish to show that 


fto p= a Rio az). 


To do this, we express fp f(z) dz in terms of integrals around 
C1, C2,...,Cn and around other simple-closed contours, where the integral 
of f around each of these other contours is zero (by Cauchy’s Theorem). 


For each k = 1,2,...,n, join Ck to T by two simple smooth paths Ly, and 
i, in such a way that no two of the contours L1, Lo,..., Ln, L4, Lh,- Lh, 
meet, as indicated in Figure 2.6(b) for the case n = 3. 


(a) (b) — 


Figure 2.6 (a) Circles C% inside I centred at a, (b) Smooth paths Lk 
and Li, joining Cp to T 


2 The Residue Theorem 
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We choose these smooth paths such that, for each k, the paths Ly; and Ll 
(L is the reverse path of Li.) form part of a simple-closed contour Tọ 
(illustrated in Figure 2.7(a), for k = 1,2,3) that contains no singularities 
of f. 

Each contour I% contains part of | C; (the reverse contour of C), part of L, 
and the simple contours Lẹ and Li. The contour I”, illustrated in 

Figure 2.7(b), contains the left-over parts of I, and, for each k, it contains 
both Ly and L’, as well as the remaining part of Cp that is not part of Tẹ. 


Figure 2.7 Simple-closed contours (a) r1, r2,I3 and (b) T” 


If we add the integral of f along I’ to the sum of the integrals of f along 
the contours I’;, then the parts of these integrals along the simple contours 
Lk and Ly, and Li, and L}, cancel. Consequently, we obtain 


[rory | foa) = [roty soa), 


But, by Cauchy’s Theorem (applied to I’ and to each I, on appropriate 
simply connected regions), 


f(z)dz=0 and f(zjdz=0, fork 1, 2an: 
rv Ty 
Hence 
[t@a- 2 EO dz) 


=) 2riRes(f,ap) (by equation (2.1)) 


3 Evaluating improper integrals 


Further exercises 


Exercise 2.7 


Use the Residue Theorem to evaluate each of the following contour 
integrals around the circle C = {z : |z| = 2}. 


(a) [re (b) [we (c) lax" 


(Hint: Use results from Exercise 1.10.) 


Exercise 2.8 
Use the Residue Theorem to evaluate 


z 
——d 
[= = 


for each of the following contours C. 


(a) C= {z: |z| =1} (b) C = {z : |z — 3i| = 4} 


Exercise 2.9 


Show that 


dz, 


T 1 gsl Í z 
o 16cos2t+9 4i c (22 +4) (22+ 1) 
where C is the unit circle {z2 : |z| = 1}. 


Hence evaluate the given trigonometric integral. 


3 Evaluating improper integrals 


After working through this section, you should be able to: 
e understand the definitions of improper real integrals 
e use the Residue Theorem to evaluate improper real integrals of the forms 
/ p(t) dt, f pU) cosktdt and f pit) sin kt dt, 
-o0 a(t) -o0 a(t) -o0 a(t) 


where p and q are real polynomial functions subject to suitable 
restrictions, and k is a real constant. 
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3 
HY 


0 


Figure 3.1 Area under the 
graph of y = e™* between 0 
and r 
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3.1 Improper integrals 


Integrals of the forms 


f. PGs and [ f(t) dt, 


where f is a real-valued or complex-valued function of the real variable t, 
occur in many branches of mathematics. They are called improper 
integrals. For example, the improper integral 


a 2 
f e™ di, 
—oo 


sometimes called the Gaussian integral, is important in statistics because 
of its connection with the normal distribution, and the Fourier transform 
of a function f: R —> C, defined by 


Foy =f Fods, 


arises in the theory of differential equations. (We will meet Fourier 
transforms again at the end of this section, and we will meet the Gaussian 
integral again in Section 6 of Unit C2.) 


Our aim in this subsection is to define such improper integrals. The idea of 
the definition is to consider an ordinary integral such as 


P 
| e™ dt, 
0 


which represents the shaded area in Figure 3.1, and then define 


OO r 
| e™dt = lim f edt, 
0 TCO 0 


provided that this limit exists. 


First, however, we need to define the notion of a limit as r tends to oo. 


Definition 

Let f be a function defined on an unbounded interval (a,0o), and 
suppose that a € C. The function f has limit œ as r tends to oo if 
for each real sequence (rn) in (a,0o0) such that rn —> co as n > 00, we 
have 


f(tn) > a as n > oo. 
In this case we write either 


lim f(r)=a or f(r)— a asr —> o. 


There is an equivalent ¢-N definition of this limit, which says that for each 
positive number €, there is an integer N such that 


\f(r)-al<e, foralr>N. 


3 Evaluating improper integrals 


The next example shows how to evaluate a limit using the sequence 
definition. 


Example 3.1 


Evaluate the limit 


Solution 


Intuitively, we suspect that the limit is 0. Let 


fe)=5 (re (0,0). 


If (rn) is a sequence in (0,00) such that rn > oo, then 1/rn — 0 by 
the Reciprocal Rule for sequences (Theorem 1.5 of Unit A3), and 
hence 1/r2 — 0, by the Product Rule for sequences (Theorem 1.3(c) 
of Unit A3). Therefore 


f(r) =1/r? 4 0 asr = oo. 


Exercise 3.1 


Use the -N definition to prove that 


More complicated limits can be evaluated by using the following theorem, 
which follows from the Combination Rules for sequences. We omit the 
proof. 


Let f and g be functions such that 
jim f(r) =a and lim g(r) = 8. 
(a) Sum Rule lim (f(r) + g(r) =a+ 8. 
(b) Multiple Rule lim Ar =A tor AEC. 
(c) Product Rule lim (f(r)g(r)) = aß. 
T— o0 
( 


d) Quotient Rule jim (f(r)/9(r)) =a/f, provided that 8 Æ 0. 
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We will need the limit calculated in the next example later in the section. 


Example 3.2 


Evaluate the limit 
Tr 


lim 5 
eorna 


It seems likely that the limit is 0, since the power of r occurring in the 
denominator is larger than that occurring in the numerator. 


To prove that the limit is indeed 0, we divide the numerator and 
denominator by the ‘dominant term’ r?, and write 


li Tr = 
ee ll passe 1 (ti 


But 
hime — Ov and ia e = A. 
TROS T—Co 


It follows from the Sum, Multiple and Quotient Rules that 


The limit evaluated in Example 3.2 is a special case of the following useful 
corollary to Theorem 3.1 (which we often use without explicit reference). 


If p and q are polynomial functions such that the degree of q exceeds 
the degree of p, then 
p(r) 


ea 


me) 


ercise az 


LA 


Prove the corollary to Theorem 3.1. 


We can now define the improper integrals 


f i mad aaa f T E dt. 


3 Evaluating improper integrals 


Definitions 
Let f be a function that is continuous on R. Then the improper 
co 


integral | f(t) dt is 


f Ot- jim | soa 
provided that this limit exists. 
Let f be a function that is continuous on the interval [a, o0). Then 
the improper integral / i f(t) dt is 
co “y 
f seae= im f ea, 


provided that this limit exists. 


Remark 


An alternative, but not equivalent, definition of the improper integral 


f 7 p(t) at 


i f(t)dt= [. f(t)dt+ [ f(t) dt, (3.1) 


where 1 f(t) dt is defined as above and 


0 
0 0 
/ f(t}dt= lim | f(t)dt, 


POON Sp 
provided that this limit exists. 
If the integrals on the right-hand side of equation (3.1) exist, then the two 
definitions of x f(t) dt give the same value. However, this does not 


—oo 
always happen; for example, the integral 


f ia 


defined according to equation (3.1) does not exist because 


r 2 
f tat = _, 
g 2 


and r?/2 does not tend to a limit as r tends to oo. 
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Figure 3.2 Signed area 


KV 


bounded by the graph of y = t 


between —r and r 


y= tan™t t 


Figure 3.3 Graph of 
y= tan`! t 
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In contrast, using our definition, we see that 
r r2 r2 
td = —-—=0 
ER 


as illustrated in Figure 3.2 (the positive and negative areas cancel). Hence 


/ tdt = im f tdt 
a roo J p 


does exist, and it equals 0. 


Some texts that do not adopt our definition refer to our improper integral 
as the principal value of the integral. 


Example 3.3 


Evaluate the following improper integrals. 


(a) fea (b) [mt 


Solution 
(a) / ft lim i t? dt 
6s i? CXS) = 
= . l 4 ie 
at lim [3t (ie 
= ia 0 = 0, 
THOS 


a Ni 
b dt = li dt 
o) f 2+ tim, f +1 


= im [tan t a 


= lim ale r = n 
TOO 


See Figure 3.3 for the graph of tan™t. 


Exercise 3.3 


Evaluate each of the following improper integrals. 


OO OO ji co 
(a) / sin t dt (b) f r dt, wherep>1 (c) f e™ dt 
1 


Loo 0 


The following result is useful for evaluating improper real integrals of odd 
and even functions. 


3 Evaluating improper integrals 


Theorem 3.2 
Let f be a function that is continuous on R. 


(a) If f is an odd function, then 


| Oasi 


(b) If f is an even function, then 


A 


provided that these improper integrals exist. 


We prove part (a), leaving you to prove part (b) in Exercise 3.4. 


Proof If f is an odd function, then 


f Oa- im | Od 
= im ( f seat + roa), 


Making the change of variables u = —t, so z= —1, in the second integral, 


dt 


we obtain 


[tou= im ([ toar f sonca) 
tim ( f r0 i= [ 400 au) 


= lim 0=0, 


roo 
where we have used the fact that f(—u) = —f(u), because f is an odd 
function. This proves part (a). E 


Exercise 3.4 


Prove Theorem 3.2(b). 


We also need two other types of improper integral. They both involve real 
functions that are continuous on some interval except at one point, such 


as f(t) = 1/t. 
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Figure 3.4 Graph ofa 
function that is defined at c, 
but discontinuous at c 


y =1/t 


t 


Figure 3.5 Graph of y = 1/t® 
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Let f be a function that is continuous at all points of an interval [a, b] 
except the point c € (a,b), at which f may or may not be defined (see 
b 


Figure 3.4). Then the improper integral f(t) dt is 
a 


[50 di = m| [10 dt + fH it), 


provided that this limit, which is taken through positive values of €, 
exists. 


Let f be a function that is continuous at all points of R except the 
oO 


point c. Then the improper integral i f(t) dt is 
| F(E) dt = lim | f(t) at 


“mea Wary 1a) 


provided that these limits exist. 


1. The definitions above can easily be extended to functions that are 


continuous except at a finite number of points. 


. Throughout this unit the expression lim always represents a limit taken 
E=} 


through positive values of e. 


Example 3.4 


Evaluate the improper integral 


Solution 


The function f(t) = 1/t? is continuous at all points of R except at the 
point 0 (see Figure 3.5). Thus, for r > 0, 


FE es) ee) 
“tal ae] Fa) 


1 
= li 
tm (5: at = z 2 z) 


= hina) = 0. 


e—0 


3 Evaluating improper integrals 


Hence 
Po i 
l dt = lim | — dt = lim 0=0. 
nee t3 ES Jla t3 T00 


This answer is to be expected because f(t) = 1/t° is an odd function. 


Exercise 3.5 


Evaluate the improper integral 


2 
f ia 
—ıt 


3.2 Methods for integrating rational 
functions 


In this subsection we show how the Residue Theorem can be used to 
evaluate a whole class of real improper integrals of the forms 


f it) dt, f p(t) cosktdt and / p(t) sin kt dt, 
-o a(t) -o0 a(t) -o q(t) 
where p and q are real polynomial functions subject to suitable 


restrictions, and k is a real constant. 


To illustrate the procedure, we evaluate the improper integral 


% ] 
A ay t 
_woftl 


which, by definition, is equal to 


r 


lim 7 dt. 
T—00 apt +1 


By using methods from real analysis, we saw in Example 3.3(b) that 


0O 
al 
f 2 dt ==, 
o eel 2 


and since t + 1/(t? + 1) is an even function, it follows from 
Theorem 3.2(b) that 


= | 
+l 


Let us now obtain the same result by applying the Residue Theorem. The 
solution is broken down into five steps to help explain the procedure. 
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I2 


=F Ti r 


Figure 3.6 A simple-closed 
semicircular contour 
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1. Find a suitable contour integral 


The first step is to identify a contour integral of the complex expression 
1/(2? +1), which we will evaluate to give us the required integral of the 
real expression 1/(t? + 1). We choose the contour integral 


1 
ae 
r +1 


where I = T; + To is the contour shown in Figure 3.6, traversed 
anticlockwise. Here I’; is the interval [—r,r] on the real axis, and T% is the 
semicircle centred at 0 of radius r that lies in the upper half-plane. 


The integrand of the contour integral I is the complex function 
1 1 
z) = = = SH. 
fC) z2 +1 (z=—i)(z+i) 
This function is analytic on the simply connected region C except for 


simple poles at 7 and —i. Let us choose our contour I such that r > 1 so 
that the pole at i lies inside [ (and —i lies outside T). 


2. Apply the Residue Theorem 
To apply the Residue Theorem, we need to find the residue of f at 7. By 
the Cover-up Rule, it is 
1 1 
iti 2i 


We can now apply the Residue Theorem to give 


Res(f, i) = 


1 
I = 2ri Res( f, i) = 2ri x iii 
i 


Notice that this answer is independent of the radius r of the semicircle, 
provided that r > 1. This fact is crucial in step 5 when we let r > oo. 


3. Split up the integral 


The next step is to split the integral into its constituent parts to give 


1 1 
[= —— d —— dz. 2 
loa i+ | wae (3.2) 


Since Ty is a real interval, we can write the first integral as a real integral: 
we simply substitute t for z and dt for dz, and put in the limits of 
integration t = —r and t = r, to give 


| za L l a 
=>, a2 = —— A 
Re rd rt +1 


This integral is now similar to the original integral that we were asked to 
evaluate; the only difference is that this integral has limits —r and r rather 
than —co and oo. In the next two steps we will show that the Tg integral 
tends to 0 as r + oo, which will allow us to evaluate the improper integral 
using the value of J found in step 2. 


3 Evaluating improper integrals 


4. Apply the Estimation Theorem 


Let us apply the Estimation Theorem (Theorem 4.1 of Unit B1) to obtain 
an upper estimate for 


1 
[ aay 


To do this, we need an upper estimate for | f(z)| = 1/|z? + 1| on T2, which 
is equivalent to a lower estimate for |z? + 1| on T3. Notice that |z| = r, for 
z € I2. Using the backwards form of the Triangle Inequality, we see that 
for z € T9, 


[27 + 1| > j|- H| = |z? -1 =r? -1. 


Taking the reciprocal of both sides of the inequality |z? + 1| > r? — 1, we 
obtain | f(z)| < M, where M = 1/(r? — 1). The length L of Fo is mr (half 
the circumference of the circle {z : |z| = r}). Since f is continuous on T9, 
we can apply the Estimation Theorem to give 


1 
| agt <Mb=a 
To Z +1 r+ —1 
for r > 1. 
5. Take limits 


From Example 3.2, we know that mr/(r? — 1) > 0 as r — 00, so we see 
that for any positive number €, there is an integer N such that 


f 1 
dz 
To z2 + it 


for all r > N. Hence 


< 


an 
E 
r2—1 í 


Recall that I = 7, by step 2. So equation (3.2) can be rearranged to give 


| 1 
ap +1 Tə Z +1 


Hence 


rl 1 
lim dt = lim z- f = dz | =r. 
r>oo pt +1 r—00 T's z2+1 


r 


That is, the limit of f 


oe | 
f = t=n, 
sP] 


as expected. 


37 dt as r — oo exists, and has value 7. So 
Pel 


We will often apply this five-step strategy in future examples and 
exercises, although we condense the reasoning somewhat. In particular, 
sometimes in the final step we evaluate the improper integral without first 
proving that it exists, because the proof of existence follows implicitly from 
the argument that determines its value. 
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Figure 3.7 Semicircular 
contour 
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Try the five-step strategy in the following exercise. 


Exercise 3.6 


Evaluate the improper integral 
oO 
1 
f W414 dt. 
ott +1 


Let us consider another example, the improper integral 


o9 t 
J. erg 


which cannot be evaluated using techniques from real analysis as easily as 
the previous example. 


To apply the earlier strategy, we must use the complex function 


fa) = 


z 
(2? + 1)(z - 2) 

However, there is a problem because f has a singularity at 2, so we cannot 
use the same contour as before when we apply the Residue Theorem 


(because that contour crossed the point 2 when r > 2). Instead, we can 
take a ‘detour’ to avoid this singularity, using the following lemma. 


Lemma 3.1 Round-the-Pole Lemma 

Suppose that f is a function that is analytic on a punctured disc 
{z:0 < |z — a| < ô} and has a simple pole at a. Let I be the upper 
half of the circle centred at a of radius £, where £ < ô, traversed from 
a+etoa-—e. Then 


im f f(z) dz = mi Res(f, a). 
T 


e>0 


The path T is illustrated in Figure 3.7. 


Informally speaking, we can think of the lemma as ‘half the Residue 
Theorem’ (for a function f with a single, simple pole), because the 
semicircular path is half of a circular path, and the value of the limit is 
half of 277 Res(f, a). 


We defer the proof of the lemma until the next subsection, and instead 
proceed with the promised example. 


Example 3.5 


Evaluate the improper integral 


es t 
dt. 
n (t? + 1)(¢ — 2) 
Solution 
The integrand 


Co 


(t? + 1)(t — 2) 


is not defined at the point 2 (but is defined everywhere else on the 
real axis). So, using the definitions of improper integrals from the 
previous subsection, we see that 


lee) 2—e r 
[soar tim (um( [sears f sae), 
provided that these limits exist. 


1. Let us now think of f as a complex function, replacing the 
variable t by z. Then f is analytic on the simply connected 
region C except for simple poles at 7, —i and 2. We define 


= | fe) de, 


where I =I +I2 +I +T3 is the contour shown in Figure 3.8. 


As you can see, I’; and T3 are line segments on the real axis, 
and [> and I4 are semicircles. 


We choose 0 < € < 1 and r > 3, so that I is a simple-closed 
contour containing the point 7. 


2. The only pole of f inside the contour is i. Since 


f(z) = 


(z —i)(z +i)(z - 2)’ 


we can apply the Cover-up Rule to see that 


: a l/f=¢=2 1 i 
Rest hi) = aay = al 5 E 


It then follows from the Residue Theorem that 


l å Qri 
I = 2ri Res( f, i) = 2mi x (-;- a) =- = 


Notice that this value of J is independent of both £ and r, provided 


that € < 1 and r > 3 (so it does not change when we take limits 
later on). 
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2—E€ 2+e€ 


Figure 3.8 The contour 
r=; +r2 +r +T4 
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3. Next we split up the integral into its constituent parts, obtaining 


r= f fod f sears f Hod f Had 


2—e 


= FE dt + f i f(t)dt + i f(z)dz + [ f(z)dz, (3.3) 


=y 
where, in the second line, we have written the first two integrals as 
real integrals. 


. Let us now apply the Estimation Theorem to obtain an upper 


estimate for the T4 integral. Notice that |z| = r, for z € T4. Using 
the backwards form of the Triangle Inequality (applied twice), we 
see that for z € T4, 


MDE 2)| E 1)(lal - 2) = ©? — I(r — 2). 


Hence, for z € T4, 
Z T 
a 


E E a e D 
The length of T4 is mr, so, because f is continuous on T4, we can 
apply the Estimation Theorem to give 


f(z) dz 


T4 


2 
< Sey x nr= iis (3.4) 


Peay <= Ney 


tonne 3: 


. To finish, we take limits of each expression in equation (3.3), first 


as £ — 0 and then as r — oo. We can calculate 


i | EOL 


e—0 


using the Round-the-Pole Lemma. To use that lemma, we need the 
residue of f at 2, which can be obtained by the Cover-up Rule. It is 


o 2 2 
24i 5 

Now, observe that the semicircular path Ig is traversed from 2 — € 
to 2 + (not the other way round), so we must apply the 


Res(f, 2) 


Round-the-Pole Lemma to the reverse contour l3. We obtain 
277% 


lim $ (2) dz = — lim Be ara sa any 


Next we take the limit as £ — 0 of each expression in 
equation (3.3). Then we see that the limit 


r 2-—€ r 
l soa=in( f soas f toa), 
exists, and 
E E es 
5 5 Ba Re dhe 
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using the value for J found in step 2. The T; integral tends to 0 as 
r — oo, by equation (3.4) and the corollary to Theorem 3.1. Hence 


T 


i Holdren fae & 


PES) |] 5. 5 


Use the method from Example 3.5 in the following exercise. 


Exercise 3.7 


Evaluate the improper integral 
0O 
t 
f 33 q dt. 
_~ t-1 


So far in this subsection we have been integrating rational functions. The 
integrand in the next example, however, is the product of a rational 
function and a trigonometric function. We can apply the Residue Theorem 
using a similar strategy to before, but with some important adjustments. 


Example 3.6 


Evaluate the improper integral 
> cost 
/ ae 
o EA 


Solution 


1. Motivated by the earlier examples, we might try integrating the 
expression (cos z)/(z? + 4) over a suitable contour. However, if we 
do so, then we will encounter difficulties in step 5 when we take 
limits. Instead we work with the complex function 

e e 


O e eae 


Notice that if t is a real variable, then 


iz 


it 


et _cost+isint cost i sint (3.5) A 
P44 #44 #44 ° #44 ry 
The function f has no poles on the real axis, so we use the contour 
integral 
l= | fie dz, =r Dı r 
T 
Figure 3.9 The contour 


where I = IT; + Ig is the contour shown in Figure 3.9. P-1)4h 
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The function f is analytic on the simply connected region C except 
for simple poles at 2i and —27. We choose r > 2, so that the 
pole 2i lies inside I (and —2i lies outside T). 


. The residue of f at 27 can be found using the Cover-up Rule; it is 


tx 20 1 


r € 
RAU DE ya = ae 


Hence, by the Residue Theorem, 


il T 
{2% = = —. 
E 4ie?  2e2 


. Next we split up the contour integral to give 


ip ett et? 
l= aut | ———— dz 
| rz 22 +4 


"cost Tni Ce 
= dt +7 dt —— iz, 3.6 
bw +if ara ‘joa 4 (0) 


In the second line we have split the integral over ¢ into its real and 
imaginary parts using equation (3.5). 


. Let us now obtain an upper estimate for the modulus of the I, 


integral. If z € T2, then |z| = r, so 


1 ee a 
AAS |z2)-4 72-4? 


by the backwards form of the Triangle Inequality (since r > 2). 
Also, writing z = x + iy, we see that for z € T2, 
Je*| = |e"*e4| = [ee] = 1 x eV =e 4 <1, 
because y > 0 on I2. Therefore 
Pe 
z2+4 


We = 


pope ciao 
= (esa 


for z € T2. Since f is continuous on T2, and I> has length mr, we 
can apply the Estimation Theorem to give 
ae Tr 
dz| < x ar = : 
i z2+4 ~ p24 r2—4 


. Now take the limit as r > œo of each expression in equation (3.6). 


The estimate above shows that the [2 integral tends to 0 as 
r — oo. Since I = 7/(2e”), we see from equation (3.6) that 


— cost ati f sini T T 
i 2an 
ouem eo #4 2e? 


On equating real parts of this equation, we obtain 


m cost T 
-wot 4 2e 
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Notice also that, on equating imaginary parts, we obtain 


| ——— dt = 0, 
eee 


which we would expect anyway, because the integrand is an odd 
function. 


Now try the next exercise, in which there is a trigonometric function in the 
integrand and the integrand has a pole on the real axis. 


Exercise 3.8 


Evaluate the improper integral 


© sin 2t 
aoi 
o Bl 


(Hint: You will need to use the Round-the-Pole Lemma.) 


3.3 Theorems for integrating rational 
functions 


In the previous subsection we used the Residue Theorem to evaluate 
several improper integrals involving rational functions. This subsection 
gives two general results which contain formulas for evaluating whole 
classes of such integrals under appropriate conditions. 


Before we give these general results, however, let us prove the 
Round-the-Pole Lemma, illustrated in Figure 3.10, which we applied 
earlier in Example 3.5. 


Lemma 3.1 Round-the-Pole Lemma 


Suppose that f is a function that is analytic on a punctured disc 
{z:0 < |z — a| < ô} and has a simple pole at a. Let T be the upper 
half of the circle centred at a of radius £, where £ < 6, traversed from 
a+etoa-—e. Then 


im f f(z) dz = 7i Res(f, a). 
F 


e>0 


e 
Q&Q—E Q Qa+eé 


Figure 3.10 Semicircular 
contour 
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Proof Since f has a simple pole at a, its Laurent series about a is 
7 Res(f, 
fle) = tay tarle— a) ++ = RELY 4 g(a), 
z-a z—a 
where a_; = Res(f,a) # 0 and the function g(z) = ao + a1(z — a) +-+- is 
analytic on D = {z : |x — a| < ô}. Thus, for € < 6, we have 
1 
f f(z) dz = Res(f, a) f dz + 1 g(z) dz. 
T re—-a@ Į 


Since g is analytic on D, there is a number M such that 


1 
lo(z)| <M, for |z—al < 56 


(by the Boundedness Theorem — Theorem 5.3 of Unit A3). So, by the 
Estimation Theorem with L = ze, 


[ Halide 


Hence 


<M x Te, for 0<e< $6. 


lim | g(z)dz=0. 
é—0 T 


Now, using the standard parametrisation y(t) = a + ce” (t € [0,]) for T, 
we have 


1 T ciet T 
I a= f “a= | idt = ti, 
re—-a@ 0 cett 0 


so 
lim f f(z) dz = ti Res(f,a), 
e>0 T 

as required. o 


The next theorem can be used to integrate rational functions. It can be 
proved using the five-step strategy adopted in the previous subsection, 
following a similar procedure to Example 3.5. We omit the details. 


Theorem 3.3 
Let p and q be polynomial functions such that 
e the degree of q exceeds that of p by at least two 
e any poles of p/q on the real axis are simple. 
Then 
OO 
t 
J AD miS + TiT, 

—oo a(t) 
where S is the sum of the residues of the function p/q at the poles 
in the upper half-plane, and T is the sum of the residues of p/q at the 
poles on the real axis. 


For instance, to evaluate the integral 
[oe] 
t 
— dt 
i. (t? + 1)(¢ — 2) 
considered in Example 3.5, we can apply Theorem 3.3 with p(z) = z 
and q(z) = (2? +1)(z — 2), because the degree of q exceeds that of p 


by 3 — 1 = 2, and the only pole of p/q on the real axis is the simple pole 
at 2. 


The other poles of p/q are at i and —i, and only 2 lies in the upper 
half-plane. 


Now, we saw in Example 3.5 that 


i 
S = Res(p/q, i) = -z — ig 
and 
T = Res(p/q, 2) = = 
Hence, by Theorem 3.3, 
Pest ** (5 5) trix == 
oo (t? + 1)(t — 2) 5 10 5 5 


Exercise 3.9 


Use Theorem 3.3 to evaluate 
1 


EE 


Exercise 3.10 
Use Theorem 3.3 to show that if a,b > 0 and a Æ b, then 


/ ~ l dt 
oo (P+ AVE +E) 


Next we look at a theorem that can be used to evaluate integrals such as 
the one from Example 3.6. 


T 


ab(a +b) 
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Theorem 3.4 

Let p and q be polynomial functions such that 

e the degree of q exceeds that of p by at least one 
e any poles of p/q on the real axis are simple. 
Then, if k > 0, 

i n P(t) ine dt = 2niS + niT, 
co a(t) 
where S is the sum of the residues of the function 


p(z) ikz 
Ie) = =e 
o q(z) 
at the poles in the upper half-plane, and T is the sum of the residues 
of f at the poles on the real axis. 


If p and q are real polynomial functions, then we can equate the real and 
imaginary parts of the equation 


f P(t) sikt dt = riS + ri T 
-o a(t) 


to obtain the values of the real improper integrals 


œ p(t) © p(t) .. 
[Pi oktat and [ PAsineeat 


The following exercise will give you some practice at this technique. 


Exercise 3.11 


Use Theorem 3.4 to show that if k > 0, then 


Hence determine 


f — m dt and Í ae dt. 


Notice that Theorem 3.3 requires the degree of q to exceed that of p by at 
least two, whereas Theorem 3.4 only requires the degree of q to exceed 
that of p by at least one. This difference arises because of the appearance 
of the exponential term e’** in Theorem 3.4. The key to the reduction from 
‘two’ to ‘one’ lies in the following result, which is named after the French 
mathematician Camille Jordan, who proved the Jordan Curve Theorem, 
which you met in Unit B2. 


Lemma 3.2 Jordan’s Lemma 


Let I be the upper half of the circle centred at 0 of radius r, traversed 
from r to —r, and suppose that f is a function that is continuous on T 
and satisfies 


lf(2)| <M, for z eT. 


Then, for k > 0, we have 


[ida Z M 
T 


Theorem 3.4 can be proved by a similar strategy to that of Example 3.6, 
using Jordan’s Lemma to obtain an upper estimate for the integral 

of (p(z)/q(z))e*** along a large semicircular contour. We omit the details 
of this proof and the proof of Jordan’s Lemma. 


Further exercises 


Exercise 3.12 


Use Theorems 3.3 and 3.4 to evaluate each of the following improper 
integrals. 


- t? cos t 
of. ET of p“ 


Exercise 3.13 


Evaluate each of the following improper integrals. 


oo 1 oo t [oe] t2 
(a) | cat) / Fait © f wr 


Ot © tsin wt 
d / —— dt e J dt 
(d) Bl (e) ~ I-e 
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Fourier transforms are extremely important tools in engineering and 
physics, where they are used to solve differential equations that model 
a range of physical phenomena. They are named after the French 
mathematician and physicist Joseph Fourier, whom you met in 

Unit B4 in a discussion of his work on Fourier series. 


Note that some texts use other definitions of the Fourier transform 
of f such as 


1 RS —ixt 
=) f(x)e da, 


and some use the notation T instead of f 


Under suitable conditions, the function f can be recovered from f 
using the formula 


e= f Foda, 


which is known as the inverse Fourier transform. These formulas 
involve improper integrals, and many such integrals can be evaluated 
using the techniques covered in this section. 


For example, consider the function f(x) = e~l”l, which has Fourier 
transform 
es pee ae 2 
Fit) = f e Me™ dx = =—., 
ae 2+ 
as you can check by evaluating the integrals between —co and 0, and 
between 0 and oo, separately, and adding the two answers. 
Substituting f(t) = 2/(t? +1) into the inverse Fourier transform 
formula, we obtain the integral 
il œ 9 TEE 
BOS deat rl 


Let us check that this integral really is equal to f(z). 


When zx > 0, the integral can be evaluated using Theorem 3.4 with 
pt) =2 and gt) = P +1. Let g(t) =(p@) ae". Then 
Theorem 3.4 tells us that 
ITX 

l= = x Dri Res(a.7 =0 X : Se 
By carrying out a similar calculation for x < 0 (using the substitution 
s = —t to get the integral into a suitable form to apply Theorem 3.4), 
and evaluating a standard real integral in the special case x = 0, we 
can see that I = e7!*! for all values of x. Thus I = f(x), so we have 
verified that the inverse Fourier transform does indeed reverse the 
action of the Fourier transform, in this special case. 


Sab 


4 Summing series 


After working through this section, you should be able to: 


e use the Residue Theorem to sum certain series of the forms 


Xo h(n) and X` (-1)"A(n), 
n=1 n=1 


where h is an appropriate even function. 


4.1 Sums of even functions 


In this subsection we will use the theory of residues to sum certain real 
infinite series of the form 


> h(n), 
n=1 


where h is an even function (that is, h(z) = h(—z) for all z in the domain 
of h). In particular, we will evaluate 


TN ER 
i 4 9 16 

and 
ee oe 
nt 16 81 256 : 


which correspond to the even functions h(z) = 1/2? and h(z) = 1/24. 


At first sight it may seem rather strange that a method for evaluating 
complex integrals can also be useful for summing real series. However, 
since we can integrate a function f along a simple-closed contour I by 
calculating 


2ri x (the sum of the residues of f at singularities inside I), 


it seems at least possible that we can represent a series as a sum of 
residues of a function. We may then be able to find the sum of the series 
by evaluating suitable contour integrals. 


Let us describe this process in more detail. Recall first that the 
singularities of the function 
T COS TZ 


g(z) = ncot az = — 
sin 1z 


are simple poles at the points where sin mz = 0, that is, at the integers 
z = 0,+1,+2,.... Furthermore, the residue of g at each of these simple 
poles is 1 (see Example 1.5(a)). 
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To see why this is relevant, consider the function 
f(z) = (m cot rz)h(z), 


where h is an even function that is analytic on C apart from a finite 
number of poles, none of which is an integer, except (possibly) 0. The 
singularities of f consist of the integers and the singularities of h. 


The residue of f at a non-zero integer n is 
lim (z -= n) f(z) = lim ((z —n)n cot rz) lim h(z) 


= Res(g,n) x h(n) 
=1 x h(n) = h(n). 


Thus the sum of the residues of f at the positive integers is 


h(1) + A(2) = Xoro) 


Note also that the sum of the residues of f at the negative integers is 


h(—1) + h(- -> h(=n) = X` h(n) 
n=1 


since h is an even function. 


The method we use is to integrate the function f(z) = (a cot 7z)h(z) 
around the square contour Sy with vertices at the points 


(N+5)(1+4), (N+ 4)(-14+4, (N+$)(-1-4, (N+4)Q-4), 


where N is a positive integer large enough for Sy to contain all the 
non-zero poles a1, a2,...,a% of h (see Figure 4.1). 


(N+4)(-14+4) f (W+24)0+4+)9 


(N + 5)(-1-4) (N + 5)(1-#) 


Figure 4.1 Square contour Sy containing the non-zero poles aj, @2,... 
of h 


We now apply the Residue Theorem to the function 
f(z) = (reotrz)h(z) 


> Ak 


and the contour Sy on the simply connected region {z : |z| < 3N}, which 


contains Sy and contains only finitely many singularities of f. We obtain 


f(z) dz 


SN 


= f (rcot n2)h(2) dz 


N N k 
= 2ni( Y Rests n) + d_Reslf, —n) + Res(f,0) + X Res(f, a) 


n=1 j=1 


N k 
= 2ri [2 ` h(n) + Res(f,0) + `y Res(f, a) ; 
n=1 j=1 

since Res(f,n) = h(n) and Res(f, =n) = h(—n) = h(n). 

We now let N tend to oo. If the function h has been chosen so that 


lim (x cotrz)h(z)dz = 0, 


N= SN 


then we obtain 


co k 
0 = 27 L h(n) + Res(f,0) + X Res(f, a) 
n=1 


j=l 


Rearranging this gives 


oo 1 k 
> hin) = = (reso) + X Res(f, aj). 
n=1 


j=l 
Thus we have obtained the sum of the series in terms of the residues of f 


at 0 and at the non-zero poles of h. 


We summarise this result in the following theorem. 


Theorem 4.1 

Let h be an even function that is analytic on C except for poles at the 

points a1, @2,...,@% (none of which is an integer), and possibly at 0, 

and let Sy be the square contour with vertices at (N + 5)(£1+ i). 

Suppose also that the function f(z) = (m cot 7z)h(z) is such that 

lim f Iedz =Q; (4.1) 
Sn 


N-co 


Then 
(oe) 


k 
W = -5 (Rests 0) + X Res(f, aj). 


n=1 j=1 


Condition (4.1) is not nearly as artificial as it may seem, in view of the 
following result (which we prove at the end of the next subsection). 
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Lemma 4.1 
Homeach \Vie—slh saree 


|cot7z| <2, forz € Sy, 


where Sy is the square contour with vertices at (N + 5) EIEE 


Using this result, we can prove that condition (4.1) holds for a wide variety 
of functions h. The reason why we chose a square contour Sy instead of 
(say) a circular one is that the proof of Lemma 4.1 is simpler for square 
contours. 


To apply Theorem 4.1 to sum a particular series, it is useful to know the 
Laurent series about 0 for cot. This series can be found by taking the 
reciprocal of the Taylor series about 0 for tan, which we found in 
Subsection 4.2 of Unit B3 to be 


1 2 
tanz =z 4 37 Teo +--+, for |z| < 1/2. 


For 0 < |z| < 7/2, we see that 


1 2 ~ 
cot z = (tan z)! = et(14 (42+ 52+--)) : 


3 15 


We can now apply the Composition Rule for power series (Theorem 4.3 of 
Unit B3) to the functions 


gw) =(14+w)t=1l-w+w?----. 


Both f and g are expressed as Taylor series about 0, and f(0) = 0, so we 
see that 


1 2 1 2 
tz=z1|1= [224+ z+... E T 
cot z Zz ( (4: T 757 + )+ (42+ 
1 1 
—1 2 4 
= (ee faa ee 
j ( 3 45° ), 


for 0 < |z| < r, where r is some positive number. Hence 
i. ts 

FA FA oe ie 
3 45 i 
Observe that only odd powers of z appear in this series, since cot is an odd 
function. 


cot z = for 0 < |z| < r. (4.2) 
z 


A 1 


Example 4.1 


Prove that 
Sir 
So 

Solution 

The function A(z) = 1/2? is an even function and it is analytic on C 

apart from a pole of order two at 0. 


The function 
f(z) = (n cot xz) /z? 


has a pole of order three at 0. We could find the residue of f at 0 by 
applying Theorem 1.3 with k = 3; however, it is simpler to use the 
Laurent series about 0 for cot given in equation (4.2). We see that 


T cot Tz =(- 1 ) 
2 ——— — — -NZ — 


z> Zm 3 
eel T? 
2s ; 
2 
so Res(f,0) = -= 
We now check condition (4.1). If z lies on the contour Sy, then 
EN 
so, by Lemma 4.1, 
T COt TZ Zale 
If(z)| = z Sm forn 2 SN: 
(N +3) 


Hence, by the Estimation Theorem with M = 277/ (N + Ne and 
L = 4(2N +1), we see that 


32 


27 
f(z) i < ——_, 
(Ns) 
which tends to 0 as N — oo. Thus condition (4.1) holds. 
It follows from Theorem 4.1 that 


Sn 


OO 


1 1 If a T 
ts ey) ar 


n=l 


Summing s 


eries 


Unit C1 Residues 


52 


Exercise 4.1 


Determine the sum of the series 


Remark 


We can use the method of Example 4.1 to sum the series 
< 1 
De 
n=1 
whenever k is a positive even integer, because in this case h(z) = 1/2% is 
an even function. 


However, when k is odd, the method fails, and much remains unknown 
about these sums. For example, it is not known in general whether the 
values of the sums for k odd are irrational, although for the case k = 3 this 
was proved in 1979 by the Greek—French mathematician Roger Apéry 
(1916-1994). To pay tribute to this achievement, his tombstone in Paris 
bears the inscription 


1 1 1l p 
E he E et E 
taa a" ra 


We will return to the study of sums of this form when we consider the zeta 
function in Section 5 of Unit C2. 


In the argument leading to the statement of Theorem 4.1, we saw that the 
residue of the function 


f(z) = (m cot 7z)h(z) 
at a non-zero integer n is given by 
Res(f,n) = h(n). 


In fact, this result is also valid for n = 0, provided that h is analytic at 0. 
This provides a quick way of evaluating Res( f, 0). 


Observation 
If f(z) = (wcot 7z)h(z), where h is analytic at 0, then 


Res(f,0) = h(0). 


You can use this result in the following exercise. 


Exercise 4.2 
Determine the sum of the series 
Co 
Yeo 
4n? — 1 
n=1 


(You calculated the relevant residues in Exercise 1.5(b).) 


4.2 Alternating sums of even functions 


In this subsection we describe a method similar to that used in the 
preceding subsection to sum series of the form 


2 hia): 


n=l 


where h is an even function. Examples of such series are 


and 
F (-1” 1,1 1 1 
n? 3 15 35 63 


This time we replace the function g(z) = m cot mz with the function 
T 


g(z) = mcosec Tz = — ‘ 
sin mz 


Once again, the singularities of this function are simple poles at the 
integers, but this time the residue at the integer n is (—1)", by 
Example 1.5(b). 


To see the effect of this change, consider the function 
f(z) = (wcosec 7z)h(z), 


where h is an even function that is analytic on C apart from a finite 
number of poles, none of which is an integer, except (possibly) 0. Then the 
residue of f at a non-zero integer n is 


lim (z —n)f(z) = lim (2 — n\n cosec Tz) lim h(z) 
= Res(g,n) x h(n) 
= (—1)”h(n). 


As before, this result extends to n = 0. 


Observation 
If f(z) = (wcosecmz)h(z), where h is analytic at 0, then 


Res(f,0) = h(0). 
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We now integrate the function f(z) = (a cosec7z)h(z) around the same 
square contour Sy, where N is a positive integer large enough for Sy to 
contain all the non-zero poles a1, Q2,...,a% of h (see Figure 4.1). It follows 
from the Residue Theorem, applied to the function f(z) = (m cosec 7z)h(z) 
and the contour Sy on the simply connected region {z : |z| < 3N}, that 


f(z) dz 
SN 
al (m cosec rz)h(z)dz 
Sn 
k 
= ori{ S Ren (fan +R ,—n) + Res( f, 0 ) + Š Res( fap) 
n=1 g=1 


N k 
=2ri (2 N (-1)"h(n) + Res( f, 0) + X Res(f, a) ; 


n=1 j=1 
since Res(f,n) = (—1)"h(n) and Res(f, —n) = (—1)-"h(—n) = (—1)”h(n), 
because h is an even function. 


We now let N tend to oo. If h has been chosen so that 


lim (r cosec 1z)h(z) dz = 0, 
N- oo Sn 


then we obtain 


k 
0=ani(25 (1) n) + Res(f,0 ) + Š Res‘ fan). 


g=1 
Rearranging this gives 


o0 k 
X (-1)”h(n) = -i [Reto + X Res(f, a) 
n=1 j=1 


Thus we have obtained the sum of the series in terms of the residues of f 
at 0 and at the non-zero poles of h. 


We summarise this result in the following theorem. 


Theorem 4.2 


Let h be an even function that is analytic on C except for poles at the 
points &1, @2,...,@k (none of which is an integer), and aey at 0, 
and let Sy be he square contour with vertices at (N + 4) (+1 i). 
Suppose also that the function f(z) = (m cosec 7z)h(z) is such that 


Jim, : Hie ide =Q. (4.3) 
Then 

co 1 k 

X (-D"h(n) = (Rest, Er » Rests, aj) ; 

n=1 j=1 


Summing se 


Condition (4.3) holds for a wide variety of functions h, and can be 
established in particular cases by using the following analogue of 
Lemma 4.1, proved at the end of this subsection. 


Ror axel N = l Zany 


|cosecrz| < 1, for z € Sy, 


where Sy is the square contour with vertices at (N + 5) ( 14), 


Let us now use Theorem 4.2 to sum a particular series. 


Example 4 


Determine the sum of the series 
3 ce 
= An? —1 

Soton 


The function h(z) = 1/(42? — 1) is an even function and it is analytic 


on C apart from simple poles at i and —5. 


The residues of the function 
f(z) = (m cosec mz) /(4z? — 1) 

at 4 and —4 are both 7/4 (see Exercise 1.5(a)). 

Since h is analytic at 0, 
Res(f,0) = A(0) = —1. 

We now check condition (4.3). If z lies on the contour Sy, then 
Jal2N+5, 

so we can apply the backwards form of the Triangle Inequality to give 
er = ee ae 42ers ey ai 


It then follows from Lemma 4.2 that 


T COSEC TZ T 


If(2)| = 7 < ———, forze Sn. 
= 1\2 
42° —1 4(N+35) -1 
Hence, by the Estimation Theorem, 
i f(z) dz) < ——*— x 42N +1), 
Sw 4(N+5)°-1 


which tends to 0 as N > oo. Thus condition (4.3) holds. 
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In the next exercise it will help you to know that the Laurent series 
about 0 for cosec is 
1 1 3 
ORG Bn eT aan qare 
This series can be obtained by taking the reciprocal of the Taylor series 
about 0 for sin, in a similar way to how we obtained the Laurent series 
about 0 for cot from the Taylor series about 0 for tan in Subsection 4.1. 


Determine the sum of the series 


Proof Let z =g + iy. Then 


sin mz = sin(rz + iny) 


= sin TT cosimy + COS TT SİN iy 
= sin TT cosh Ty + i cos mz sinh ry. 
Therefore 


|sin z|? = (sin ra cosh ry)? + (cos rg sinh ry)’. (4.4) 


If z = x + iy lies on one of the vertical sides of Sy, then £ = +(N + 3); so 
sin tx = +1 and cosmx = 0. Hence, from equation (4.4), 


[Isin z|? = cosh? ry > 1. 


If z = x + iy lies on one of the horizontal sides of Sy, then |y| > 1, so 
[sinh ry| = sinh x|y| > my 2 1, 
since 
. lis 
sinht = t+ zt +- >t, fort>0. 
Hence, using equation (4.4) and the inequality cosh? ry > sinh? my, we see 
that 
|sin rz|? > (sina sinh ry)? + (cos ra sinh ry)” = sinh? ry > 1. 


We have now verified that |sinz| > 1 for any point z € Sy. Therefore 
|cosec 7z| < 1. Furthermore, for z € Sy, we have 


2 


|cot rz|? = |cot? m2 = |cosec TZ — 1| < |cosec” m2 +1< 2, 


so |cot 7z| < V2 < 2, as required. E 
Further exercises 


Exercise 4.4 


Determine the sum of each of the following series. 
— b 
©) >) meri O do ati 


(You calculated the relevant residues in Exercise 1.5(c) and (d).) 


Exercise 4.5 


By taking h(z) = 1/(2? — a?) in Theorem 4.1, obtain the formula 


1 2a 
7m cotta = —4 , foraEeC-Z. 
ee 


5 Analytic continuation 


After working through this section, you should be able to: 


e define a generalised argument function and a generalised logarithm 
function, identify their associated cut planes, and evaluate such functions 


e determine direct analytic continuations of certain analytic functions 


e evaluate certain improper integrals involving logarithms or non-integer 
powers 


e establish that two given functions are indirect analytic continuations of 
each other. 
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5.1 Generalised logarithm functions 


In Unit A4 you learned that the principal logarithm function Log is 
analytic on the cut plane C — {x E€ R: x < 0}. This subsection is about a 
more general family of logarithm functions, which will be used later in this 
section to discuss analytic continuation, and then used again in the next 
unit to represent winding numbers. 


The first step towards defining this family of logarithm functions is to 
introduce a family of argument functions, which generalise the principal 
argument function Arg. 


Definition 
For ¢ € R, the function Arg, is defined by 
Argg(z)=9 (z €C- {0}), 


where @ is the argument of z lying in the interval (¢ — 27, ¢]. 


For example, 
Arg,,(—1) = —1/2, 

since —7/2 is the argument of —i that lies in (—7, 7], whereas 
Argo, (—t) = 32/2, 

since 37/2 is the argument of —7 that lies in (0, 27] (see Figure 5.1). 


Exercise 5.1 


Evaluate each of the following expressions. 
(a) Arg, (7) (b) Argo(-1) (c) Arggqo(1 — 4) 


Since —7 < Arg, z < 7, it is evident that the function Arg, is just the 
principal argument function Arg. Now, Arg is continuous when restricted 
to the cut plane C — {x € R : x < 0} (by Example 2.3 of Unit A3), and in 
fact each of these generalised argument functions is continuous on an 
appropriate cut plane. 


Definition 
For ¢ € R, the cut plane Cg is defined by 
Cy = fre” 0) p—2r<0<¢}. 


For example, 


Cr = {re :r>0, =r <0 <r}=C-{rER:xz<0}, 


illustrated in Figure 5.2(a), and 
Cor = fre? :r >0,0<0< 20} =C-—{xeER: 2 >}, 
illustrated in Figure 5.2(b). 


A 


Cr Cor 


-—— — — -0 —— — > 


(a) (b) 
Figure 5.2 The cut planes (a) C, and (b) Co, 


Notice that 
Cgtonm = Cg, for n € Z, 


since any two arguments of a complex number differ by an integer multiple 
of 27. For example, 


C=C, = Cgr = Csr 


Exercise 5.2 


Sketch each of the following cut planes. 
(a) Co (b) Csz/2 


Theorem 5.1 
For all ¢ € R, Argy is continuous on Cg. 


Proof By definition, Argy(z) is the argument of z that lies in (¢ — 27, ]. 
Therefore Arg,(z) — 6+ 7 lies in (—7,7] and is an argument of 


ze eT = ze, 
Hence 
Argy(z) -+T = Arg(—ze™*®), 
which gives 
Argy(z) =- r+ Arg(—ze~**), for z € C — {0}. (5.1) 


Observe that if z € Cy, then —ze—*? = zette" e C,. Since the function 
zr» —ze~’® is continuous, and Arg is continuous on C,, we see from 
equation (5.1) that the restriction of Arg, to Cy can be expressed as a 
composition of continuous functions. Hence ATg4 is continuous on Cy. E 
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We can use the functions Arg, to define a new family of logarithm 
functions. 


Definition 
For @ € R, the function Logg is defined by 
Log,(z) = log|z| +7Argg(z) e EC- {0}). 


For example, since Arg, = Arg, the function Log, is just the principal 
logarithm function, 


Log, = Log. 
Note that if z € C — {0}, then Log,(z) is a logarithm of z, since 


exp(Logg(z)) = exp(log lz| + i Arg(2)) 
= Ize Argg(2) 


= By 
because Arg,(z) is an argument of z. 


Moreover, we can show that the function Logg is analytic on the cut 
plane Cy and that its derivative has the same rule as that of the principal 
logarithm function Log. 


Theorem 5.2 
For all @ € R, the function Logg is analytic on Cg with derivative 


il 
Log}(z) = = for z € Cy. 


Proof For z € Cy we have, by equation (5.1), 
Logy(z) = log |z| + i Argy(z) 
= log |z| + (¢ — T + Arg(—ze~"®)) 
= log |—ze~*®| + i(¢ — r + Arg(—ze~*?)) 
= i(¢ — T) + Log(—ze™"®). 


Now, the function z + —ze~*® is an analytic function from Cg onto Cr, 
and Log is analytic on C,, so we can apply the Chain Rule to see that 
Log, is analytic on Cg and 


Log! ie e 
ogg(z) =0+ Deg 
for z € Cg, as required. | 
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Exercise 5.3 


Evaluate each of the following expressions. 
(a) Log3,(—2) (b) Logs,(2) (c) Log3,/2(—3) 


5.2 Direct analytic continuation 


An analytic function f is usually specified by giving a rule f(z) and a 
region R on which f is analytic. For example, the sum function f of the 
power series 1+ z+ 274+ .--: is 


fizjH=ltet ete (el <1), (5.2) 


and f is analytic on the open unit disc D = {z : |z| < 1}, the disc of Ctl}, 
convergence of this power series. Since this power series is a geometric 
series, we could equally well have defined the function f by using the 
formula for the sum of this series, that is, 


f= a5 (el <2). 


1 
But the expression 1/(1 — z) is defined for all z in the larger region C — {1} 
(see Figure 5.3). Thus f is the restriction to D of the analytic function Figure 5.3 The open unit 


1 disc is contained in C — {1} 


— (ec-{1}. (5.3) 


Put another way, g is an analytic extension of f from D to C — {1}; 
that is, g is a function that is analytic on the larger set C — {1}, and that 
agrees with f on the open unit disc D. 


g(z) = 


This notion of an analytic extension also arose in Unit B4, in connection 
with the idea of a removable singularity. For example, the function 


faa 


is analytic and it has a removable singularity at 0 because the function 


sin z 


(z €C— {0}) (5.4) 


2 4 sın z 


> zZ # 0, 
3! 5! 1, 2= 0; 


is analytic on C (see Subsection 1.3 of Unit B4). Thus g is an analytic 
extension of f from C — {0} to C. 


Example 5.1 


Determine an analytic extension of the function 


He) ND 
n=0 
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Figure 5.4 The open disc 
{z:|z—1| < 1} is contained in 
C-—{r#ER:x2<0} 


62 


Solution 


Since 


oO 


SOCH (z= 2)” = -14 (2-2) — (2-2)? +- 


n=0 


is a geometric series with sum 
= : foriiz—2| <1 
—— = — , for |z- ; 
1+(z-2) 1-72’ 
we deduce that the function 
1 
G2) ey n 


is an analytic extension of f to C — {1}. 


Exercise 5.4 


Determine an analytic extension of each of the following functions. 


(a) f(z) = Do (22)” (lel < 3) 


_1)n4+1 
CU" lj (jz -—1| < 1) 


For a given analytic function f, it is natural to seek the largest region to 
which f can be extended analytically. For example, the function f defined 
by equation (5.2) can be analytically extended to C — {1} by 

equation (5.3), but it cannot be extended any further because the function 
g(z) =1/(1 — z) has a pole at 1. Similarly, the function f defined by 
equation (5.4) can be analytically extended to the whole of C, and this is 
clearly the largest possible such region. 


For some functions f, however, there is no unique largest region in C to 
which f can be extended analytically. For example, in Exercise 5.4(b) you 
saw that the function 


> (—1)"*? n 
f(z) =) = - 0) (z= <1) 
n=l 


has the analytic extension 
g(z)= Logz (zEeC-{rER:z<0}) 
(see Figure 5.4). 


Now, it is certainly not possible to extend this function g to a region that 
is larger than C — {x € R : x < 0}, because the function Log is not analytic 
at any point of the negative real axis. So it might appear that we have 


5 Analytic continuation 


found the largest region to which f can be analytically extended. However, 
consider the function 


A(z) = Loggq/2(z) (2 € C3q/2). C37/2 
Here h(z) = log |z| + i Arg3q/2(z) and C3,/2 is the cut plane illustrated in S 
Figure 5.5. 

Because 
| 


Arg37/2(z) = Argz, for Rez > 0, 
Figure 5.5 The cut plane 


we have 
C3n/2 


h(z)=g(z), for Rez>0, 
so 

h(z)= f(z), for|z-1|<1. 
Thus A is also an analytic extension of f, but it extends f to the region 
C3,/2 which is neither smaller nor larger than C — {x € R : x < 0}. Thus it 
does not always make sense to seek the largest region to which a given 


analytic function can be extended. Instead we introduce a related idea 
called analytic continuation, and discuss to what extent a given analytic 


function can be analytically continued. 


Definition 

Let f and g be analytic functions whose domains are the regions R 

and S, respectively. Then f and g are direct analytic 

continuations of each other if there is a region 7 C RMS such that 
A =e forze 7. 

We also say that g is a direct analytic continuation of f from R 


to S, and vice versa. 


Two possible arrangements of the regions R, S and 7 are illustrated in 


Figure 5.6. 
7-7) PAON 
7 \ l 
s / y W 7 
7 Saar | 
/ \ TZN l 
/ r \ 
_- ! I R á I 
Z S y \ \ / / 
7 — \ poo \ 
/ p7 ` A } i 
_— a” 


(a) (b) 
Figure 5.6 A region 7 inside the intersection of two other regions R and S, 
where (a) RMS is itself a region, (b) RNS is not a region (it is disconnected) 
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. The word ‘direct’ appears in this definition because there is a notion of 


indirect analytic continuation, which we discuss in Subsection 5.4. 


. Notice that, by the Uniqueness Theorem (Theorem 5.5 of Unit B3), 


there can be at most one function g that is analytic on S and agrees 
with f on the region 7. This is often referred to as the uniqueness of 
analytic continuation. 


. Note that we do not insist in this definition that f and g are equal 


throughout RN S. However, if RMS is a region (as in Figure 5.6(a)), 
then the equality of f and g on 7 implies their equality on RMS, by 
the Uniqueness Theorem. 


. The definitions above, which are symmetric with respect to f and g, 


apply in the special case for which R C S. Then only the direct 
analytic continuation of f from R to S is of interest. 


Example 5.2 


Prove that each of the following pairs of analytic functions f and g 
are direct analytic continuations of each other. 


() f=" (<2, 9@)=——= @ec-{y) 
n=0 


1 
(b) f(z) =Log,(z) (2€Cr), g(2) =Loggqya(z) (z € Can/2) 


Solution 

(a) Here R = {z : |z| < 1} and S = C — {1}. Since f and g agree on 
the region R = {z : |z| < 1} C S, as you saw at the start of this 
subsection, we deduce that g is a direct analytic continuation 
of f from R to S. 

(b) Here R = C, and S =C3,/9. Since f and g agree on the 
region T = {z: Rez > 0} C RNS, as you saw in the discussion 
following Exercise 5.4, we deduce that f and g are direct analytic 
continuations of each other. 


Exercise 5.5 


Prove that each of the following pairs of analytic functions f and g are 
direct analytic continuations of each other. 


(a) f(z)= Sone (lz < 1), g(2) = > (z eC- {]}) 
n=1 


(b) f(z) = Logar(z) (z € Can), g(2) = Logsz/2(2) (2 € Can) 


Often we are given a function f that is analytic on a region R and we are 
required to find a direct analytic continuation of f from R to some 
overlapping region S. The following exercise gives you an opportunity to 
try this. 


Exercise 5.6 


Use Example 5.2(b) to find a direct analytic continuation of the following 
function f from its domain to another region: 


H= PECI 
(Hint: Recall that yz = exp($ Log z), for z #0.) 


5.3 More improper integrals 


In this subsection we show how the Residue Theorem can be combined 
with a simple direct analytic continuation to evaluate improper integrals of 
the forms 


po o an * PW pa 
f Te et dt d / d dt, 


where 0 <a < 1 and p and q are polynomial functions such that the degree 
of q exceeds that of p by at least two, and any poles of p/q on the 
non-negative real axis (the positive real axis together with the origin) are 
simple. Integrals of this type may be ‘improper at 0’ if, for example, p/q 
has a pole at 0, so we must define what such integrals mean. 


Definition 
Let f be a function that is continuous on the interval (0,00). Then 


(oe) 
the improper integral l f(t) dt is 
0 


oo il ip 
| cre lin i Ae ahs Bhi / f(t) dt, 
0 Ea hs roo fy 
provided that both limits exist. 


As usual, the limit lim is taken through positive values of e. 
E= 


The definition is illustrated in Figure 5.7, where 


1 f(t)dt and [ 10 dt 


are the areas of the left and right shaded regions, respectively. 


We remark that the limit of integration 1 is purely a convenient choice; 
replacing 1 by 2 (or any other positive number) in the definition does not 
[oe] 


affect the value of f f(t) dt. 
0 
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YA 


Figure 5.7 Areas under the 
graph of y = f(t) between € 
and 1, and between 1 and r 
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There are two difficulties in evaluating integrals of one of the two forms 
listed at the start of the subsection. The first is that an integral of one of 
these types is taken only along the non-negative real axis (between 0 

and oo), so the standard semicircular contour used in Section 3 is not 
always appropriate. The other difficulty is the use of the expressions log t 
and t°, which suggest that the principal logarithm function Log will be 
needed. This function is analytic only on the cut plane 

C— {x €R: 2 < 0}, which does not include all of our standard 
semicircular contour. As you will see, we circumvent this difficulty by 
using various analytic continuations of Log. 


Before we describe the procedure for evaluating these integrals, however, 
you should attempt the following exercise, the results from which will be 
needed in the examples and exercises that follow. 


Exercise 5.7 


(a) Show that 


“I “I 
fias f ae for r > 1, 
1 t 1 vt 


and deduce that 
logr < 2yr, forr>1. 


(b) Use the second of these two inequalities to prove that 


l 
i) 28" L; 0 as r > 00 
r 


(ii) eloge > 0 as € > 0 through positive values of e. 


Let us now consider how to use the Residue Theorem to evaluate the 
improper integral 


œ logt 
f -a 
o t +4 
Observe that logt is defined only when t is positive (not at t = 0), so this 
integral is ‘improper at 0’ as well as ‘improper at oo’; it is given by 


œ logt 1 logt ” logt 
t= li t li > Utz 
f TET im f req dt lim f Bpi” 


We now carry out the five steps for evaluating improper integrals from 
Section 3. 
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1. Find a suitable contour integral 


To specify a suitable contour integral, we first need to find a complex 

function that takes the value (log t)/(t? + 4), for each positive number t. 

We might try the complex function with rule (Log z)/(z? + 4); however, 

because Log is not analytic at points on the negative real axis, this choice 

of logarithm function is unsuitable for the contour we wish to use. Instead 

we define 205 Cer J2 


L T 
ro = Se 


` > 


which is analytic on the cut plane C3,/2, except for a simple pole at 2%, 


| 
d 
—2 
and which satisfies f(t) = (log t)/(t? + 4), for t > 0. Notice that —2i, the j 
other zero of the polynomial z? + 4, does not belong to the cut ' 
plane C3,,/2: it lies on the cut, as shown in Figure 5.8. Figure 5.8 The cut plane 


We choose the contour integral Can/2 


I= f f(e) dz, 


where [ = Ty +T2g+13+T is the contour shown in Figure 5.9, for positive 
numbers £ < 1 and r > 2, chosen so that T encloses the pole of f at 2i. 


A 


I2 


E r 


? 
| 
| 
| 


Figure 5.9 The contour F =T; +r +r +T4 


2. Apply the Residue Theorem 


To apply the Residue Theorem on the simply connected region C3,/2, we 
need to find the residue of f at 2i. Since 


Log3,/2(2) 
(z — 2i)(z + 2%)’ 


we can find Res(f, 27) using the Cover-up Rule. First observe that 


faa 


and hence 


Log3,/2(2t)  log2 + in/2 
Sa ee 
Bee E Hi 
So, by the Residue Theorem, 
log 2+ in/2 iT? 
I = 2ni Res( f, 2i) = 2ri x ao = Z log 2+ T, 
1 
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3. Split up the integral 


Next we separate the integral into its constituent parts, to give 
i= f(z) az + f f(z) az + f f(z)dz+ | f(z)dz. (5.5) 
Ty T2 T3 T4 


Substituting the positive real variable t for z in the [1 integral gives 


” logt 
dz = —— dt. 
r f(z) Z f t2 + 4 


Since z also takes real values on T3, we can again substitute t for z in 


the T3 integral. However, we must be careful here to make sure we use the 
correct values of the logarithm. If t < 0, then Arg3,/2(t) = 7, so 


Logg, /2(t) = log |t| + ir. 
Thus, substituting t for z, we see that 


—€ Jog |t| + am 
iy = DEANT W 
"a Petog L 244 


The integrand (log |t| + iz)/(t? + 4) represents an even function, which 
implies that the integral of this function from —r to —e is equal to the 
integral from € to r. (This can be established by making the 
substitution u = —t, as in the proof of Theorem 3.2(b).) Hence 


"logt + in T logt , red 
dz = — dt = dt — dt. 
ae f t +4 / t +4 +in | 244 


4. Apply the Estimation Theorem 


dt. 


We must now obtain upper estimates for the moduli of the integrals along 
the semicircles Tə and T4. 


Observe that for z € T2, we have |z| = r and 0 < Args,/9(z) < T, so 
|Log, /2(z)| = |log |z| + i Argsz/2(z)| 
< |logr| + |Arg3,/2(2)| < logr + 7, (5.6) 
by the Triangle Inequality. Also, for z € T2, we have 
|2? +4] > |z4]) -—4=r7 -4, (5.7) 
by the backwards form of the Triangle Inequality (since r > 2). Hence 


logr +7 


Log3,/2(2) 
T p24? 


ro =| 


for z € I2. Since f is continuous on T2, and [2 has length mr, we can 
apply the Estimation Theorem to give 


logr +r _ nrà(logr +7) 


Fe) de < a X Tr = — pg 


T2 


for r > 2. 


Reasoning in a similar way but with £ in place of r, we can obtain an 
estimate for the T4 integral. However, there is an important difference 
this time, namely that 0 < e < 1, which implies that loge is negative 

(so |log e| = — loge). Consequently, for z € T4, inequalities (5.6) and (5.7) 
are replaced with 


[Logan/2(z)| < —loge+m and |z? +4|>4-e?. 


Putting these together, and applying the Estimation Theorem, we see that 


m — loge relr — loge) 
Eee < Wak X TE = Hage 
forO<e<1. 
5. Take limits 


Using the value of J found in step 2, and the real integrals discussed in 
step 3, we can write equation (5.5) as 


in? 


T logt ; rd T 
= dt = — log 2 : 
2 f pegs in | Bae +f seas f fea: 5 log 2+ | 


Let us now take limits as r > oo and as £ — 0 of each expression in this 
equation. By step 4, the T% integral tends to 0 as r — oo because 


< mr(log r + 7) _ losin + T/r 


f(z) dz 24 1-4” 


T2 


and this final expression tends to 0 as r + co by Exercise 5.7(b)(i) and the 
Combination Rules for limits of functions (Theorem 3.1). Likewise, by 
step 4, the T4 integral tends to 0 as € — 0 because 


melt — loge) me — eloge 
n FE 
4—2? 4—2 ’ 


f(z) dz 


= 


T4 


and this final expression tends to 0 as € —> 0 by Exercise 5.7(b)(ii) and the 
Combination Rules for limits of functions. 


Therefore, on letting r — co and £ —> 0, we obtain 


œ logt 2x T T T 
2 dt tin |" z dt = Z (log2 +15). 
/ Pia +in f Pod 5 og tis 


Equating real parts, we see that 


œ logt T œ logt T 
2 dt = — log 2 dt = — log 2. 
f ppa T goea e f p44” 48 


Notice that we can equate imaginary parts too, to obtain another integral, 
for free: 


m 1 P "T 1 mat 
"J, @+4- 4° ®© jh BFA 7 


However, this integral could be obtained by more elementary means (the 
integrand has a primitive t —> 4 tan™!(t/2)). 
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We can use a similar strategy to evaluate the improper integral 


| me 
o +1 


This is another improper integral that is ‘improper at 0’ as well as 
‘improper at oo’ because the term t7!/2 = 1 /Vt grows arbitrarily large as t 
approaches 0. 

We need to find a complex function f such that f(t) = t~'/?/(t? +1), 

for t > 0. It is tempting to use the function z+ z—1/2/(z? + 1), but this 
is unsuitable for the semicircular contour we wish to use because z~!/? is 
not continuous on the negative real axis. Instead we recall that 


pV? = exp(—4 logt), for t > 0, 
and, motivated by the earlier example, we define 


exp(—3 Log3,/2(z)) 


f(z) = T os 
which does indeed satisfy 
71/2 
f(t) = Po? for t > 0, 


We can now proceed in much the same way as the earlier example; the 
details are in the solution to the following exercise. 


Exercise 5.8 


Evaluate the improper integral 
(oe) t-1/2 
1 tat. 
o +1 


We have now evaluated 


f cer dt and f dt, 
o +4 o +1 


by using a semicircular contour, indented at the origin. In order for this 
method to work, it was essential that the rational functions in these 
integrands were even functions. When faced with an integral such as 


| pa 
o +t 


in which the rational function in the integrand is not an even function, 
some other method must be found. 


One possible approach is to make the rational function in the integrand 
even by using the preliminary substitution u = Vt, so t = u?, dt = 2u du. 


In the example above, we obtain 


œ 41/4 œ 41/2 
dt = —~2ud 
I t +t f ut + u2 ne 


by Exercise 5.8. However, this strategy will not work for all rational 
functions, so instead we introduce an alternative method based on the 
contour I = Ty + T2+T3 +14 shown in Figure 5.10, whereO <e<1<r. 
Here T4 and I's are the same interval [e,r] of the positive real axis, 
traversed in opposite directions, and Tə and T4 are circles with centre 0. 
Thus the contour I is closed, but not simple-closed. 


We then introduce the function 
1 
exp(3 Log), (z) 
f) = exp (z Logan (2) (z € Con — {—1}), (5.8) 
2+ Zz 
which is analytic on the region C2, — {—1}, and extend the definition of f 
to Tı and T3 as follows: 


exp(4 Log z) E z1/4 


5) = ; ZE Ti, 
faa FTF FY? | (5.9) 
exp(4 Log», (2)) z1/4e(1/4)2mi 
= = l a : z ET}. 


For the second of these formulas, notice that Logs, has domain C — {0} so 
it is defined on T3, even though it is not analytic (or even continuous) 

on C — {0}. 

Strictly speaking, this extension of f to Ty and T3 is ambiguous because, 
as sets, [; and I3 are equal, so the extended f is not a function. However, 
if you follow z round the contour I’, using the values of f in equation (5.9) 
on Ty and T3, then f(z) varies continuously on I and behaves like the 
‘boundary values’ of the function f defined by equation (5.8). 


Assuming that the conclusion of the Residue Theorem holds in this 
situation, we deduce that 


| f(z) dz = 277 Res(f, —1) 
r 

= (2ri exp(4 Loga,(—1)))/(-1) 

= —2ri exp(4(log|—1| +i Args,(—1))) 

= —2rie™/4, (5.10) 
where we have used the Cover-up Rule to find the residue of f at —1, the 
only pole of f ‘inside’ I. (Because I is not simple-closed, it does not really 
have an ‘inside’. However, in the present situation we regard the ‘inside’ as 


the subset of C that lies on your left as you traverse I, as shown in 
Figure 5.11.) 
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Ty 


Figure 5.10 The contour 
r=; +I +I; +T4 


T2 


Figure 5.11 The ‘inside’ of 
the contour I 
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As in Exercise 5.8, we can show that 


(z)dz = 0asr—oo and 1 f(z)dz > 0 as € > 0. (5.11) 
T2 T4 


Also, equation (5.9) implies that 


F 41/4 
and 
, E 41/4 ; r 41/4 
dz= ma f d= i — d. 4 
aTe 2=e | Bat t e : Bait (5:13) 


Letting r > oo and £ —> 0, we deduce from equations (5.10)-(5.13) that 


: œ +1/4 , 
(1 — e™*/2) | : dt = —2rie™/*, 
0 


?+t 
so 
oo 41/4 —~Iqie™/4 
t = — 
f +t 1 — e™/2 
2ri 


~ Eni/4 _ e rij4 


T VIr, 


~ sin 7/4 E 


as obtained above. 


Rather than discuss the justification of this method of evaluation in detail, 
we simply state (and do not prove) a general result that can be obtained 
by this method. As with the corresponding results in Section 3, it is 
possible to allow simple poles on the positive real axis (by using the 
Round-the-Pole Lemma). 


Theorem 5.3 
Let p and q be polynomial functions such that 
e the degree of q exceeds the degree of p by at least two 
e any poles of p/q on the non-negative real axis are simple. 
Then, for0<a< 1, 

i PUY) ya dt = — (me 7” cosec 7a) S — (x cot ra)T, 

o a(t) 

where S' is the sum of the residues of the function 


e na Sale lame (2) 


in Co,, and T is the sum of the residues of the function 


(22) — ue exp(a Log z) 


on the positive real axis. 
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Note that the non-negative real axis includes 0 but the positive real axis 
does not. 


Exercise 5.9 
Use Theorem 5.3 to show that 


0O te 
f a; %5 Tcotra, for0O<a<l. 
A _ 


Remark 


As well as being used in the evaluation of integrals of the form 


~ p(t) a 
I Oe 


the contour in Figure 5.10 can also be used to evaluate a wide variety of 
other integrals, including those of the form 


f n gtdt. 


5.4 Indirect analytic continuation 


Having obtained a direct analytic continuation of a given analytic 
function f with domain R to an analytic function g with domain S, it is 
natural to attempt to carry this process further by finding an analytic 
function h with domain 7 that is a direct analytic continuation of g but is 
not a direct analytic continuation of f (see Figure 5.12). 


Figure 5.12 Intersecting regions R and S, and S and T A 


For example, if 


filz) =Log,(z) (z€ C+), Imz >0 


z) (z € Cr), 
z) (z € Csr), 


f2(2) = Logor 

fa (2) = Logar 
then 

falz) = file), for Imz> 0, 

fs(z) = f2(z), for Imz <0, 
(see Figure 5.13). 


( 
( 


Figure 5.13 The upper and 
lower half-planes 
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Since the region {z : Im z > 0} is a subset of Cr N Caz, we see that fo isa 
direct analytic continuation of fı from C, to Cor. Similarly, f3 is a direct 
analytic continuation of fg from Co, to C3,. But 


fa(z) — filz) at 271, for z € Cr = Can, 


so f3 is not a direct analytic continuation of fı. However, there is clearly a 
sense in which f3 is some kind of an ‘analytic continuation’ of f1, so we 
extend our definition accordingly. To emphasise the importance of domains 
in this definition, we will use the notation (f, R) to denote an analytic 
function f whose domain is the region R. (In some texts, the pair (f, R) is 
called a function element.) 


Definitions 


The finite sequence of functions 


(di Ri) (f2, R2), 2209 (ina Rn) 


is called a chain of functions if (fk+1, Rk+1) is a direct analytic 
continuation oll fp. Reo tor = Ino 


Any two functions of a chain of functions are said to be analytic 
continuations of each other. If the two functions are not direct 
analytic continuations of each other, then they are said to be indirect 
analytic continuations of each other. 


A chain of functions is closed if Ry = Ry. 


Note that for a closed chain of functions, the function fı may or may not 
be equal to fn- 


Two chains of functions are illustrated in Figures 5.14 and 5.15. 


77h. (fa, Rs) N 


li ) 

7 

i Ra) N 
ao CE ee) a ee (fa, O 


a 


7 (\ i ~ <a \ 
S- 4 l 
/ (fis R1) ud L (f5,Rs) 7 
i 2 NL 4 
<e a 


Figure 5.14 A chain of functions 


——— me a, 


Figure 5.15 A closed chain of functions, with Ri = Rs 
For an example of indirect analytic continuation, consider the functions 
filz) = Log, (z) (2€ Cr) and f3(z)= Logs:(2) (z € Car), 
discussed earlier. The sequence (f1, Cr), (f2, Car), (f3, Csr), where 
f(z) = Loggr (z), for k = 1,2,3, 
is a closed chain of functions because C3, = Cr, even though fı 4 f3 on 


this set. 


Exercise 5.10 


Consider the functions 


f(z) = exp(4 Lo8kr(2)) (z € Can), 
for k € Z. Notice that fi(z) = vz, for z € Cr. 


(a) Show that (f1, Cr), (f2, C27), (f3, C37) is a closed chain of functions, 
but fi # fs. 


(b) Show that (fi, Cals (fo, Cor), (fs, C37), (fa, Car), (fs, Csr) is a closed 
chain of functions, and fi = fs. 


Exercise 5.11 


Let Dı = {z : |z| < 1} and Də = {z : |z — 2| < 1}. Show that the functions 


maan enj ond aS e-a (EDs) 
n=0 n=0 


are indirect analytic continuations of each other. 


(Hint: Use the result of Example 5.1.) 
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Further exercises 


Exercise 5.12 


Show that the analytic function 


gz)=-=-1 @ee—{0}) 


is a direct analytic continuation of the analytic function 


f(z) = (2+) 4+ (241)? + (2+1 + (2+1 <1). 


Exercise 5.13 


co yn 
Let f(z) => —a (lel <1). 
n=1 
(a) Prove that 
a ee 
f(z) = m tA for 0 < |z| < 1. 
(b) Deduce that the function 
Tent. 
ee al z€C-—{xeR:zr=O0orzr>}}, 
g(z) = z 
1 z=0, 


is a direct analytic continuation of f’ from {z : |z| < 1} 
toC-—{zeER:2> 1}. 


(c) Use the Primitive Theorem (Theorem 5.3 of Unit B2) to show that 
there is a direct analytic continuation of f from {z : |z| < 1} toa 
larger region. 


Exercise 5.14 


Use Theorem 5.3 to evaluate the following improper integral: 
co 13/2 
to 8 
o (t#+1)(t-1) 


Exercise 5.15 


Show that the functions 
f=>o2 (lal<1) and g=- oz” (>i) 
n=0 n=1 


are indirect analytic continuations of each other. 
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Complete analytic functions and Riemann surfaces 


Given an analytic function (f, R), the collection of all possible 
analytic continuations of (f, R) is called the complete analytic 
function of (f,R). This name is rather misleading because, as 
defined, a complete analytic function is not actually a function, but a 
set of functions related to each other by analytic continuation. 
However, in his doctoral dissertation of 1851, the distinguished 
German mathematician Bernhard Riemann (1826-1866) described a 
remarkable geometric method for interpreting complete analytic 
functions in which they do become genuine functions. 


To demonstrate Riemann’s idea, let us outline the procedure for 
obtaining the complete analytic function of the principal logarithm 
function (Log, C+). We define 


f(z) = Log,,(z), for k € Z, 


so f1(z) = Log, z = Logz. Then the sequence (fx, Ckr), k € Z, is an 
infinite chain of functions, because fg and f,41 are 


Bernhard Riemann 


e equal on the upper half-plane {z : Im z > 0} if k is odd 
e equal on the lower half-plane {z : Imz < 0} if k is even 
(as we observed earlier for k = 1 and k = 2). 


Think of the cut planes ...,C_,,Co,C,, Co,,... as separate planes 
stacked one above the other, with 


e a slit along the negative real axis if k is odd 
e a slit along the positive real axis if k is even, 


as illustrated in Figure 5.16(a). Next, following Riemann’s imaginative 
reasoning we ‘paste’ the upper half of Cy, to the upper half of Cik+1)r 
when k is odd, since f, and f,41 are equal on the upper half-plane 
when k is odd. Similarly, when k is even, we ‘paste’ the lower half 
of Cx, to the lower half of C(,41),, as illustrated in Figure 5.16(b). 


---- Cy = ---- Con 


———-+o (Ga _— 


(a) (b) 
Figure 5.16 (a) The cut planes C,,Co,,C3, (b) Pasting C, to Cor 
and Cor to Cor 
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We now pull the glued planes in a direction perpendicular to the 
planes, to form a concertina-like surface. 


To be more precise, we lift vertically each ray of points with 
argument 0 to a height 0. Part of the resulting surface S is shown in 
Figure 5.17; it has equation s = 0, where @ is any argument of 

z =x + iy. In fact, we have encountered this surface before, in 
Figure 2.2 of Unit A2. 


S 


Figure 5.17 The Riemann surface S for the complete analytic function 
of Log 


Let us define a function f: S — C by the rule 
f(x,y, 4) = log |z| + i0, 
where 0 is any argument of z = x + iy. 


As we know, the expression log |z| + i0 is not the rule of a function on 
C — {0}, because each complex number has infinitely many 
arguments, but f is a function on S, because each argument 0 of z 
corresponds to a different point on the surface S. What is more, if 

z € Ckr, then = Arg,,,(z) satisfies (k — 2)a < 0 < kr, so 


To summarise, we have constructed a surface S' by pasting together 
the sets Cz,, and we have defined a function f: S —» C that 
coincides with fg on each layer C;,, of the surface. It can be shown 
that any analytic continuation of (Log, C+) can be thought of as a 
restriction of the function (f, S), and consequently (f, S) can be 
considered to be the complete analytic function of (Log, C+). 


The surface S is called the Riemann surface for this complete 
analytic function. 


5 Analytic continuation 


The theory of Riemann surfaces can be taken much further and 
placed on a sound theoretical basis. It is possible to transfer many of 
the ideas of complex analysis from the complex plane to a general 
Riemann surface, and thereby gain insight into functions such as 

z —> Logz and z — yz, which have analytic continuations that 
cannot be represented by ordinary analytic functions with domains in 
the complex plane. 


Over the past century, the subject of Riemann surfaces has flourished, 
and deep connections have been uncovered with other mathematical 
disciplines. One of the pioneers in this area of study was the Finnish 
complex analyst Lars Valerian Ahlfors (1907-1996), whose profound 
geometric insight led to advances in classifying and understanding 
Riemann surfaces. In 1936 he was awarded the Fields Medal for his 
work in complex analysis and Riemann surfaces. (The Fields medal, 
awarded every four years to two to four mathematicians under the age 
of forty, is often thought of as the ‘Nobel Prize for mathematics’.) 


More recently, the Iranian mathematician Maryam Mirzakhani 
(1977-2017) also received a Fields Medal for her work on Riemann 
surfaces, in 2014. She was the first woman, and the first Iranian, to 
receive this illustrious award. 


ss H SS y 
Lars Valerian Ahlfors Maryam Mirzakhani 
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Solutions to exercises 


Solution to Exercise 1.1 If w £0 and |w/(2i)| < 1 (that is, if 0 < |w| < 2), 
th btai 
(a) The Laurent series about 0 for f is gt ne rene 
1 1 1 (=) 4 ei 
Dee EL gees, 2+1 iw a) \ Di 
z2 z2 g2 z 
-l 1 w 
so Res(f,0) = 0. =p I g 
(b) Since the function f(z) = 1/(z — 1) is analytic The coefficient of w~! in this expression is 1/(2i), 
at 0, the Laurent series about 0 for f is a Taylor so 
ies. = 0. . 1 } 
series. Hence Res(f,0) = 0 ee) eee 2 
(c) The Laurent series about 0 for f is 2i 2 
s2 Í ge Af g (b) Let w = z — 7m, so z = n +w. We obtain, for 
z -3(-9+9-a+ ) z#T, 
1 1 a z3 ze” (m + weto) 
T8 Az Al 6l’ ? (z= 7)? w? 
so Res(f,0) = —1/2. — eT (r +w) ei 
(d) The Laurent series about 0 for the function w? nee 
2. T+ w (iw) 
f(z) =2* sin(1/2) is =— 7 1 +iw + E eis 
w 2! 
2 (1/2)? | (1/z)? T w? 
1/z)— sie _ M 
e(a- CEL OF m 
1 1 2 
E ENE E 1 
= Je Be , Lhit T) 
w 2 


so Res(f,0) = —1/6. , , aa l 
or The coefficient of w~! in this expression is ~ri — 1, 
(Note that f has an essential singularity at 0, not a so Res(f, r) = -ri — 1. 


pole.) 


: n Solution to Exercise 1.3 
Solution to Exercise 1.2 


(a) Since 
(a) Observe that 1 1 1 
lim | (z — 2i) x = lim = ae 
fe) 1 1 2928 zz+4 zo2iz+2i 4i 
2\= = 
241 (z-i)(z+i) we deduce, by Theorem 1.2, that 
We let w = z — i, so z =i +w. When z £ 1, —i, Res( f, 2i) = = EEA 
we have 4i 4 
(b) Since 
oOo 1 À i 
z2+1 (z—i)(z+i) m, (z— 3) i apap! 
1 2 
w(2i + w) 11/3 Z2(1 — 2)(1 — 22) 
=> (1+) _ 73 2 
2iw 2i es i ae 
gi 3 Og 


we deduce, by Theorem 1.2, that 
Res(f, 3) = —27/2. 
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Solution to Exercise 1.4 


(a) Let g(z) = 1 and h(z) = 22? + 5iz — 2. Then g 


and h are analytic at — Si. Also, 


h(—4i) = 2(—24)* +(+) -2 


and 

hi (—51) = 4(—$2) + 5i = 3i, 
which is non-zero. Thus the g/h Rule applies, and 
we have 


Res(f, —3i) = 9(-3#) /h'(—3%) 
= 1/(3i) = —i/3. 

(b) Let g(z) = z +9 and A(z) = (22 +.1)(z7 +9). 
Then g and h are analytic at 3i. Also, 

h(3i) = ((31)? + 1) (8? +9) = -8 x 0=0, 
and 

hi (z) = 2z(2? + 9) + 2z(2? + 1) = 4z(2? + 5), 
so 

h' (3i) = 4 x 3i x ((3i)? +5) = —48i, 
which is non-zero. 
Thus the g/h Rule applies, and we have 

Res( f, 3i) = g(3i)/h' (3i) 

= (3i + 9)/(—48i) 
=-ġ+ ği 
Alternatively, we can simplify the calculation 
of h(3i) and h’(3i) by choosing 
z+9 

g(z) = S 
Then g and h are analytic at 3i. Also, 

h(3i) = (3i)? +9 = 0, 
and 

h! (3i) = 2 x 3i = 6i, 


which is non-zero. 


and h(z) =27+9. 


Thus the g/h Rule applies, and we have 


Res(f, 3i) = g(3i)/h'(3i) 
3+9 ; 
= (arri)/* 
= (3i + 9)/(—48i) 
=-ġ+ ği, 


as before. 


Solutions to exercises 


(c) Let g(z) = 2? and h(z) = 2f +1. Then g 
and A are analytic at each given value of a. Also, 
in each case, 


h(a) =o4+1=(-1)+1=0, 
and h(a) = 40°, which is non-zero. 
Thus the g/h Rule applies, and we have 
Res(f, a) = g(a)/h'(a) 
= a? /(4a°) 
Ci 
=}, 
for each value of a. 


(Note that, in this example, each singularity has 
the same residue.) 


Solution to Exercise 1.5 
(a) Let g(z) = mcosecmz and h(z) = 427 — 1. 
Then g and h are analytic at = and —5. Also, 
h(3) =4(3)" —1=0, 
and 
KG) =8x 4 =4, 
which is non-zero. Thus the g/h Rule applies, and 
we have 
Res(f,5) = (m cosec 1/2) /4 = 7/4. 


Since f is an odd function, we see from 
Theorem 1.1(a) that 


Res(f, —3) = Res(f, 5) =a. 
(b) Let g(z) = mceot mz and h(z) = 42? — 1. 
Then g and h are analytic at 5 and —4, and the 


calculations of h(5) and h’(4) are as in part (a). 


Thus the g/h Rule applies, and we have 
Res(f, 5) = (m cot T/2)/4 = 0. 


Since f is an odd function, we see from 
Theorem 1.1(a) that 


Res(f,—3) = Res(f, 5) = 0. 
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(c) Let g(z) = m cosec mz and h(z) = 427 +1. 
Then g and h are analytic at ži and —5i. Also, 
h(4i) = 4(44)* +1=0, 
and 
hi ($i) =8 x $i = 4i, 
which is non-zero. Thus the g/h Rule applies, and 
we have 


Res(f, 52) = (m cosec wi/2) /4i 
~ (mm) 


~~ 4sinh a J2 
Since f is an odd function, we see from 
Theorem 1.1(a) that 


Res(f, —3i) = Res(f, 3i) = 


T 
4sinh 7/2 
(d) Let g(z) = rcot wz and h(z) = 427 + 1. 
Then g and h are analytic at si and —5i, and the 
calculations of h(5i) and h’ (4i) are as in part (c). 
Thus the g/h Rule applies, and we have 
Res(f, $i) = (m cot mi/2)/4i 
= eco Jsi 
isinh 7/2 
_ _ mcoshm/2 
~~ Asinh 1/2 
= -7 coth 7/2. 


Since f is an odd function, we see from 
Theorem 1.1(a) that 


Res(f, —$i) = Res(f, si) = -7 coth 7/2. 


Solution to Exercise 1.6 
(a) The function 
z+2 
f(z) a 23(z +4) 
has a simple pole at the point —4. If we cover up 
the factor z + 4 and evaluate what remains at —4, 


then we obtain 


—4 +2 1 
Res( f, —4) = E eee 


by the Cover-up rule. 
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(b) We have f(z) = g(z)/z, where 
g(z) = (cosz)/e*. The function g is analytic at the 
point 0. Applying the Cover-up Rule, we obtain 


cos 0 
Res(/,0) = g(0) = “S 
(c) First we write 
=] 


f) = 


32?(1 — z)(1 — 2z)(z = 4) 
The function f has a simple pole at the point z. 
Applying the Cover-up Rule, we obtain 
—1 27 
Res(f,3) =z -17171 => 


j . 
ax gx SX a 2 


This agrees with the answer to Exercise 1.3(b). 
(d) We have f(z) = g(z)/z, where 

g(z) = (sin z)/e*. The function g is analytic at the 
point 0. Applying the Cover-up Rule, we obtain 


sin 0 


Res(f,0) = g(0) 0 


fay 


(so g has a removable singularity at 0). 


Solution to Exercise 1.7 
(a) We have 


IO) =a 


for 0 < |z| < 4. Hence 


1 - go y 
to=al(-F+h-at) 


SO 


(b) First we express f(z) in terms of z — 1 to give 


1+e” 1+e%e7)) 
4 f(z) = l- R- ` for z £1 
ence 
f=? +S (1 ! efi + 2(z y+ 
8(z — 1)8 )) 
3! i 
i 7 o 8e? 44 
es(f,1) = or 3o- 


Remark: We could have used the substitution 
w = z — 1 to simplify the algebra slightly. 


Solution to Exercise 1.8 


(a) Since the function f has a pole of order two at 
the point 7, we apply Theorem 1.3 with k = 2. We 
obtain 


Resfn) = tin ((ce*)) 


2} 
= lim (e7 + ize ) 
ZT 
=e" 4+ ine” = -1—- in. 


(Note that this answer agrees with that of 
Exercise 1.2(b).) 


(b) Since the function f has a pole of order three 
at the point 0, we apply Theorem 1.3 with k = 3. 
We obtain 


z+2 
Rest 0) = 5 (Fo (=*3)) 
-728(z(eaR)) 
2 z>0 \ dz \ (z + 4)? 
= 5 tim (5) 
2 z0 (z+ 4) 


(Note that this answer agrees with that of 
Exercise 1.7(a).) 


Solution to Exercise 1.9 


If f has a pole of order k at a, then its Laurent 
series about @ is 


fe) = = 


+ap+ai(z-—a)+---, 


where a_p 4 0, so 


zZ—-Q 


Solutions to exercises 


(e-a) f(e) =ar ttan- a) 
+ao(z - a) +a(z- a) t! + . 

Using the Differentiation Rule for power series 
(Theorem 2.3 of Unit B3), we can differentiate 
k — 1 times to obtain 
dk-1 % 
Salle =a) f(2)) = (k—1)a_1 + klag(z — a) 

(k+1)! 

2! 

1)! and taking the limit as z tends 


alz- a)? + 


Dividing by (k — 
to @ gives 
1 . qk-1 A 
(k=1)! = 1)! tim (Ser 1 ((z E a) f(2))) = a_i, 


as required. 


Solution to Exercise 1.10 


(a) The Laurent series about 0 for the function f 
is 


P (1 | TEED 
gi gt 2! 
1 1 1 1 
Ta Tae ae a 


so Res(f,0) = 1/6! = 1/720. 
Alternatively, applying Theorem 1.3 with k = 7, 


we obtain 
dê 
Reali) = g ale ») 
1 1 
= — lime = 
~ 6! 250 ~ 6 


(b) Substituting w = z — 1/2, so z=7/2+w, we 
obtain, for z # 7/2, 
cos z 
f(z) = (z — 1/2)? 
_ cos(r/2 + w) 
ee 


Hence Res(f, 2/2) = —1. 
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(c) We use the g/h Rule with g(z) = e’, 

h(z) = 24 — 1 and h'(z) = 4z3. (The functions g 
and h are entire, and h(a) = 0 and h’(a) Æ 0 for 
a = 1,—1,i,—i.) Thus 


Res(f,1) = a 7 7 

Res(f,-1) = BF = 5 — =- 

Res( fui) = = 

Reh- = Bok = ep = 
(d) The function 

Lr a TE 


has simple poles at 2 and —2. Applying the 
Cover-up Rule gives 


Res(f, 2) = Be = 4’ 


Res(f, —2) = = 


(e) The function 
1) = BRD ee era 


has simple poles at 3 and —3. Applying the 


Cover-up Rule gives 
e3 e3 
R 3 = = 
es( f3) = 357343) ~ 162 
e3 e~’ 
R 3) = = i 
es(f, —3) = 7-333) = Te 
Next, f has a pole of order three at 0. We will find 
Res(f,0) from the Laurent series about 0 for f. 


Observe that 


2 
efaltet+ ote, for z € C, 


and 


a a Cpe aan 
2-9 9 1-22/9 9 9 


for |z| < 3. Hence 


1 z? z? 
= |i an VL ths Se asf Sree 
flz) ml t+ Tt )( tot l 
for |z| < 3. 
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Since we need only find the coefficient of z~! in this 

Laurent series, we determine the coefficient of z? in 

the product of the two brackets. This coefficient is 
1 1 11 


9° 2 Te 
sO 
11 11 


1 
Res(f, 0) = -9 x I8 = ~ 762" 
(It is also possible to use Theorem 1.3 with k = 3 
to find Res(f, 0).) 


Solution to Exercise 2.1 


sin z sin z 
Let f(z) = = . 
NOS od Gatien 
(a) The function f is analytic on C apart from 
simple poles at 1 and —1, both of which lie inside 
the circle I = {z : |z| = 3}, as shown in the figure. 


A 


T 


Using the Cover-up Rule, we obtain 


in 1 
Res(f, 1) = = i 5 sin 1, 
in(—1 
Res(f, —1) = H = 5 sin if 


Hence, by the Residue Theorem with R = C, 
I 4 dz = 2ni(Res(f,1) + Res(f, —1)) 
D 


ae 
= 2ni(}sin1 + $sin 1) 
= 27isin 1. 
(b) In this case the simple pole at —1 lies inside 
the rectangular contour I with vertices at —2i, 27, 
—2 + 2i, —2 — 27, and the simple pole at 1 lies 
outside I’, as shown in the following figure. 


—2 + 21 2i 


| 
p 
= o 


—2 — 2i —2i 


It follows from the Residue Theorem with R = C 
that 


f e = 2ri Res(f, —1) 
i 


z2—1 


= 2ni x $sin1 = misin1. 


Solution to Exercise 2.2 


The function 


z+2 


z+ 2 
f(z) = Az? + 2 


4(z— ki) (z+ ki) 
is analytic on C apart from simple poles at $ki 
and —$ki. By the Cover-up Rule, 
Tzs : 
zki+2 ki+4 
R iki) = 2 = 
ea =A Bhi” 


Res(f, —$ki) = 4——— = —_ 
The figure shows the circle I = {z : |z — i| = 2}. 
Tig 
i 


2 


37 
2°? 


(a) If k = 1, then the poles at $7 and —żi both lie 


inside [. Hence, by the Residue Theorem with 
Re, 


I = 2ri(Res( f, ži) + Res(f, —$7)) 


i+4 i-4 
=O = 
ni( BB: ) 


Ti 


ša 


Solutions to exercises 


(b) If k = 3, then the pole at i lies inside T and 
that at —3i lies outside I’. Hence, by the Residue 
Theorem with R = C, 


I = 2ri Res( f, ži) 


= 2ni( =") 
24i 
O T mi 


(c) If k= 7, then the poles at $i and —4i both lie 
outside I, so J = 0. 


Remark: In this case the fact that the integral has 
value 0 also follows from Cauchy’s Theorem, 
because f is analytic on the simply connected 
region R = {z : —7/2 < Imz < 7/2}, which 
contains P. 


Solution to Exercise 2.3 


The function 


MAET 


is analytic on C apart from simple poles at the 
points where the denominator is zero, that is, at 
ay = eilt, ag = 87/4 5ri/4 and 

a4 = eTil, 


Of these poles, the first two lie inside [ and the 
second two lie outside I (see the figure). The 
residue at each of these poles is + (see 


4 
Exercise 1.4(c)). 


A 


5, a3 =e 


a3 © @ Q4 


Hence, by the Residue Theorem with R = C, 


3 
| z i dz = 2ni(Res(f, ent) + Res(f, grit 
r 


zt + 
= 2mi(} + 4) = mi. 
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Solution to Exercise 2.4 


The function f(z) = (1+ z)/sin z is analytic on C 
apart from simple poles at the points where 

sin z = 0, that is, at z = nz, where n is an integer. 
(So f has infinitely many simple poles.) Of these 


poles, only those at 0,7 and —7 lie inside the given 


square contour I (see the figure). None of the 
poles lies on T. 


—4+ 4i 4+ 4i 


—4-— 4i 


Let g(z) = 1 +z and A(z) = sin z, so h'(z) = cos z. 
Then g and h are analytic at a, for a = 0, T, —7, 
and h(a) = 0 but h’(a) # 0. By the g/h Rule, 


Res(f,0) = (1+ 0)/cos0 = 1, 

Res(f, n) = (1+7)/cosa = -1 — 7, 
Res(f,—r) = (1 — 2)/cos(—a) = —1 + 7. 
Hence, by the Residue Theorem with, for example, 

R = {z : |Rez| < 5}, we have 


1+2z 
[ sin Z ts 
= 2ni(Res(f,0) + Res(f, 7) + Res(f, —7)) 
= 2ri(1+ (-1—7)+(-1+7)) 
= — 271. 


(Note that the choice of R = C is not acceptable 
since f has infinitely many poles in C.) 


Solution to Exercise 2.5 


Using the strategy for evaluating real 
trigonometric integrals, we obtain 


2T 
1 1 1 
i sort = | a * 
o 2-—cost c2—(zg+24)/2 iz 
1 


1 
=i users! 


-ni f pas 
C? — 4z +1 
where C = {z : |z| = 1}. 


z 
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The function 


IO) = M 
2 Zal (e2 V3- 2+ V3) 


is analytic on C except for simple poles at 2 + v3. 
The pole 2 — v3 lies inside C, and the pole 2 + v3 
lies outside C. 


By the Cover-up Rule, 


1 1 
w= Q=-/3)-Q+73) We 


Hence, by the Residue Theorem with R = C, 


f : d 2ri x 
p = T = 
co 22-4241 ss 


Therefore 


m N E (tL) 
y aa ae) E 
Solution to Exercise 2.6 


(a) The residue of the function 


(2? + 1)? 
gntl 


Res(f, 2 — 


faa 


at the point 0 is the coefficient of z~! in the 
expansion of (z2? + 1)"/z"*?; this is just the 
coefficient of z” in the expansion of (2? + 1)”, 
which is 

(2) if n is even, and 0 if n is odd. 


2 


(b) Using the strategy for evaluating real 
trigonometric integrals, we obtain 


1 244)" 
- zy | oe, 
C 


The only singularity of f is a pole of order n + 1 at 
the point 0 (which lies inside the unit circle C), 
and the residue of f at 0 is as given in part (a). 
Hence, by the Residue Theorem with R = C, the 
value of the original integral is 


T n 
aaa iy, , n even, 


0, n odd. 


1 
— x 27i Res(f,0) = 


24 


Solution to Exercise 2.7 


(a) The function f(z) = (cos z)/(z — 1/2)? is 
analytic on C apart from a singularity at 7/2, 
which lies inside C = {z : |z| = 2}. Hence, by the 
Residue Theorem with R = C and 

Exercise 1.10(b), 


COS z 
———__.. dz = 2ri(—1) = —2ni. 
Loo” i(=1) ' 


(b) The function f(z) = e7/(z2^ — 1) is analytic 

on C apart from singularities at 1, —1, 7 and —i, all 
of which lie inside C = {z : |z| = 2}. Hence, by the 
Residue Theorem with R = C and Exercise 1.10(c), 


e” A . 

—— dz = 2ri(te — 4e71 + tie — lie~ 

Jaa (Je - fet + Lie! — Liew) 
= mi(sinh 1 — sin 1). 


(c) The function f(z) = e*#/(z°(z? — 9)) is 
analytic on C apart from singularities at 0, 3 

and —3. Of these, 0 lies inside C = {z : |z| = 2}, 
and 3 and —3 lie outside C. Hence, by the Residue 
Theorem with R = C and Exercise 1.10(e), 


f e” d Oni 11 liri 
= dz = 2ni{ -— ] =— ; 
c (22-9) 162 81 


Solution to Exercise 2.8 


The function f(z) = z/(e* — 1) is analytic on C 
apart from singularities at the points 2kri, for 
k € Z (the zeros of e* — 1). 


Using the g/h Rule with g(z) = z, h(z) = e — 1 
and h'(z) = e” (where h(2k7i) = 0 and 

h!(2kri) = 1 #0), we obtain 

2kri 
e2kri 


Res( f, 2kri) = = 2kri, fork € Z. 


(a) The only singularity of f inside 

C = {z: |z| = 1} is 0; the others lie outside C. 
Hence, by the Residue Theorem with 
R={z: |z| <2}, 


| Ž _ dz = Xi Res(f,0) = 0. 
cel 


(This result is as expected since f has a removable 
singularity at 0 which, when removed, makes f 
analytic on R, so Cauchy’s Theorem can then be 
applied.) 


Solutions to exercises 


(b) The singularities of f inside 
C = {z : |z — 3i| = 4} are 0 and 277; the others lie 
outside C. 


A 


C 


—2ri è 


Hence, by the Residue Theorem with 
R = {z: |z — 3il < 5}, 


f 2 y= 2ri(Res(f,0) + Res( f, 277)) 
c-l 


= 2ri(0 + 2ri) = —47°. 


Solution to Exercise 2.9 


Using the strategy for evaluating real 
trigonometric integrals, we obtain 


2m 1 
| = 
o 16cos?t+9 


1 
= c 
Lem 


=| 1 d 
Jo iz(4z2 +17 + 4272) : 


>] z d 
~ Jo (42441722 +4) 


1 f z d 
=— | —— dz, 
4i Jo (2 +4) (22+ 4) 
as required. 
Now, the singularities of the function 
f(z) = 2/((2 + 4) (z? + 4)) are simple poles at 23, 
—2i, si and = Of these poles, only the last two 


lie inside the unit circle C; the other two lie 
outside C. 
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Using the g/h Rule with g(z) = z/(z? + 4), 


h(z) = 2? + § and M (z) = 2z, where h(5i) = 0 and 


h' (ži) = į Æ 0, we obtain 
1: 


Reli = (qa) /ex tn) =F 


Since f is an odd function, we can apply 
Theorem 1.1(a) to give 
2 
Res(f,—3i j) = Res(f, 4i i)= I5 
Hence, by the Residue Theorem with R = C, the 


value of the original integral is 


Š x 2ni(Res(f, 44) + Res(f, —4i)) 


imf- + 2\ 2r 

“25. sy 1a, 
Solution to Exercise 3.1 
Let f(r) =1//7r (r € (0,00)). Choose any 
positive number £. Then, for r > 0, 


+ 


| 1 
0 <E 4 — <E 


Jr 

1 2 
< -<E 

r 
=> r> 1/2. 


Let N be any positive integer greater than 1/e?. 
Then 


1 
als for all r > N. 


yT 
Thus im = = 0. 
Solution to Exercise 3.2 
Let 
p(z) = ao + a1z +--+ + anz”, 
where an # 0, and 
q(z) = bo + biz +- +bmz”, 


where bm 4 0. Suppose that the degree m of q 
exceeds the degree n of p, that is, m > n. Then 


roo q(r) 

O P” 
r> q(r)/r™ 

-py —20" mogi T eas gg ee 
roo bgr—™ + bır m+ 4...4 TE + dm 


88 


Since lim 1/r = 0 and m > n, it follows from the 
Too 


Combination Rules for limits of functions 
(Theorem 3.1) that 


m PT) OF0 4-40 -o 
roo q(r) P0520 6, — 


Solution to Exercise 3.3 


(a) f sint dt = im f sin t dt 


= li — r 
= jim | cost]. 


w : "it 
œ) | pomi 1 tP 


| 
5 

| 
Q 
= 


= jin |X pa], >n 
1/1 
= lim —— — 
roo 1 a ) 
=1/(p-1) 


Solution to Exercise 3.4 


Suppose that f is an even function and both the 
improper integrals 


a fds and I f(t) dt 


exist. Then 


[. f(t) t)dt = lim " F(t) dt 


II 
Le 
gB 

~~ 


= jim ( [roas f foca) 
= tim (feats f su) au) 

=2 lim | f(t) at 

=2 i a dt 


Solutions to exercises 


Solution to Exercise 3.5 The function f(z) = 1/(z* + 1) is a on C 
tf imple poles at a, = e™/4, 

The function f(t) = 1/t is continuous at all points apar Dn “a aan oe he 4 
ay = ek™/ a3 = e&™/ ag =e ™/4, 

of [—1, 2] except at the point 0, as shown in the , f , 

figure. Since r > 1, the poles at a, = e™/4 and 

YA Q2 = e2™/4 lie inside T; the other two lie 
outside I. 
y=1/t 2. By the Residue Theorem, 


T= 25% (Res(f, e™/4) + Res(f, e?ri/4)) 
1 . 1 ; 
= ami(e + wet) (by the g/h Rule) 
0 2 t ori SF _ isin 2) 4 ( Z _ isin) 
=| (cos — isin Z cos 7 — isin 7 
=n/V2. 


3. Splitting up the integral gives 


1 1 
I= —— d ——d 
(See aE Z 


Recall that the function F(t) = log |t| (t € R — {0}) 


if 
satisfies F’(t) = 1/t, for t 40. So = f o dt +f EL dz. (S1) 
24 -E€ 1 24 sal +1 Ta Ž +1 
— dt = lim -dt + — dt . 
ıt e>0\ Jı t -t 4. By the backwards form of the Triangle 
Inequality, 


i — 2 
= lim ( [log lel] s+ flog |t|]?) 


: le +1 > [ot] —1 = [ol -1= 4-1, 
= lim ((loge — log 1) + (log 2 — log e)) 
e> 


for z € Pg. Since f is continuous on Is, and the 


= lim (log 2 — log 1) length of T2 is mr, we see from the Estimation 


= log 2. Theorem that 
1 1 Tr 
Solution to Exercise 3.6 a AI a Sa To a 
1. Consider the contour integral forr > 1. 
I= i ; A 7 dz, 5. From step 4, 
T . 
where I = T1 + [2 is the contour shown in the n rm +1 dz = 0, 


figure (with r > 1). 


i since mr/(r* — 1) — 0 as r > ov, by the 


corollary to Theorem 3.1. Hence taking the 
limit of each expression in equation (S1) as 
I2 r — oO gives 


M 
i 1 

n/v3= lim [pat +0. 

So this limit exists, and has value 


T : dt = n / V2. 


wo tt +1 
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Solution to Exercise 3.7 


1. Consider the contour integral 


z 
[= —— d 
IES 2, 


where I = T1 +Ir2 +T +T3 is the contour 


shown in the figure (with 0 < € < 1 and r > 2). 


A 


=r rı l-e 1 l+e r 


5. By step 4, 


lim -dz =0. 
r= Jr 2? — 1 


Also, using the Round-the-Pole Lemma, 
2 dgz==ři Res(f, 1) 


lim a 
e->0 T2 z2?— 1 


= —ri x 1/3 

= —71/3. 
Therefore taking the limit as € > 0 and then 
the limit as r > oo of each expression in 
equation (S2), we obtain 


(by the g/h Rule) 


Ti OO f 
es a ee ee 
a (-1— iv) i 3 


using the value for J found in step 2. Hence 


[zs ny3 r 


dt = =, 
~ Bl 3 A 


The function f(z) = z/(z? — 1) is analytic on C Solution to Exercise 3.8 


apart from simple poles at 1, e27/3 and e47*/3. 


The pole at e?7/8 lies inside T; the other two 
poles lie outside T. 
2. By the Residue Theorem, 
I = 2ri Res( f, e2/9) 
27/3 


= 2ri x (by the g/h Rule) 


3e4Ti/3 


Dml oni 
= è 2ri/3 


= 4 (-1- iv). 


3. Splitting up the integral gives 


l-e t T t 
t= zaif —— dt 


z z 
=— d dz. 
+f sh etf se 


4. By the backwards form of the Triangle 
Inequality and the Estimation Theorem, we 


have 
z 
—— d 
f. 2-1 . 


for r > 2. 


ot 
~ rs] r— 1? 
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1. Consider the contour integral 


e2'2 
=f ae, 
peti 


where I = I4 +Ir2 +T +T3 is the contour 
shown in the figure (with 0 < € < 1 and r > 2). 


A 


The function f(z) = e*/(z? + 1) is analytic on 
C apart from simple poles at —1, e7’/? and 
e~™/3_ The pole at e7*/3 lies inside I, for r > 2; 
the other two poles lie outside I. 


2. By the Residue Theorem, 
I = 27i Res( f, ey 


_ exp 2ie"i/3 
= 271 X oe (by the g/h Rule) 
271 ; 
= ao x exp(—V3 + i) 
= =i + vaje H 
T 


= aA — ijet. 
3. Splitting up the integrals gives 
—l—e e2it r e?it 
[= ——— dt + f —=— dt 
[. au 1 —li+e J 1 
2iz 2iz 
+ f dz + f dz 
T2 kA + 1 T4 z + 1 
=l-e r 
2t 2t 
= f A dt+ | dt 
_ 841 etl 
Sjen «< r i 
2t 2t 
+if — deti f a dt 
=r t +1 —1+e & + 1 


e2iz e2iz 
—=—— d —=—— d S3 
+f om “+f om zy (S3) 


since e2"* = cos 2t + isin 2t. 


4. Observe that if z = x + iy, then 


Je”? = |e" e7] = e7% <1, fory>0. 


Then, using the backwards form of the Triangle 
Inequality and the Estimation Theorem, we 
obtain 


e2iz 
T4 Z +1 


1 
~ rs — 1 r3— 


for r > 2. 


5. Using the Round-the-Pole Lemma, we have 


2iz 


li dz=—7iR =l 

lim sopi z mi Res( f A 
: e 
mT CIP 


T. T 
z eS cos 2, 


3 


where we have used the g/h Rule to calculate 
the residue of f at —1. Also, by step 4, 


et 
lim | = dz =0. 
r=>œ Jp, Z +1 


Solutions to exercises 


Therefore taking the limit as € > 0 and then 
the limit as r + oo of the expressions in 
equation (S3), we obtain 


© cos2t . [® sin2t 
ET dt+i 3 dt 
BI ~ Bl 
Z sin2 — iZ cos 2+ 0 
38 ig cos 
= TG — ijë. 
On equating imaginary parts, we obtain 
œ sin Qt 
fo ata 
pte el 


= = (cos2 + e~¥3(V3sin 1 — cos 1)). 


Solution to Exercise 3.9 
We apply Theorem 3.3 with p(z) = 1 and 


q(z) = 2(z —1)(2? +1) = z(z — 1)(z + D(z — îi). 


To see that the conditions of the theorem are 
satisfied, first observe that the degree of q exceeds 
that of p by 4. Next, the only singularities of the 
function p/q are simple poles at 0, 1, —i and i. Of 
these poles, 7 lies in the upper half-plane, and 0 
and 1 lie on the real axis. 


By Theorem 3.3, 


m 1 
~r a dt = miS HiT 
l. u(t 1)(? 1) 2 2 ene 


where 
S = Res(p/q, i) 
~ 4 
~ a(t — 1)2% 
© 1 ee 
Ria) 4” 


by the Cover-up Rule, and 


T = Res(p/q, 0) + Res(p/q, 1) 
1 1 1 


“xi i F 


by the Cover-up Rule. Thus 


oQ 1 1+7 ri 
ft = Oi D 
| woes ni(= ) 2 
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Solution to Exercise 3.10 
We apply Theorem 3.3 with p(z) = 1 and 
qlz) = (2? +a°)(2? + 8) 

= (z+ ai)(z — at)(z + bi) (z — bi), 
where a,b > 0 and a Æ b. To see that the 
conditions of the theorem are satisfied, first 
observe that the degree of q exceeds that of p by 4. 
Next, the only singularities of the function p/q are 
simple poles at —ai, ai, —bi and bi. Of these poles, 
only ai and bi lie in the upper half-plane. None of 
the poles lies on the real axis. 


By Theorem 3.3, 
ae 1 
——_._.—_~ dt = iS iT 
ie (Payer omP 
where T = 0 and 


S = Res(p/q, ai) + Res(p/q, bi) 
7 1 7 1 
~ Qai(—a2+b2) (—b2 + a?)2bi’ 
by the Cover-up Rule. Thus 


f EN” 
-o0 (t? + a?) (t? + b?) 


= ami se T mea 
ame" 


T 


ab(a +b) 


Solution to Exercise 3.11 


We apply Theorem 3.4 with p(z) = 1 and q(z) = z. 
To see that the conditions of the theorem are 
satisfied, first observe that the degree of q exceeds 
that of p by 1. Next, the only singularity of the 
function p/q is a simple pole at 0. 


Furthermore, the only singularity of the function 
f(z) = e**/z is a simple pole at 0. 


By Theorem 3.4, 


lee) enkt 
f dt = riS + ri T, 
D~ t 


where S = 0 and 


T=Ref =s, 
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by the Cover-up Rule. Thus 


kt 


Since e’** = cos kt + isin kt, we obtain 


f Y e= Re (/ £ it) =f, 
i l ee 

oO ai co -ikt 
f me dt = im( [ — at) =. 


Solution to Exercise 3.12 


(a) We apply Theorem 3.3 with p(z) = z2? and 
q(z) = (22+ 4)?. To see that the conditions of the 
theorem are satisfied, observe that the degree of q 
exceeds that of p by 2, and p/q has poles at —2i 
and 27, neither of which lies on the real axis. 

The only pole of p/q that lies in the upper 
half-plane is 2i, which is of order 2. We have 


_ d ((z—2i)?2? 
eee) = i —— 
_ jj d 2 
~ 253i dz (z + 2i)? 


(z + 2i)? x 2z — 22? x 2(z + 2i) 
(z + 22)4 


= lim 
z= 2i 
. 4iz 
= lim ————— 
292i (z + 2i)’ 
gts 
by Theorem 1.3. Hence, by Theorem 3.3, 


OO #2 
soe dt = 2771S iT 
: is : _ 
= 271 x (— 3%) +71x0= T 

(b) We apply Theorem 3.4 with p(z) = 1, 

q(z) = z2? +9 and k = 1. To see that the conditions 
of the theorem are satisfied, observe that the 
degree of q exceeds that of p by 2, and p/q has 
poles at 3i and —3i, neither of which lies on the 
real axis. 


The only singularity of the function 
et? et? 


Meon Gae 
in the upper half-plane is a simple pole at 3i, and 
eiX3i e-3 


Res(f,3i) = 335 = ay 


by the Cover-up Rule. Hence, by Theorem 3.4, 
le) et 
S65 t9 ie 


€ TT 
= 271 x — 1x 0 = —. 
re ge 368 


On equating real parts we obtain 
[0,6] 
t 
Toe 
agg to: 3e 
Solution to Exercise 3.13 
(a) We have 


f 1 1 l” 1 
— dt = |-— | =1- ; 
9 (t+1)? t+1jo r+1 


Since 1/(r + 1) > 0 as r > oo, we deduce that 


99 1 d 1 
— dt= li a = |. 
f (t+1)2 sim, f (+1)? 


(b) Since the integrand is an odd function that is 
continuous on R, we deduce from Theorem 3.2(a) 
that 


oe l 
œ Be 


(c) From Exercise 3.12(a), we know that 


[ #2 Hes T 
oo +4? L 


Since the integrand is an even function that is 
continuous on R, we deduce from Theorem 3.2(b) 
that 


[ a a= f Diese 
o + 2J (P44)? 8 


(d) We apply Theorem 3.3 with p(z) = z and 
q(z) = 23 +1. To see that the conditions of the 
theorem are satisfied, observe that the degree of q 
exceeds that of p by 2, and p/q has poles at —1, 
e™/3 and e~™/3, all of which are simple. 


Of these poles, only e™‘/? lies in the upper 
half-plane, and only —1 lies on the real axis. Now, 
using the g/h Rule with g(z) = p(z) = z, 

h(z) = q(z) = 22 + 1 and A’(z) = 32”, we obtain 


—1 1 
=1 = SS —— 
ri/3 —ri/3 
Ti/3 = TR = eE" 
Res( f, e™™?) ETE 3 


Solutions to exercises 


Hence, by Theorem 3.3, 
© t ' , 
J mtis + nT 


= 271 X 


= ace =i) 


mi 


= T (Q -iv3)- 1) 


O T 
=T 

(e) We apply Theorem 3.4 with p(z) = z, 

q(z) = 1 — 2? and k = r. To see that the 
conditions of the theorem are satisfied, observe 
that the degree of q exceeds that of p by 1, and p/q 
has poles at 1 and —1, both of which are simple. 


The only singularities of the function 


inz inz inz 


= p(zje ze ee 
are -JeF 


-Iz 
are simple poles at 1 and —1, which lie on the real 
axis. Using the Cover-up Rule, we obtain 
eT | 
R 1)=-— =- 
es( f, ) 9 J ? 
Res(f,-1) = —— SEa 


Hence, by Theorem 3.4, 


oO teitt 
f IZ dt = riS + ri T 
~ = ri x 0 + wi(h + 4) = mi. 


On equating imaginary parts we obtain 


© tsin at 
1 5 dt = 7. 
-œ l-t 


Solution to Exercise 4.1 


The function A(z) = 1/2* is an even function and 
it is analytic on C apart from a pole at 0. 
The residue of the function 
f(z) = (n cot rz) /24 
at 0 can be obtained from the Laurent series 


about 0 for f. Using equation (4.2), we see that 


T cot Tz T 1 1 
z4 z4 


TZ 
1 T? 14 
= 28 373 45z , 


so Res(f,0) = —1*/45. 
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We now check condition (4.1). If z lies on Sy, then It then follows from Theorem 4.1 that 


|z)} > N+ 5; so, by Lemma 4.1, 


T cot TZ 27 
lf(z)| = z4 = Gera ies for z € Sy. 
(N +3) 
Hence, by the Estimation Theorem, 
2 
f(z) dz] < — x 4QN +1) 

Si (N +3) 
1280 

~ (2N +1)3’ 


which tends to 0 as N + oo. Thus condition (4.1) 
holds. It follows from Theorem 4.1 that 
4 


A il il T 
3 om = -7 Res(f, 0) = 90° 


Solution to Exercise 4.2 


The function A(z) = 1/(427 — 1) is an even 
function and it is analytic on C apart from simple 
poles at i and —5. 


The residues of the function 
f(z) = (m cot mz) /(42* — 1) 


at 4 and —4 are both 0 (see Exercise 1.5(b)). 
Since h is analytic at 0, 


Res(f,0) = A(0) = —1. 


We now check condition (4.1). If z lies on Sy, then 


I> N+ 5; so, by Lemma 4.1 and the backwards 
form of the Triangle Inequality, 


22 
4(N+35)°-1 


for z € Sy. Hence, by the Estimation Theorem, 


27 
= 8r(2N +1) 
~ (2N4+1)2-1’ 


which tends to 0 as N —> oo. Thus condition (4.1) 
holds. 
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ae | 

a 

= —3(Res(f, 0) + Res(f, 5) + Res(f,—3)) 
= —}(-1+0+0) =5. 


Alternatively, the sum can be found by more 
elementary means. Observe that 


“An? —-1 2 In-1 2+1 


n=1 
N N 
1 1 i! 
-3(Sata-Lan) 
n=1 n=1 
N N+1 
1 1 1 
(Say ma) 
n= =) 
i i 1 
-D 2N+1/)° 


Since 1/(2N +1) > 0 as N > ov, we see that 


oO 


1 1 
De 


n=1 


Solution to Exercise 4.3 


The function A(z) = 1/2? is an even function and 
it is analytic on C apart from a pole at 0. 


The residue of the function 
f(z) = (T cosec rz) /z2? 


at 0 can be obtained from the Laurent series 
about 0 for f. We see that 


T COSEC TZ T 1 1 
—; ae —-+-7z+-:-:- 
z 


z Tz 6 
z man 
22 6z , 


so Res(f,0) = 1/6. 


We now check condition (4.3). If z lies on Sy, then 


|z| > N + 4, so, by Lemma 4.2, 
T COSEC TZ T 
rol =|] 7 
1 

Z (N +3) 

for z € Sy. Hence, by the Estimation Theorem, 
T 
f(z) dz| < ——, x 4(2N +1) 
Sw (N+3)° 
_ lôr 
-2N +1 


which tends to 0 as N —> co. Thus condition (4.3) 
holds. 


It follows from Theorem 4.2 that 


n=1 


Alternatively, the sum can be determined from the 
formula 

==> 
Sn 6 


found in Example 4.1. To see this, observe that 


m=1 
ae 
o 
m=1 
Il 
-bh 
n=1 
Rearranging this equation, we obtain 
co je 2 2 
1 1 
yO ene F--& 
2 2 6 12 
n=1 =e 


Solution to Exercise 4.4 


(a) The function h(z) = 1/(42? +1) is an even 
function ‘sia it is a on C apart from simple 
poles at zi and —5 


Solutions to exercises 


The residues of the function 


f(z) = (m cot mz) /(4z7 +1) 
at 4i and —5i were found in Exercise 1.5(d) to be 
Res(f, ži) = Res( f, — 4i) = a coth 1/2. 


Since h is analytic at 0, 


Res(f,0) = A(0)= 1 


We now check condition (4.1). If z lies on Sy, then 

|z| > N + 4, so, by Lemma 4.1 and the backwards 

form of the Triangle Inequality, 

20 

F| = < RE 
4(N+ 4) — 

for z € Sy. Hence, by the Estimation Theorem, 

2m 


T Cot Tz 
47241 


J, tea < N+) =I x 4(2N + 1) 
= 8n(2N +1) 
~ (2N41)2-1? 


which tends to 0 as N —> oo. Thus condition (4.1) 
holds. 


It follows from Theorem 4.1 that 
Co 
a 
4n? +1 
n=1 


= -$ (Res(f, 0) + Res(f, 57) + Res(f, 


—31)) 
1 
= -5(1 — T coth 7/2 — T coth 7/2) 
1 
= “coth/2 =T 
(b) The function h(z) = 1/(4z? + 1) is an even 


function ane it is ~ on C apart from simple 
poles at zi and —5 


The residues of the function 


f(z) = 


at 4i and —3i were found in Exercise 1.5(c) to be 


Res(f, ži) ži) = — 


(m cosec tz) /(427 + 1) 


TE 


SAR 4sinh 7/2 


Since h is analytic at 0, 


Res(f,0) = A(0) = 1. 
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We now check condition (4.3). If z lies on Sy, then Next we check condition (4.1). If z lies on Sy, 


|z| > N + 4, so, by Lemma 4.2 and the backwards 
form of the Triangle Inequality, 


T Cosec TZ 
4z2 +1 


T 


lf(z)| = = a(N +4)? —1' 


for z € Sy. Hence, by the Estimation Theorem, 


dz| < —_" x 4(2N 41 
f roa s aes say 
= 4n(2N +1) 
~ (2N +1)? -1’ 


which tends to 0 as N —> oo. Thus condition (4.3) 
holds. 


It follows from Theorem 4.2 that 
D (—1)” 
= 4n? +1 
1 
= (Res(f, 0) + Res(f, $i) + Res(f, —4i)) 


7 -0 RE i! 
2 Asinha/2  4sinha/2 

7 T 

~ 4sinhr/2 2 


Solution to Exercise 4.5 


Let a € C — Z. Then the function 
1 

h(z) = ar) 
is an even function and it is analytic on C apart 
from simple poles at œ and —a, which are not 
integers. 
We now calculate the residues of the function 
7 cot Tz 


(z-—a)(z+a) 


7 cot Tz 
a ara 
at 0, a and —a. Since h is analytic at 0, 
Res(f,0) = h(0) = —1/a?. 


Also, using the Cover-up Rule, we obtain 


t 
2a 
mcot(—ta)  mcotma 
i ae a a 
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then |z| > N + 4, so, by Lemma 4.1 and the 
backwards form of the Triangle Inequality, 


|= 


T cot Tz 
2 


— a2 
z 2T 

< TEP — la 
2T 


s 
(V+)? oP 


Z 


(for |z| > la) 


for z € Sy, N + 4 > |a|. Hence, by the Estimation 
Theorem, 


2T 
(N +3)" =la 
327(2N + 1) 
(2N +1)? — 4]a|?’ 


f(z) dz 


Sn 


im x 4(2N + 1) 


for N + 5 > |a|, which tends to 0 as N + oo. Thus 
condition (4.1) holds. 


It follows from Theorem 4.1 that 


Co Co 1 
> h(n) = na 
n=1 n=1 
if 
= —3(Res(f, 0) + Res(f, a) + Res(f, —a)) 
O i 1 T cot Ta 4 T cot Ta 
— p a? 2a 2a 
O il T cot Ta 
— 2g? 2a 


Rearranging this, we obtain 


1 1 
7 cot Ta = — — 2a 
~~ 20) z 
n=! 
i ee. Be 
= ot f 
u a 


as required. 


Remark: Notice that this equation can be written 
in the form 


1 a xz 
Tcot mz = — =, forzEC-Z, 
PLF 


which gives a representation of the function 

z — T cot Tz as the sum of an infinite series of 
rational functions, valid for all points in the 
domain of this function. 


Solution to Exercise 5.1 


(a) Arg,(i) = 7/2, since 7/2 is the argument of i 
that lies in (=r, 7]. 


(b) Argg(—1) = —7, since —7 is the argument 
of —1 that lies in (—2z, 0]. 


(c) Arg3,/2(1 — i) = —7/4, since —7/4 is the 
argument of 1 — i that lies in (—2/2, 37/2]. 


Solution to Exercise 5.2 


(a) 
Co 
(b) 
Can /2 


Solution to Exercise 5.3 


(a) We have 
Log3,(—t) = log |—i| + i Arg3,(—4) 
3 


since 37/2 is an argument of —i and 
m < 30/2 < 3r. 


(b) We have 


Logor (2) = log 2+ i Argo,,(2) 
= log 2 + 277, 


since 27 is an argument of 2 and 0 < 2r < 27. 


Solutions to exercises 


(c) We have 
Log3q/2(—3) = log |—3] + i Arg3,/2(—3) 
= log3+ 71, 
since 7 is an argument of —3 and 


—1/2< T < 30/2. 


Solution to Exercise 5.4 


OO 
(a) Since Say is a geometric series with sum 
n=0 
1 
I-37 for |z| < D> 


we deduce that the function 
ï 
(2 €C— {5}) 
is an analytic extension of f to C — {5}. 
(b) Since 


1 
g(z) = Er 


w? w’ 


L al = = es 


for |w| < 1, we see that 

Log z = Log(1 + (z — 1)) 
z=1)? (z-1)’ 
(=)? e 


“e 3 
CO /_1\n+1 
= > a id ) (z—1)”, 


n=l 


for |z — 1| < 1. Therefore the function 
g(z)=Logz (z€C—{reER:2<0}) 


is an analytic extension of f to C—{x € R: x <0}. 


Solution to Exercise 5.5 


(a) Here R = {z : |z| < 1} and S = C — {1}. 
Using the binomial series for (1 — z)~?, we have 


(1—2)? =14+22+327+-.-- 
0O 
= yar, for |z| < 1, 
n=1 
so f and g agree on the region 


R=1z: |i <I ES: 


Hence g is a direct analytic continuation of f 
from R to S. 
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(b) Here R = Co, and S=C3,/2. Since f and g 
agree on the region T = {z : Rez < 0} CRANS, we 
deduce that f and g are direct analytic 
continuations of each other. 


Solution to Exercise 5.6 


First note that f is the principal square root 
function, 


f(z) = Vz = exp(4 Log,,(2)) 


since Log, = Log. Let us then consider the 
function 


(z € C+), 


g(z) = exp(5 Log3q/2(z)) (2 € C3q/2); 


chosen because z +—> Log3,/9(z) is a direct 
analytic continuation of z +> Log,(z) (see 
Example 5.2(b)). Since 


f(z) = 9(2), 


where T = {z: Rez > 0} CC, NC3q/2, we deduce 
that g is a direct analytic continuation of f 
from C, to C3_/9. 


for zET, 


Solution to Exercise 5.7 
(a) Since 

ee 
tT Wt 
it follows from the Monotonicity Inequality 
(Theorem 1.3(f) of Unit B1) that if r > 1, then 


p r 
1 
fies] 
1 


— dt. 
Vt 
Evaluating each side of this inequality, we obtain 
r T 
[logt]; < [2v4], 
that is, 


logr < 2yr — 2 < 2yr, 


(b) (i) Using inequality (S4), we have 


for t > 1, 


forr > 1. (S4) 


l 2 
0< a nm for r > 1. 
r yr 
2 
Since lim — = = 0, it follows that 
roo ,/r 
l 
lim ~2" p. 
T—-Co T 


(ii) Let € =1/r. Then, from inequality (S4), 


log 1/e < 2y 1/e, 


Hence, multiplying through by £, we obtain 
—eloge < 2/e, 


for0<e< 1. 


forO0<e <1, 
so 

—2/e<eloge <0, forO<e<1. 
Since lim (—2Vé) = 0, it follows that 


lim eloge = 0. 
e0 


Solution to Exercise 5.8 
We find the integral using the five-step strategy. 
1. Let 


5 Log3,/2(2)) 
_ 2 30/2 
P(2) = z+) 


which satisfies f(t) = t~!/2/(t? + 1), for t > 0. 
The function f is analytic on the simply 
connected cut plane C3,/2, except for a simple 
pole at i (the point —i lies on the negative 
imaginary axis, which is excluded from the cut 
plane). We choose the contour integral 


T= | fod 


where I = I1 +Ir2 +T +T3 is the contour 
shown in the figure (with 0 < e < 1 and r > 1). 


exp(— 


’ 


A 


T2 


——— o 


2. Since 
1 

exp(—4 Log3q/2(2)) 

(z —i)(z +i) 
we can obtain the residue of f at i using the 
Cover-up Rule. To do this, first observe that 

Log3,/2(4) = log [i| + i Args,/2(#) 

= log1 + in/2 = in/2. 


faa 


Hence 
1 a 7 
FOR exp(—4 Log3,/2(i)) 7 ean /4 
al a i, 
So, by the Residue Theorem, 
—in/4 
I = 2niRes(f,i) = 2ri x —— = Z. 
eit /4 
. Splitting up the integral gives 
r= | flayde+ | i (2) dz 
Ty T2 
+f f(z)dz+ | f(z)dz. (S5) 
T3 Ta 


The first integral is 


r r 471/2 
z da= f f(t a= f —— dt. 
Tri Fl) E ) < +1 
For the third integral, note that 
Logsz/2(t) = log |t| + iz, 
for t < 0, so 
exp(—4 Log3,/2(t)) = exp(—4 (log t| + im)) 
= exp(—} log|tl) exp (Hin) 
= —ift| 1? 


It follows that 


i a ins le? 
T3 o) e=- f +i 


€ 


—— dt 
e410” 
since t > |t|~!/2/(#? + 1) is an even function. 


. In order to obtain upper estimates for the 
moduli of the remaining integrals, we first 
observe that 


Jexp(—$ Log3,/2(2))| 

= |exp(—$(log|z| + i Arg3,/2(2)))| 

= jexp(—3 log |z|)| = lai 
Also, by the backwards form of the Triangle 
Inequality, we have |z? + 1| > |z?| -1=r?-1, 
for z € Te, and similarly |2? + 1| > 1 — e?, for 
z € I4. Hence 


—1/2 

FOL i forz eT, 
—1/2 

FOI Ea forzer, 


Solutions to exercises 


Since f is continuous on I% and T4, we can 
apply the Estimation Theorem to give 


r-1/2 ari 
a e eT 
—1/2 1/2 

E TE 
Ge OL a 
a S e TE 1 — £2 


forO<e<landr>l. 


5. Using these estimates, we see that the T2 
integral tends to 0 as r > oo, and the T4 
integral tends to 0 as e — 0. Taking the limits 
as r — oo and as £ —> 0 of each expression in 
equation (S5), and using the values for J and 
the integrals that we have found, we obtain 


[oe] 471/2 oO t-1/2 
[anei mee 
o 2 +1 o +l ens 


Therefore 


co 471/2 T 
o rl (1 — i)et"/ 


T T 


(1—i)x 


Solution to Exercise 5.9 


The improper integral 


n ta 
0 


t-t 
satisfies the hypotheses of Theorem 5.3 with 
p(z) = 1 and q(z) = 2? — z, because the degree of q 
exceeds that of p by 2, and the poles of p/q on the 
non-negative real axis are simple ones, at 0 and 1. 


dt, where0<a< l, 


Since q has no zeros in Cor = C — {x E R: x > 0}, 
we have S = 0. The only zero of q on the positive 
real axis is a simple zero at 1, which gives rise to a 
simple pole of 


pias ae Logz) _ 


Z= g 


exp(a Log z) 
z(z— 1) 


at 1. Hence 

exp(a Log 1) 
——— 7 
by the Cover-up Rule. Thus, by Theorem 5.3, 


[ te 
0 


T = Res(fo, 1) =i, 


dt = —r cot ra. 


t-t 
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Solution to Exercise 5.10 


(a) Since 
Log,(z) = Logg, (z), for Imz > 0, 
Log,,,(z) = Log3,(z), for Imz <0, 
we deduce that 
filz) = f2(z), for Imz >, 
fo(z) = fs(z), for Imz <0. 


Since the region {z : Imz > 0} C Cr N Co, and the 


region {z : Imz < 0} C Co, N Caz, it follows that 
(fk+1;C(k+1)r) is a direct analytic continuation of 
(fis Cra); tor k= 1,2. Also, Cy = Csr: 
Thus (f1, Cz), (f2, Car), (f3, Car) is a closed chain 
of functions. 
Now, for z € Cr = C3,, 

f3(z) = exp(5 Logs,(z)) 
exp(5(Log,(z) + 2ri)) 
= e™ exp( 4 (Log, (z)) 


= —filz). 
Thus fi # fs. 
(b) Since 
Log, (z) = Logg, (z), for Imz>0, 
Log,,(z) = Log3,(z), for Imz <0, 
Log3,(z) = Log,,(z), for Imz> 0, 
Log,,(z) = Log;,,(z), for Imz <0, 


we deduce that 


filz) = folz), for Imz > 0, 
(z) = fa(z), for Imz <0, 
fs(z) = fa(z), for Imz>0, 
(z) = fe(z), for Imz <0. 


Hence (fk+1, Cx 41)r) is a direct analytic 
continuation of (fk, Ckr), for k = 1, 2,3, 4. 
Also, Cr = Csr. Thus 

(fi, Cr); (fa, Cor), (fs, C37), (fa, Car), (fs, Csr) 


is a closed chain of functions. 


Now, for z € Cr = Cs, 


fs (2) = exp(3 Logs (2)) 
= exp(3(Log,,(z) + 4ri)) 
=" exp(5 Log, (z)) 
= filz): 
Thus fi = fs. 
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Solution to Exercise 5.11 


Let 
1 
h(z) = — 
Cae 
Then, from Example 5.1, (h,C — {1}) is a direct 
analytic continuation of (g, D2). Also, since 


= 1 
a 
a=, 


we see that (h,C — {1}) is a direct analytic 
continuation of (f, D1). 


Thus (f, D1), (h, C — {1}), (g, D2) is a chain of 
functions. Since Dı N Dy = Ø, we see that f and g 
are not direct analytic continuations of each other, 
so they must be indirect analytic continuations of 
each other. 


(2 €C—{1)}). 


for |z| < 1, 


Solution to Exercise 5.12 


The power series defining f is a geometric series 
with common ratio z + 1, so 


zal 1 
= = 1 
Since f and g agree on the region 
{z:|z+1| <1} CC -— {0}, we deduce that g is a 
direct analytic continuation of f from 
{z:|z+1| <1} to C- {0}. 


for |z+1| <1. 


Solution to Exercise 5.13 


(a) Since the given power series has disc of 
convergence {z : |z| < 1}, we deduce, by the 
Differentiation Rule for power series (Theorem 2.3 
of Unit B3), that 


Fih= F o wer (S6) 
n=1 
and hence that 
af (a) = 5 = = — Log(1 — z), for |z| <1. 
n=l 
Thus 
Fiz) = = for 0 < |z| < 1, 


as required. 


(b) The analytic function 
— Log(1 — z) 
C 


z 
(zEeC-{rER:x=00orzx>1}) 

has a removable singularity at 0, which can be 

removed by putting g(0) = f’(0) = 1 (from 

equation (S6)). Then g and f’ agree on 

{z : |z| < 1}, so g is a direct analytic continuation 

of f’ from {z : |z| < 1} toC-—{reER: a> lI}. 


(c) Since C — {x € R : x > 1} is simply connected, 
g has a primitive G on this region, by the 
Primitive Theorem, and, by adding a constant if 
necessary, we can arrange that G(0) = f (0) = 0. 
Then both G and f are primitives of f’ on 

{z : |z| < 1} that agree at 0. Hence 


G(z) = f (2), 
so G is a direct analytic continuation of f from 
{z : |z| < 1} toC—{x eR: 2 > 1}, which is a 
larger region. 


for |z| < 1, 


Solution to Exercise 5.14 


Observe that 
oo 48/2 oo t 
Dei [ont 
o (t2+1)(t-1) o (t2+1)(¢-1) 
Therefore we can apply Theorem 5.3 with a = 5, 
p(z) = z and q(z) = (2° + 1)(z— 1). To see that 
the conditions of the theorem are satisfied, observe 


that the degree of q exceeds that of p by 2, and the 
poles 1, 7 and —i of p/q are all simple. 


4/2 dt. 


Of these poles, only 7 and —7 lie in Co,, and only 1 
lies on the positive real axis. Let 

g1(z) = zexp(5 Log,,(z)), 

g2(z) = zexp(% Log z), 

A(z) = a(z) = (z — i)(z + i)(2 — 1), 
and f(z) = gı(2)/hk(z) and fo(z) = g2(z)/h(2). 
Observe that gı is analytic at the points 7 and —2, 
and gə is analytic at the point 1. By the Cover-up 
Rule, we have 


i x exp($ Logor (i)) 


Metui = a 
7 jeit/4 7 i 
= 2—2 = 2/9” 


Solutions to exercises 


—i x exp($ Log», (—)) 


Res(fi,—#) = i= 1) 
a —jeism/4 7 i 
2+2 24/9” 


1 x exp(4 Log 1 1 

Res( fo, 1) = pla teet) ==, 

2 2 

Hence, by Theorem 5.3, 
48/2 


/ (t? + 1)(t — 1) 


dt = — (re? cosec /2) S 


— (xcota/2)T 


; i i 
N E > SS 
(z =a) 
1 
=O 


_ T 
oi 

Remark: Since a = $, it follows that m cot 7a = 0, 

so we did not need to evaluate T = Res( f2, 1). 


Solution to Exercise 5.15 
Observe that 


Mi= 
1/2 il 


a ae aa ae. 


Consider the analytic function 


for |z| < 1, 


for |z| > 1. 


h(z) = — (zeC-{1}). 


Then f and h agree on the region 
Dı = {z: |z| <1} SC — {1}, 


so h is a direct analytic continuation of f from Dı 
to C — {1}. Also, g and h agree on the region 


Dg = {z : |z| > 1} CC- {1}, 
so h is a direct analytic continuation of g from Də 
to C — {1}. 
It follows that 

(f, Dı), (h,C = {1}, (9, Də) 


is a chain of functions. The functions f and g are 
not direct analytic continuations of each other, 
because Dı N Dz = Ø, so they must be indirect 
analytic continuations of each other. 
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Introduction 


In this unit we investigate two practical questions about analytic functions. 


1. What can we say about the number and location of the zeros of a given 
analytic function? 


For example, how many zeros does the function 
fle =z te +iz+1 
have in the open disc {z : |z| < 2}? 
2. How do we determine the maximum (or minimum) value taken by the 


modulus of a given analytic function on a compact set in the domain of 
the function? 


For example, what is the maximum value of the function 
|f(z)| =l- z- 1| 
on the set {z : |z| < 1}? 


In the process of developing methods for answering these questions, we will 
encounter more theoretical questions such as: 


Is the image of a region under an analytic function also a region? 


In Section 1 we introduce a geometric notion called the winding number of 
a closed path T around a point a. This counts the number of times that 
the path I winds around the point a. We then show that if T is a closed 
contour, then the winding number of I around a@ can be expressed as a 
certain contour integral around r. 


In Section 2 we use the Residue Theorem to prove a key result, called the 
Argument Principle, which relates the number of zeros of an analytic 
function f inside a simple-closed contour IT to the winding number of f(T) 
around 0. This leads to various methods for finding the number of zeros 
of f inside I. 


Section 3 is devoted to some theoretical consequences of the Argument 
Principle, which concern the local behaviour of analytic functions. Here 
the word ‘local’ is used in the same sense as it was used in Unit A3: to 
refer to a property of a function that depends only on the values taken by 
the function near to points in its domain. One of the key results in this 
section is the Open Mapping Theorem, which states that non-constant 
analytic functions map open sets to open sets. 


In Section 4 we use the Open Mapping Theorem to obtain a result called 
the Maximum Principle. This result simplifies the search for the maximum 
value of the modulus of an analytic function on a compact set, because it 
tells us that this maximum value must be attained somewhere on the 
boundary of the set. 
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Section 5 introduces the idea of uniform convergence of sequences and 
series of functions. We use this idea to define the zeta function 
1 1 1 
OG) = eae ee ges 
and prove that it is analytic on the open half-plane {z : Rez > 1}. 


Finally, in Section 6, we discuss some of the special functions of complex 
analysis, and investigate their relationship to other parts of mathematics. 
In particular, we review Riemann’s remarkable scheme for applying 
complex analysis to number theory. This scheme led to a proof of the 
Prime Number Theorem on the distribution of primes, and bequeathed to 
future generations an intriguing problem about the zeta function, which 
remains unresolved to this day. 


Unit guide 


This unit contains a number of important topics, many of which occur in 
other mathematical subjects such as topology and real analysis. 


Section 1 describes the winding number, which plays a key role in Rouché’s 
Theorem in Section 2. 


Sections 3 and 4 are about some of the central results of complex analysis. 
These results will be applied in later units. 


Section 5 is on the relatively advanced topic of uniform convergence. 
Understanding this material will give you a powerful method for working 
with and constructing analytic functions such as the zeta function, which 
is discussed further in Section 6. 


1 Winding numbers 


After working through this section, you should be able to: 


e define the winding number of a path around a point and determine it in 
simple cases 


e express the winding number of a closed contour around a point as a 
contour integral. 


1.1 Defining winding numbers 


Imagine that a dog is tied by its lead to a post, but is otherwise free to 
roam. The path of the dog during a given time is shown in Figure 1.1. The 
dog’s initial point is the same as its final point, so the path is closed. It 
seems that the dog has wandered around paying particular attention to a 
certain stone and also trying (unsuccessfully) to reach a tree. 


1 Winding numbers 


e tree 
initial/final 
point 


Figure 1.1 The closed path traversed by the dog 


In the course of its journey, the dog went twice around the post, in an 

anticlockwise direction. You can either ‘see’ this directly or else you can 
calculate it more systematically, as follows. Consider a ray starting from 
the post, pointing in any direction. Moving outwards along the ray, each 
time you cross the path of the dog, count +1 if the dog passes from your 
right to your left (Figure 1.2(a)), and count —1 if the dog passes from your (a) (b) 
left to your right (Figure 1.2(b)). 


Figure 1.2 Moving along the 
In Figure 1.3 the ray from the post points downwards. There are two +1 dashed line, count (a) +1 or 
crossings, so the dog winds around the post twice anticlockwise. (b) —1 as the solid line crosses 
from right to left, or left to 


cute right, respectively 


initial/final 
point 


C 


1 


Figure 1.3 Counting crossings along rays 


A similar method can be applied to count how many times the dog winds 
around other objects. 


Exercise 1.1 


Determine how many times the dog winds around the following objects. 
(a) The stone (b) The tree 
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We frequently encounter paths T that are specified by means of their 
parametrisations y. But it is not easy to determine from y how many 
times the path winds around a given point. So we wish to develop a 

method for investigating winding systematically. To this end, we first 
consider a simple example of a path T that winds around the point 0. 


Consider the closed path 
T: y(t) = (2 +sint)e™ (te (0,27), 


some values of which are plotted in the following table. 


y(t) 

2 
(24+1/V2)i 
-3 
-(2+ 1/v2)i 
2 
(2 —1/V2)i 
=i 
—(2—1/V2)i 
2 


The path T is illustrated in Figure 1.4. 


A 


T 


Figure 1.4 The closed path T : y(t) = (2 + sint)e?” (t € [0,27]) 


As the parameter t increases from 0 to 2r, the image point y(t) 
traverses I’, starting and finishing at the point y(0) = y(27) = 2, and 
winding twice around 0 (anticlockwise) in the process. 


The manner in which a path such as [ winds around 0 depends on the 
‘angular change’ of the ray from 0 through q(t) that occurs as q(t) 
traverses the path I. To measure this ‘angular change’ for a given path 


PT: y(t) (tE [a, 6), 


we need to choose an argument 6(t) for each point q(t) on T in such a way 
that the argument 0(t) varies continuously as t increases from a to b. The 
‘angular change’ along I is then equal to the change in the ‘argument 
function’ 


0: t O(t) (te [a,b)), 


given by 0(b) — 0(a) (see Figure 1.5). Notice that we cannot simply choose 
O(t) = Arg(y(t)) in general, since this function would jump by 27 as q(t) 
crossed the negative real axis, so it would fail to be continuous. However, 
if T does not meet this axis, then the choice 6(t) = Arg(7(t)) is possible. 


Let T : y(t) (t € [a,5]) be a path lying in C — {0}. 
A continuous argument function for T is a continuous function 
6: [a,b] — R 


such that, for each t € [a,b], O(t) is an argument of y(t). 


Note that [ need not be a closed path in this definition. 


Since (t) is an argument of y(t), we can write 
v(t) = ble, for t € [a,b], 
so 


wW =e) for t € [a,b]. 


RO] 


Reversing this reasoning, if for a given path I : y(t) (t € [a,b]) we can 
express y(t)/|7(t)| in the form e#®@®, where @ is a continuous function on 
[a,b], then 0 must be a continuous argument function for P. 


Example 1.1 


Determine a continuous argument function for the path 
Pale" ee Da 


Solution 
Since |y(t)| = 2, for t € [0,7], we have 
t , 
a =e", fort € (0,7). 


R] 


Thus one choice of continuous argument function is 


g(t) =t (te (0,7). 


1 Winding numbers 


q(t) (a) 


Figure 1.5 Angular change of 
a path that crosses the 
negative real axis 
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Remark 


The solution to Example 1.1 is not unique. Indeed, we could have chosen 
O(t) =t+ 27 or, in general, 


O(t) =t+2na (te [0,7]), 
for any fixed n € Z, since @ is continuous on [0,7] and 


eO — eilt+2nn) — ett for tE [0,7]. 


Note that these choices of continuous argument functions all differ by 
integer multiples of 27. 


Notice, in Example 1.2, that as t increases from 0 to 27, the image point 
y(t) starts from 7(0) = 2 and returns to (27) = 2, the same point; 
however, the value of the continuous argument function 0 increases from 
6(0) = 0 to 0(27) = 47, reflecting the fact that the path [ winds twice 
around 0. 


Determine a continuous argument function for each of the following paths. 
(a) Ten) =i" (te [1,3]) 

(b) Tr:y(t)=1+it (t€ [0,1)) 

(c) T:7(t)=e-“* (te [0, 27]) 


Intuitively it seems clear that every path PF in C — {0} has a continuous 
argument function, and indeed this is so, as the following theorem 
confirms. However, the proof of this theorem is tricky (and is deferred 
until the end of this subsection) because, as you have seen earlier in the 
module, paths can be complicated. 


Theorem 1.1 

Any path T : y(t) (t € [a, }]) lying in C — {0} has a continuous 
argument function 0, which is unique apart from the addition of a 
constant term of the form 27n, where n E€ Z. 


The ‘angular change’ of y(t) along the path T : y(t) (t € [a,b]) is given by 
6(b) — O(a), so it follows that T winds around 0 
1 
Qn 
(because an angular increase of 27 corresponds to one anticlockwise turn 


around 0). We use this quantity to define the winding number of any path 
(closed or not) around 0. 


(0(b) — 0 (a)) times 


Definition 
Let T : y(t) (t € [a,b]) be a path lying in C — {0}. The winding 
number of T around 0 is 
1 
Wnd(T, 0) = ——(4(b) — A(a)), 
27 


where @ is any continuous argument function for T. 


Remarks 


1. The definition of Wnd(I, 0) does not depend on the choice of continuous 
argument function for I because (by Theorem 1.1) any two choices of 
continuous argument function for I differ by an integer multiple of 27. 


2. For an arbitrary path I, the winding number is a real number. 
However, for a closed path, the winding number is always an integer 
because 6(b) and @(a) are both arguments of y(a) = y(b), so they differ 
by an integer multiple of 27. For example, the path 


T: y(t) =2e (t € [0,7]) 
in Example 1.1, which is not closed, has continuous argument function 
A(t) =t (t € [0,7]), so 
1 1 1 


Wnd(L, 0) = = (0(m) - 0(0)) = =r- 0) = 5. 


1 Winding numbers 
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On the other hand, the path 
I: y(t) = (2 +sint)e™ (te [0, 2z7]) 
in Example 1.2, which is closed, has continuous argument function 
O(t) = 2t (t € [0, 27]), so 
1 1 
Wnd(T, 0) = 5, (927) — 6(0)) = 5, (At — 0) =2. 


Most of the winding numbers that we consider will be of closed paths. 


Exercise 1.3 


Calculate the winding number around 0 of each of the paths T in 
Exercise 1.2 by using the continuous argument functions found in that 
exercise. Check your answers by sketching each of the paths I. 


Exercise 1.4 


Let T : y(t) (t € [a, b]) be a path in C — {0}, let c be in (a,b), and consider 
the subpaths T1 : y(t) (t € [a,c]) and T2 : y(t) (t € [c, b]). Prove that 


Wnd(I, 0) = Wnd (T1, 0) + Wnd (Lo, 0). 


A It remains to prove Theorem 1.1. To do so, we make use of generalised 
argument functions, which were introduced in Subsection 5.1 of Unit C1. 
In Theorem 5.1 of Unit C1 we saw that the generalised argument function 
Arg, is continuous on the cut plane Cg. It follows that if a path 

T : y(t) (t € [a, 6]) lies entirely in Cy (see Figure 1.6), then we can obtain a 


continuous argument function for [ by choosing 


A(t) = Argg(y(t)) E [a, 4). 


So one way to obtain a continuous argument function for a more general 
path T is to break I up into subpaths, each of which lies in a cut plane, 
Figure 1.6 A path Tin Cg and then choose continuous argument functions for the subpaths, which 
match up at points where the subpaths join. This is the idea behind the 


proof of Theorem 1.1. 


Proof of Theorem 1.1 Given any path T : y(t) (t € [a, b]) lying in 
C — {0}, we can apply the Paving Theorem (Theorem 3.7 of Unit B1) to 
partition the interval [a,b] into adjacent subintervals 

(to, t1], [t1, ta],---, [tn—1, tn], with to = a and tn = b, in such a way that 


A(lipetste)) C Diy fork=1; 2an; 


where each D, is an open disc in C — {0} (see Figure 1.7). 
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Figure 1.7 Paving the path IT by discs D; 


If D, has centre retr, then Dy C Cg,, where k = Ok + 7, so the 
argument function Arg,, is continuous on Dp. Thus, for k = 1,2,...,n, 
Argo, (7(t)) is a continuous argument function for the subpath 

Ty: y(t) (tE [tki te]), 


as illustrated in Figure 1.8. 


Figure 1.8 The subpath I% of I lies inside the disc Dz 


To ensure that these argument functions match up at the points 

¥(t1), y(t2),---,7(tn), we choose the arguments 01, 02, ... , On (adding or 
subtracting integer multiples of 27 to each one in turn, as necessary) so 
that 


Argo a (E) = Argo, O), for k= 1,2,...0—1. 
This is possible since y(t) € Dy and y(t) € Dk+1. 
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It then follows that 
Arga (y(t), to<t< ti, 
Arg y(t)), ti <t<to, 
jo = 0) 
Argo, (I(E), tn-1 SEX tn, 


is a continuous argument function for I. C] 


1.2 The winding number as a contour 
integral 


The winding number is a natural geometric concept, closely related to 
complex integration. The connection is made explicit in the following 
theorem, the proof of which uses generalised logarithm functions, which 
were introduced in Subsection 5.1 of Unit C1. 


Theorem 1.2 
Let T : y(t) (t € [a,b]) be a closed contour lying in C — {0}. Then 


il i 
Wnd(T, 0) = 5 FTE 


Notice that T has to be a contour (a finite union of smooth paths), not 
just a path, for the integral to be defined. 


Proof First we apply the Paving Theorem, as in the proof of 

Theorem 1.1, retaining the same notation. Since Dy C Cyg,, we deduce 
that the function f(z) = 1/z has a primitive F(z) = Logg, (z) on Dg, by 
Theorem 5.2 of Unit C1. Hence, by the Fundamental Theorem of Calculus 
(Theorem 3.1 of Unit B1), 


[> = dz = Logg, (7(ty)) — Logo, (v(te-1)) 
= (log |7(tk)| + i Arey, (7(tz))) 
— (log |y(ty-1)| + i Arey, (7(tr-1))) 
= log |y(tx)| — log |y(te—1)| + (O(te) — O(te_-1)), 


for k = 1,2,...,n. Here 0 denotes the continuous argument function for T 
that we obtained in the proof of Theorem 1.1. Then 


3 | 


n 


= Vlog [ylt)| — log ltr) + iSO) — Olti). 


k=1 k=1 


Each of these two series is a ‘telescoping series’ in which terms cancel with 
one another to leave 


[542 = (oe Irn) = log (tol) + Oln) = (0) 
= (log |7(b)| — log |y(a)|) + i(0@) — A(a)) 
= i(6(0) — 0(2)) 
= 2ni Wnd(T, 0), 
where we have used the fact that y(a) = y(b). Hence 
Wnd(P, 0) = = f =i 
mi Jp z 


as required. | 


For example, if T is the unit circle, then we know that 
1 
— dz = 27i, 
T 2 
by Example 2.3 of Unit B1 (or by a simple application of the Residue 
Theorem). Consequently, 


iL 1 
Wnd(T, 0) = =f S= 
271 Jp Z 
which is as expected, because I’ winds once anticlockwise around the origin. 


Although Theorem 1.2 can be useful for evaluating contour integrals of the 
form fo 1/z dz, its main use is to give certain other contour integrals a 
geometric interpretation (see, in particular, Section 2). 


1.3 The winding number around an 
arbitrary point 


We can define the winding number around an arbitrary point in a similar 
way to how we defined the winding number around 0. 


Definitions 
Let a be an arbitrary point in C, and let I : y(t) (t € [a,b]) be a path 
lying in C — {a}. 


A continuous argument function for I relative to a is a 
continuous function ĝa: [a,b] — R such that, for each t € [a,b], 
a(t) is an argument of y(t) — a. 


The winding number of T around a is 


Wnd(P, a) = = (8a (0) — 8a(a)), 


where 6, is any continuous argument function for I relative to a. 
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Figure 1.9 ‘Translating T 
by =a 


A 


3i F 


T 
62) 


Figure 1.10 The closed 
path T 


There is an alternative way to define the winding number around a by 
using the translated path 


T—a:y(t)-a (tE l[a, 4), 

illustrated by Figure 1.9. We then define 
Wnd(Il, a) = Wnd(I — a, 0). 

The two definitions of Wnd(I, a) are equivalent. 


As before, the winding number around a can be determined by inspection 
if T is a given closed path that does not pass through a. 


Exercise 1.5 


Determine by inspection the winding number of the closed path 
I: y(t) = (2+sint)e” (te [0,2z)), 


illustrated in Figure 1.10, around each of the points 1, —2, —2i and 3i. 


Exercise 1.6 


Prove that if T is a closed contour and a does not lie on I’, then 


277% z— a 


Wnd(T, a) = =f E 
P 


(Hint: Use Theorem 1.2 and the equation Wnd (T, a) = Wnd(T — a, 0).) 


To finish this section we give a result about the variation of Wnd(T, a) 

as q@ varies. This result says that if IT is a closed path, then the function 
at— Wnd(T, a) is constant on any open disc D lying in the complement 
of T, as illustrated in Figure 1.11. 


Figure 1.11 The winding numbers Wnd(T, a) and Wnd(T, ao) are equal for each 
disc D in C- T 
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Theorem 1.3 


Let I be a closed path, and let D be an open disc in the complement 
of T. Then the function a > Wnd(T, a) is constant on D. 


Proof Suppose that Oa is a continuous argument function for the path 
T : y(t) (t € [a,b]) relative to the centre ag of D; that is, 0g, is continuous 
on [a,b] and, for each t € [a,b], Aq, (t) is an argument of 7(t) — ao. 

We will use Âa to construct a continuous argument function 6, for T 
relative to a, where a € D. To do this, note that, for t € [a,b], 


Oe =e -a)(1- Ae), (1.1) 


(t) — ao 


Since I lies outside D, we have 


|a — ao| < ly(é) — aol, for t € [a,b], Ce eee cs 
q(t) — ao 
so 
-n <1, fortE€fa,b]. / \ 
y) æo 0 e = — > 
It follows that the point `g t A 
er 
a— ao 
z=1-——_— 
q(t) — ao 
satisfies |z — 1| < 1, so this point lies in the cut plane C, (see Figure 1.12). Figure 1.12 Point inside the 
Thus the function disc {z : |z — 1| < 1} 
a— ag 
t> Arg(1- = "2 ) t € [a,b 
rea “Elem 


is continuous. 
Now, for each t € [a,b] we have that 
Ga) (t) is an argument of y(t) — ao 


and 


Q — 


Arg (1 — — is an argument of 1 — esc 
y(t) — ao 


q(t) — ao 

Since the sum of arguments of two complex numbers is an argument of the 
product of the two complex numbers (Subsection 2.3 of Unit A1), we see 
from equation (1.1) that 


Bag (t) + Arg(1 — 


is an argument of y(t) — a. Therefore 


a— ag 


— (t € [a,b]) (1.2) 


is a continuous argument function for I relative to a. 


a(t) = bao (t) + Arg (1 a 
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Since y(b) = y(a), we have 
a— ag a— ag 
Arg|{ 1 — ———— ] = Arg| 1- ———— ], 
e( (6) =- z e( (a) = T 

so alb) — Oa (b) = Oa (a) — Ga, (a), by equation (1.2). Hence 

a(b) — bala) = bao (b) — Pao (4), 
which implies that 

Wnd(T, a) = Wnd(T, ao), 


as required. Sl 
Further exercises 


Exercise 1.7 


" A The closed path 
i 
T: y(t) = (2 + cos 3t)e” (t€ [0,47]) 
T 
is shown in Figure 1.13. 
(a) Determine by inspection the winding number of I around each of the 
3 points 0, 2 and 32. 
(b) Determine a continuous argument function for I, and hence verify the 
value of Wnd(T,0) that you found in part (a). 
(c) Use the result of Exercise 1.6 to evaluate 
l d 
Figure 1.13 The closed rz-2 E 


path T 


Exercise 1.8 
Determine a continuous argument function for the path 
T:qyt)=—1+it (te [-1,1)), 
and hence evaluate Wnd(T, 0). 
(Hint: Note that T C Cor.) 
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2 Locating zeros of analytic 
functions 


After working through this section, you should be able to: 
e understand and apply the Argument Principle 


e understand Rouché’s Theorem and use it to determine the number of 
zeros of an analytic function in a specified region. 


2.1 The Argument Principle 


We now begin to investigate the location of zeros of an analytic function. 
Recall from Subsection 5.1 of Unit B3 that a function f that is analytic at 
a point @ has a zero of order k at a if 


f(a) = f(a) = fM a) =---=f"YVa)=0, but f(a) £0. 


Recall also that if f is analytic and not identically zero on a region, then 
any zero of f on that region is of finite order, and each zero is isolated 
(Theorems 5.2 and 5.3 of Unit B3). 


The key to the main result of this subsection — the Argument Principle — is 
to relate the zeros of an analytic function f to the poles of the function 
f'/f. This function is called the logarithmic derivative of f since 

_ ff) 


£ Log( F(2)) 


o Fe 
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Exercise 2.1 


Let f(z) = 2'°(z—1). Determine the poles of the function f’/f and relate 
them to the zeros of f. 


The solutions to Example 2.1 and Exercise 2.1 suggest a connection 
between the order of a zero of f and the residue at the corresponding pole 
of f’/f. We now establish this connection. 


Theorem 2.1 


Let f be an analytic function with a zero of order n at a. Then the 
function f’/f has a simple pole at a with 


Res(f'/f,a) =n. 


Proof By assumption 


f(z) = (2 = a)”g(2), 


where g is a function that is analytic on some open disc D with centre a, 
and g(a) # 0 (Theorem 5.1 of Unit B3). Therefore 


F'(2) _ nea)" tg(2) + (2 - a)”g' (2) 
f(z) (z — a)"g(z) 
n _ g(z) 
z—=a glz) 
Since g is analytic at a and g(a) 4 0, it follows that g'/g is analytic at a. 
Hence f’/f has a simple pole at œ with residue n, as required. | 


Using Theorem 2.1, we can prove the following theorem, which gives an 
integral formula for the number of zeros of an analytic function f inside a 
simple-closed contour. 


Theorem 2.2 


Let f be a function that is analytic on a simply connected region R, 
and let [ be a simple-closed contour in R such that f(z) 4 0, for 
z €T. Then 


Prion 
sa he q 


is equal to the number of zeros of f inside I, counted according to 
their orders. 


2 Locating zeros of analytic functions 


Remark 


The phrase ‘counted according to their orders’ means that, for example, if 
the zeros of f inside I are ay, a2 and az, and the orders of these zeros 
are 1, 3 and 2, respectively, then 


the number of zeros of f inside I is 1+3+2=6. 
Some texts use the word multiplicity instead of order. 


Proof By the Residue Theorem, 


Lf fle) 
al Ome 


is equal to the sum of the residues of f’/f at the singularities of f’/f lying 
inside I. Since f’ is analytic (because f is), f’/f is analytic at any point 
of R where f is non-zero. Hence, by Theorem 2.1, the only singularities 

of f’/f in R are simple poles at the zeros of f. Since f is not identically 
zero on R, we see from Theorem 5.4 of Unit B3 that the set S of zeros of f 
inside I does not have a limit point in R. Hence S comprises only finitely 


— 


many points a1, @2,...,@, say, of orders n1, n2, ..., Ng, respectively (see ena 
Figure 2.1). Then, by Theorem 2.1, Res(f’/f,ax) = nk, for n =1,2,...,k, Figure 2.1 Zeros 
so Q1,Q2,...,a, of f inside T 
1 "(z 
= E E ENEE 
2ri Jp f(z) 
which is the number of zeros of f inside T, counted according to their 
orders. 5 


For example, if f(z) = z? and T is the unit circle {z : |z| = 1}, then 
1 1 f 32? 
2ri Jp f(z) 2ri Jp 23 
3 1 
= — | -dz=3. 
271 Jp Z 
It follows from Theorem 2.2 that the number of zeros of the function 
f(z) = 2 lying inside I is three, counted according to their orders; this is 
as expected, since f has a single zero inside I’, namely the zero of order 
three at 0. 


The importance of Theorem 2.2 lies in the geometric interpretation of the 
integral of f’/f along I, which turns out to be the winding number of the 
image path f(T) around 0. Thus we obtain the following result. 


Theorem 2.3 Argument Principle 


Let f be a function that is analytic on a simply connected region R, 
and let T be a simple-closed contour in R such that f(z) 4 0, for 
z ET. Then 


Wad(f(T),0) 


is equal to the number of zeros of f inside I, counted according to 
their orders. 
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Proof By Theorem 2.2, it is sufficient to prove that Wnd(f(I),0) is 


1 / 
equal to — f F(z) dz. To do this, let us first assume that T has a 
2ri Jp f(z) 


smooth parametrisation 7: [a,b] —» C. Then 
1 ffm, 1 PP fro®),, 
mri Je Fla) mri Ja Fy 7 


1 ıı 
= — | ——(f07)'(t)dt (by the Chain Rule) 


= Wnd(f (T), 0), 
since t+ (f o y)(t) (t € [a,b]) is the parametrisation of f(T). 
The more general case when T is a contour, not necessarily a smooth path, 
then follows by splitting I into its constituent smooth paths 
r= +I2 +: Tn, 
as in Unit B1, before applying the reasoning above. 


Actually, the reasoning is valid only if f’ is non-zero on I’, for then the 
image of each constituent smooth path of T is a constituent smooth path 
of f(T), so f(T) is a contour. In general, however, f’ can have zeros on I, 
but only finitely many. Thus, by making small modifications to I near the 
zeros of f’ (see Figure 2.2), we can obtain a simple-closed contour I” on 
which f’ does not vanish and for which 


e I” surrounds the same zeros of f as does T 
e Wnd(f(I"),0) = Wnd(f (I), 0). 
Since the theorem holds for I’, it must also hold for T. | 


Figure 2.2 Avoiding the 
zeros of f’ on T 


By applying the Argument Principle to the function f — 8: z —> f(z)-— 8 
instead of f, we obtain this useful corollary. 


Corollary 


Let f be a function that is analytic on a simply connected region R, 
and let T be a simple-closed contour in R such that f(z) 4 8, for 

z ET. Then Wnd(f (I), 8) is the number of zeros of the function 

f — 6 inside I, counted according to their orders. 


Remark 


Each zero of f — $ is a solution of the equation f(z) = 2. 


As an example, consider the polynomial function f(z) = z? — z2? and the 
closed contour T = {2 : |z| = 2}. The image contour f(T) is shown in 
Figure 2.3. 
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T JT) 


Figure 2.3 Image of T = {2 : |z| = 2} under f(z) = 2° — 2? 

Notice first that f(z) 40 for z € T, and that f(T) winds three times 
around 0, which implies, by Theorem 2.3, that f has three zeros inside T 
(where, as usual, we count zeros according to their orders). This is no 
surprise, since 


fiz) =0 < 2-2 =0 
4> z*(z—1)=0, 
so f has a simple zero at 1 and a zero of order two at 0, both inside I. 
A less obvious result is obtained by noting that f(T) winds twice around 
the point 6i (see Figure 2.3), so, by the corollary, f takes the value 6i twice 


inside T. This implies that the equation f(z) = 6i (that is, 2° — 2? = 6i) 
has two solutions inside I’, which is not at all obvious. 


Exercise 2.2 


Let f(z) = 23 — z? and I = {z : |z| = 2}. Use Figure 2.3 to determine the 
number of solutions of the equation f(z) = —1 inside I. 


2.2 Rouché’s Theorem 


In the previous subsection we saw that an accurate diagram of the 

image f(T) of a simple-closed contour I under an analytic function f gives 
a great deal of information about solutions of equations of the form 

f(z) = 6. Since such a diagram is not always easy to obtain, it is useful to 
have other methods to give information about zeros of functions. 


This subsection is about one such method, based on a result called 
Rouché’s Theorem (where Rouché is pronounced ‘roo-shay’). To prepare 
for this, we first consider an example that is closely related to Exercise 2.2. 
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Figure 2.4 shows the image of the circle F = {2 : |z| = 2} under the 
function f(z) = 23 — 27 +1. 


Figure 2.4 Image of [ = {z: |z| = 2} under f(z) = 22-27 +1 


Since the image path f(T) winds around 0 three times anticlockwise, we 
deduce that Wnd(f(I),0) = 3, so f has three zeros in {z : |z| < 2}. 


It would be desirable to be able to reach this observation without 
sketching f(T). We can do so by observing that f behaves in a similar way 
to the simpler function g(z) = 2. Since the image path g(T) is the circle 
of radius 8 traversed three times anticlockwise, it follows that 
Wnd(g(T),0) = 3. Our strategy is to show that the paths f(T) and g(T) 
are sufficiently close that their winding numbers around 0 must coincide. 


To this end, observe that, for z € I, 
[f(z) — g(z)| = |-2? +1] < |zP? +1=5, 


by the Triangle Inequality. Thus if z is a point on IF, then f(z) belongs to 
the closed disc of radius 5 centred at g(z), as shown in Figure 2.5. This 
disc misses the origin, because |g(z)| = 8. 


Figure 2.5 The distance between the image points f(z) and g(z) is at most 5 


As a point z traverses [’, the image point g(z) traverses g(T), taking with 
it the disc and point f(z) inside. Thus both paths g(T) and f(T) wind 
around the origin the same number of times; that is, 


Wnd(f(P),0) = Wnd(g(T), 0) = 3, 


124 


2 Locating zeros of analytic functions 


so f has three zeros in I. It is as if g(z) goes for a walk around the origin 
(three times) with a dog f(z) on a lead, and the dog is never allowed to 
get near the origin. The dog f(z) also ends up walking around the origin 
three times, even though its path is quite different to that of g(z). 


Motivated by the discussion above, we now state Rouché’s Theorem for 
counting zeros of analytic functions. 


Theorem 2.4 Rouché’s Theorem 


Suppose that f and g are analytic functions on a simply connected 
region R, and I is a simple-closed contour in R with 


\f(z) —9(z)| < |g(z)|, for z Er. 


Then f has the same number of zeros as g inside I’, each counted 
according to their orders. 


The region R and path T are illustrated in Figure 2.6. 


Proof If z Er, then |f(z) — g(z)| < |g(z)|. Let us use this inequality to 

show that neither f(z) nor g(z) is 0, for z €T. If f(z) =0, then 

|0 — g(z)| < |g(z)|, which is impossible, and if g(z) = 0, then | f(z) — 0| < 0, 

which is also impossible. Therefore f(z) Æ 0 and g(z) £0, for z ET. 

Now let h(z) = f(z)/g(z). This function is analytic on R apart from 

isolated singularities at the zeros of g. The observation from the previous 

paragraph tells us that A has no singularities or zeros on I. 

Notice that 

If(2) = g(2)| 
l9(2)| 

which implies that A(T) lies wholly within the disc centred at 1 of radius 1 


(see Figure 2.7). Therefore Wnd(h(I),0) = 0. Hence, by Theorems 2.2 
and 2.3, 


|h(z) —1| = <1, forzeT, 


1 h'(z) ie a 
mail noun W d(h(P),0) = 0. 


271 


Next, since f(z) = g(z)h(z), we obtain 


1 f F(z „2-4 g'(z)h(z) + g(z)h'(z) : 
al hea J j 


g'(z) | 1 h (z) z 
E F g(z) aca al h(z) = 


Therefore the number of zeros of f inside I is equal to the number of zeros 
of g inside I’, by Theorem 2.2. | 


Figure 2.6 A simple-closed 


contour I in a simply 
connected region R 


a ~ 
7 N 
/ \ 
‘oar 
N / 
S 7 
A(T) 


Figure 2.7 The path A(T) lies 
inside the disc {z : |z — 1| < 1} 
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The function g in Rouché’s Theorem is referred to as a dominant term 
for f on T. For example, in the discussion preceding the theorem, we 
considered the function f(z) = 2° — z? + 1 and used the dominant term 
g(z) = 2°. This function g was chosen as the dominant term because it is 
simpler than f (we know precisely what the zeros of g are) and because it 
satisfies the inequality | f(z) — g(z)| < |g(z)| on T. In general, the choice of 
g is not unique (as we will see in the solution to Exercise 2.8(a)(ii), for 
example), but often the form of f(z) suggests an obvious choice for g. 


(a) Determine how many zeros of the function 


f2) = +2 +iz+1 
lie in the disc {z : |z| < 2}. 
(b) Determine how many zeros of the function 
f(z) =e* — 32" 
lie in the disc {z : |z| < 1}. 
(c) Determine how many zeros of the function 
fle) = -3-1 
lie in each of the following regions. 
G) {z: |z| <2} (ii) {z: |z| <1} (üi) {2:1 -< || <2} 
e} 


2 Locating zeros of analytic functions 


Exercise 2.4 


(a) Use the Taylor series about 0 for exp to prove that 
le*—1|<e-1, for |z| <1. 

(b) Use the inequality in part (a) to prove that the equation 
e” =2z4+1 


has exactly one solution in the disc {z : |z| < 1}. 


Remarks 


1. In some texts the statement of Rouché’s Theorem is formulated in a 
slightly different way to Theorem 2.4, with the key inequality 


If(z) — 9()| < |o(2)|, for z eT, 
replaced by 


lg(z)| < IF), for zer. 


This amounts to replacing g by f and f by f +g, so the conclusion with 
this alternative formulation of the theorem is that f has the same 
number of zeros as f + g inside I. We never use this alternative 
formulation. 


2. In Exercise 2.3(b) you should have found that the function 
f(z) =e -— i24 has no zeros in the disc {2 : |z| < 1}. Sometimes when 
proving that a function has no zeros you can apply more elementary 
arguments than Rouché’s Theorem. In this case, for |z| < 1, we have 


|e*| = eRe? > eah 
SO 

|f(2)| = le* — 32°] = le*] a = e* — 3 > 0, 
by the backwards form of the Triangle Inequality. Hence f has no zeros 
in {z: |z| < 1}. 


In the examples of applying Rouché’s Theorem so far, the simple-closed 
contour I has always been a circle, and the main problem was to choose a 
suitable dominant term g on I. In the next example we must first choose 
an appropriate simple-closed contour before we can apply Rouché’s 
Theorem. 


Example 2.3 


Prove that the equation 
epee =2 
has exactly one solution in the right half-plane {z : Rez > 0}. 
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Figure 2.8 The circle 
{z:|z—2| = 1} inside the 
open semi-disc S 


Figure 2.9 Graph of 
f(z) =a? — 2? +1 
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Solution 


First note that the equation z + e~* = 2 can be rewritten in the form 
f(z) =0, where 

f(z) =z+te* -2. 
Next notice that the boundary of the right half-plane is not a 
simple-closed contour, so neither Rouché’s Theorem nor the Argument 


Principle can be applied directly to this set. Instead we consider open 
semi-discs of the form 


S=({2 2/1 Rec 0}. 
and prove that, for any r > 3, f has exactly one zero in S. It then 
follows that f has exactly one zero in {z : Rez > 0}, as required. 


We let I be the semicircular simple-closed contour that forms the 
boundary of S, traversed anticlockwise, and we try to choose a 
dominant term for f on I. To do this it helps to notice that 


ere re i zE, (21) 
since Rez > 0, for z € T. On the other hand, if r > 3, then 

|z—2|>1, forzeT, (222) 
since {z : |z — 2| = 1} lies inside [ when r > 3 (see Figure 2.8). 
Combining inequalities (2.1) and (2.2), we obtain 

le*|<|z=—2|, forz Er. 


Let g(z) = z — 2. Then f(z) — g(z) =e *, so g is a dominant term 
for f onT. Since f and g are entire, we can apply Rouché’s Theorem 
to deduce that f has the same number of zeros as g inside T, namely 
one (g(z) =0 <— > z=2). Hence f has exactly one zero in any such 
semi-disc S, so it has exactly one zero in {z : Rez > 0}, as required. 


We can often be more precise about the locations of the zeros of a given 
analytic function f by studying the restriction of f to a particular set, 
such as the real axis. For example, at the start of this subsection we saw 
that the function f(z) = 23 — z? + 1 has three zeros inside the circle 

T = {z: |z| = 2}. By sketching the graph of the real function x —> f(z) 
using calculus (see Figure 2.9), we see that f has exactly one real zero, 
which lies in the interval (—1,0), so it is inside I. Since f is a real 
polynomial function, it follows (from Exercise 3.9 of Unit A1) that the 
other two zeros of f are complex conjugates of one another. Indeed, if 


f(z) =z -z +1=0, 
then 


ID= -7+1=z2-z2+1=0. 


2 Locating zeros of analytic functions 


A similar argument can be applied whenever the function f satisfies 
TE = fC). 

For instance, 
exp(z) =exp(Z) and sinz = sinz, 


by Exercise 4.11 of Unit A2. 


Exercise 2.5 


Prove that the two zeros of the function f(z) = e7 + 32? in the disc 
{z : |z| < 1} (see Example 2.2) form a pair of complex conjugates. 


Remark 


The same kind of argument cannot be used with a function such as 
fle =z te" +iz+1, 


since the coefficients of this polynomial are not all real. 
Further exercises 


Exercise 2.6 


Let f(z) = (z — 1)?(z — 2)?(z — 3). 
(a) Determine the poles of the function f’/f and find the residues of f'/f. 
(b) Let T = {z : |z| = 4}. Determine Wnd( f(T), 0). 


Exercise 2.7 


Let f(z) = z — z2? and I = {z : |z| = 1}. Use the diagram of the image 
path f(T) in Figure 2.10 to determine the number of solutions inside IT for 
each of the following equations. 


(a) f(z)=-} (©) f@=2 (© fe) =2 
Exercise 2.8 


For each of the following functions f, determine the number of zeros of f 
in the given regions. 
(a) f(z) =2° +324 10 
(i) By = {as lal <2} (ii) So ={z:|z| <1} 
(ii) Sg={z2:1 < |z| < 2} (iv) S4 = {z : Imz > 0} 
(b) f(z) =32+Log(1+z), S={z:|z| <4} 
(Hint: In part (b) use the inequality |Log(1 + z)| < 2|z|, for |z| < 5.) 


Figure 2.10 The image 
path f(T) 
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3 Local behaviour of analytic 
functions 


After working through this section, you should be able to: 


e state the Open Mapping Theorem and appreciate its application to 
regions 


e state the Local Mapping Theorem and use it to determine the local 
behaviour of an analytic function 


e state and use the Inverse Function Rule 


e obtain the Taylor series of the inverse function of a given one-to-one 
analytic function. 


3.1 The Open Mapping Theorem 


We have seen that analytic functions have many remarkable properties and 
that many formulas hold for analytic functions that do not hold for general 
complex functions. Using the Argument Principle, we now demonstrate 
another important property of analytic functions. 


Theorem 3.1 Open Mapping Theorem 


Let f be a function that is analytic and non-constant on a region R, 
and let G be an open subset of R. Then f(G) is open. 


This theorem will be proved in Subsection 3.3. 


3 Local behaviour of analytic functions 


We observe that if f is a constant function, then f(G) is a set comprising a 
single element, so f(G) is certainly not open. 


At first sight the Open Mapping Theorem may not seem particularly 
remarkable. However, many complex functions do not map open sets to 
open sets. For example, the function 


f(z) = fle + iy) = 2? + iy’, 
which is not analytic on C (since the Cauchy—Riemann equations are 
satisfied only when y = x), maps the open set C to the closed upper-right 
quadrant {u+iv:u > 0, v > 0}, which is not an open set (see Figure 3.1). 


A A 


Het iy) i 
c peek f(C) 


Figure 3.1 Image of C under f(x + iy) = x? + iy? 


The Open Mapping Theorem provides an easy way of proving that there 
are no analytic functions with certain properties. 


Exercise 3.1 


Prove that there are no non-constant entire functions that map C into R. 


One immediate consequence of the Open Mapping Theorem is that 
non-constant analytic functions map regions to regions. 


Corollary 


Let f be a function that is analytic and non-constant on a region R. 
Then f (72) is also a region. 


Proof A region R is a connected open set. The Open Mapping Theorem 
shows that f(R) is open, and Theorem 4.2 of Unit A3 shows that f (R) is 
connected. Hence f(R) is also a region. E 


Next we describe a result, closely related to the Open Mapping Theorem, 


which gives a description of the different types of local behaviour of an 
analytic function. First we look at a simple example. 
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Example 3.1 
eth) — A, 


(a) Prove that for each non-zero complex number w the 
equation f(z) = w has three distinct solutions. 


(b) Determine an open disc D with centre 1 such that the restriction 
of the function f to D is one-to-one. 


(c) Explain why it is impossible to find an open disc D with centre 0 


such that the restriction of f to D is one-to-one. 


Solution 
(a) If w #0, then w can be written in the form 
w = p(cosọ + isin), p>0, -t™<¢<7. 


Then, by Theorem 3.1 of Unit Al, the equation w = z? has 
exactly three distinct solutions 


= pe (cos(4¢ + 2k) ab isin(4¢ + 2km)), k=0 r2 


as illustrated in Figure 3.2. 


A w A 
3 
z) =z 
1/3 o Te 
z p Pade 
il lg 
3 À PN 7 
22 


Figure 3.2 The points zo, 21 and z2 each map to w under f(z) = 23 


(b) From part (a) we see that the restriction of f to the sector 
A= {z:|Argz| <a/3t 
is one-to-one, because, for each non-zero complex number w, 
there is at most one complex number z in A with 2° = w. 


Using Figure 3.3 and the formula sin 7/3 = 3/2, we can see 
> that the open disc D = {z: |z — 1| < y3/2} lies in A. It follows 
that the restriction of f to D is one-to-one. 


(c) Suppose that D is an open disc with centre 0. If z € D, then 
ee) = Ee See f(z). 


The points z and ze?”*/3 are different, for z #0), so f is not 
Figure 3.3 The disc D one-to-one on D. 
inside A 


132 


3 Local behaviour of analytic functions 


Exercise 3.2 


Let f(z) =1+ 27. 


(a) Prove that for each w 4 1 the equation f(z) = w has four distinct 
solutions. 


(b) Determine an open disc D with centre 1 + i such that the restriction 
of f to D is one-to-one. 


The functions f(z) = z? in Example 3.1 and f(z) = 1 + 2^ in Exercise 3.2 
illustrate various possible types of local behaviour of an analytic function. 
Although these functions are not one-to-one (on their domains), they are 
one-to-one near certain points. 


However, f(z) = 2° is not one-to-one near 0. Indeed, a better description 


of the behaviour of f(z) = 2° near 0 is three-to-one. To see why this is so, 
observe that if w = 23, then |z| < 1 if and only if |w| < 1. Therefore f 
maps the punctured disc {z : 0 < |z| < 1} onto the punctured disc 

{w:0 < |w| < 1}, and, by Example 3.1(a), each point in {w : 0 < |w| < 1} 
is the image of three points in {z : 0 < |z| < 1}. Similarly, the behaviour of 
f(z) =1+4 24 near 0 can be described as four-to-one. These examples 
suggest the following definition. 


Definition 
Let f be a function that is analytic on a region R, and let a E R. 


Then f is n-to-one near a if there is a region S inside R with a € S 
such that for each point w in f(S) — {f(a)} there are exactly 
n points z in S — {a} that satisfy f(z) = w. 


The definition is illustrated in Figure 3.4 for the case n = 3. 


_—— 


Figure 3.4 The function f is three-to-one near a 


As we have seen, the function f(z) = 2° is three-to-one near 0. 

Example 3.1(b) demonstrates that f is one-to-one near the point 1, since f 
is a one-to-one function when restricted to a suitably small open disc 
centred at 1. 
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The following key result shows that the behaviour of an analytic 
function f near a point a@ is determined by the Taylor series about a for f. 
Loca la 


Let f be a function that is analytic on a region R, and let a E R. 
Suppose that the Taylor series about a for f has the form 


A= FOV te B= a st le ta ee 


where n > 1 and a, #0. Then f is n-to-one near a. 


This theorem is proved in Subsection 3.3. 


By Taylor’s Theorem (Theorem 3.1 of Unit B3), the kth Taylor coefficient 
of f at a is given by the formula a, = f“)(a)/k!. From this observation, 
we obtain the following corollary to the Local Mapping Theorem. 


Let f be a function that is analytic on a region R, and let a E R. 
Suppose that 
HO =O) FG) =O, Foe, 


where n > 1. Then f is n-to-one near a. 


It is important to observe that the value of f(a) has no bearing on the 
type of local behaviour of f at a. 


In the next example we apply the Local Mapping Theorem and its 
corollary to investigate the local behaviour of a given analytic function 
near several points of its domain. 


Example 3.2 

Describe the local behaviour of the function f(z) = z? — z? near each 

of the following points. 

(a) a=0 W) e=] (c) a=2 

Solution 

(a) Let aœ = 0. Since the Taylor series about 0 for f is 

TOE 

the function f is two-to-one near 0, by the Local Mapping 
Theorem. 


(b) Let œa = 1. Then 
Fe) =307— 20 —4 = 0, 


so f is one-to-one near 1, by the corollary to the Local Mapping 
Theorem. 


134 


3 Local behaviour of analytic functions 


(c) Let a= 2. Then 
f' (a) = 30° — 20 = 0, 
re) =ba —2— 2 0) 
so f is two-to-one near R, by the corollary to the Local Mapping 
Theorem. 


Exercise 3.3 


Let f(z) = 2—2. 

(a) Describe the local behaviour of the function f near each of the points 
a = 0 and a = 5. 

(b) Prove that the restriction of the function f to {z : |z| <r} is 

one-to-one when r = $, and that it is not one-to-one when r > 

(Hint: Show that if 21,22 € {2 : |z| < 4} and f(a) = f(z), 

then 21 = 22.) 


1 
5 


3.2 Inverse functions 


We are now going to use the Local Mapping Theorem to obtain an 
improved version of the Inverse Function Rule, first discussed in 
Subsection 3.2 of Unit A4. In that unit we showed that if f: A — Bisa 
one-to-one function whose inverse function f~! is continuous at 6 € B, 
and f is differentiable at f—~!(8) with ry) #0, then f—! is 
differentiable at 6 with 

4)! 1 

PO = FEB 

We can now give a much stronger version of this result for analytic 
functions. 


Theorem 3.3 Inverse Function Rule 
Let f be a one-to-one analytic function whose domain is a region R. 
Then f~! is analytic on f(R) and 

il 


Ge) = GO tor P E JR) 


Proof To prove the result we need to show that 
1. f'(a) £0, fra ER 
2. f+ is continuous on f (R). 


Then we can apply the version of the Inverse Function Rule from Unit A4 
to deduce that f~1 is differentiable at each 6 € f(R) and that 

/ 
(F71) (8) =1/f"(f-*(8)). 


135 


Unit C2 Zeros and extrema 


To prove 1, note that if f'(a) = 0 for some a € R, then, by the Local 
Mapping Theorem, f is n-to-one near a, for some n > 1; this contradicts 
the hypothesis that f is one-to-one on R. 


To prove 2, let 8 € f(R) and put a = f~!(8). We want to show that for 
each £ > 0, there is 6 > 0 such that 


Ilw- Bl <6 = |f-l(w) -—al <e, (3.1) 


as illustrated in Figure 3.5. (This is the ¢-d definition of continuity, applied 
to fl at 8.) 


{z:|z -a| <e} f({z:|z-—a| < e}) 
Pe SS. 

» N PE ii —_ 
ara. aN à / zasa ae 
AEE b | I N l 

, UO / \ oo WA 7 
Le i 
a ) Re | Tao SL 
s m J So < p7 
Se f~ — 

Fw : |w — £| < 5}) {w : |w — B| < ô} 


Figure 3.5 Functions f and f~' mapping between R and f(R) 


Now, given € > 0, we know that f({z : |z — a| < e}) is an open set, by the 
Open Mapping Theorem, so there exists ô > 0 such that 


{w:|w—B| <6} C f({z:|z-—al <e}) 
(see the right-hand side of Figure 3.5), which implies that 
f*({w : |w — | < 5}) € {z: |z-a| < e}. 
Hence implication (3.1) holds, as required. E 


In Subsection 4.1 of Unit B3 we introduced the inverse tan function, tan™t, 


and the inverse sin function, sin~!, and stated some of their properties. In 
particular, the function tan~! is the inverse function of the restriction of 
tan to the strip {z : —1/2 < Rez < 7/2}, and sin“! is the inverse function 
of the restriction of sin to this strip. The domains of tan! and sin7! are 


shown in Figure 3.6. (We justify the domain for tan~! in Unit C3.) 


(a) 


| A A 
l | 
tan | | sin 
a 
— 2 (oo 
it Re fy Silt 
tan`! | d pce 
(b) 


Figure 3.6 Domains and codomains of tan and sin and their inverse functions 
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Theorem 3.3 can be used to show that these inverse functions are analytic. 


3 Local behaviour of analytic functions 


Example 3.3 
Prove that the function 
f(z) Stange (=7/2 < Rez < i/2) 


has an inverse function f~! which is analytic. 


Solution 


To show that f is one-to-one on the region 


R ={z:-1/2 < Rez < 1/2}, note that if 21, z2 E€ R, then 
sin z1 sin z2 
tein ai = tenaa == = 
COS 21 COS 292 
=> sin z1 COS 22 = SiN 22 COS 7] 


=> sin(z1 — z2) =0 


=> 243-22 =nt, wheren €Z, 
— Z1 = 22, 


because |Re(z1 — z2)| < a. Since f is analytic on R, we deduce, by the 
Inverse Function Rule, that f~t is analytic on f(R). 


Furthermore, for 8 € f(R), 
= | / =i = 1 
(f-*) (8) = (tan )'(8) = T+ 
as we saw in Subsection 4.1 of Unit B3. 


Exercise 3.4 


Prove that each of the following functions has an analytic inverse function. 
(a) f(z)=sinz (—7/2 < Rez < 7/2) 

(bt) f()=2-2 (lel <3) 

(Hint: For part (b), see Exercise 3.3.) 


Exercise 3.5 


Let f be a function that is analytic at a point a, and suppose that 
f'(a) #0. Prove that there is a region S, with a € S, such that the 
restriction of f to S has an analytic inverse function. 


The Inverse Function Rule guarantees the existence of an analytic inverse 
function f~t for any one-to-one analytic function f. Then, given a point 

6 = f(a), it is natural to try to determine the Taylor series about 8 

for fT} in terms of the Taylor series about a for f. The next example 
illustrates one method for doing this, by determining the Taylor series for 
h(w) = sin™t w. (We found this Taylor series in Exercise 4.6 of Unit B3, by 
using the Integration Rule for power series. ) 
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Example 3.4 
Use the Taylor series about 0 for the function 
f(z) =smz (—a/2< Rez < 7/2) 
to determine the first three non-zero terms of the Taylor series 
about 0 for the function f~1(w) = sin“! w. 
Solution 
First note that 
f *(f(z)) =sin 1(sinz) =z, for —17/2 < Rez < 1/2. (3.2) 


Next observe that f(0) = 0, so we can apply the Composition Rule for 
power series (Theorem 4.3 of Unit B3) to calculate the Taylor series 
about 0 for f~t o f in terms of the Taylor series about 0 for f~t 
and f. We know that 

3 5 
Z z 
fo =z- t, 
Since f is an odd function, it follows from Exercise 3.4 of Unit B3 
that f~! is an odd function too. Therefore the Taylor series about 0 
for f~t takes the form 


for |2| < 7/2. 


f-1(w) = byw + bw? + bw F 


(no even terms) by Theorem 3.2(b) of Unit B3. Using equation (3.2) 
and the Composition Rule for power series, we see that 


> o E i A E 3 


z 2° 3 2 2 
=n(2-F+5--) tia + 3z (5) +) 
+bs(2 +) + 


Equating the coefficients of z, 23, z°,..., we obtain a sequence of 
equations for the coefficients b1, b3, b5,...: 


ZE i = O = by = il, 
1 il 1 
3 
© SS ey Ee bə = b] = = 
z 3] i ar 03 = a 6) 
3 il 1 3 
5. oe cx) Seas Se el e 
zeg = Bye 33 + bs = bs 53 Bye To: 


Hence the required Taylor series is 


il 3 
Paes | a eh op SY dh 
sin a age al 5 


3 Local behaviour of analytic functions 


Example 3.4 was fairly straightforward because the Taylor series for f 
and f~t were both about 0. In general, given the Taylor series about a 
point a for f, 


f(z) = ao + a(z — a) + a(z- a) +, 
we wish to find the Taylor series about the point 8 = f(a) for ft, 
fo2(w) = bo + b1(w — 8) + ba(w — 8)? +- 


Since 8 = f(a) = ao and a= f71(8) = bo, these two Taylor series can be 
written in the form 


f(z) — B= a(z — a) + a2(2 — a) 
and 
f (w) -a = bi (w — B) + bo(w — 8) +--+. 
Hence the identity 
z-a=f \(f(z))-a 
= bi (a(z — a) + a2(z — a)? + - +) 
+ by(a1(z— a) + a9(z — a)? +--+)? +> 


can be used to obtain bj, b2,... in terms of a1,a2,.... The method, known 
informally as ‘inverting a Taylor series’, is summarised in the following 
strategy. 


oe 


Strategy for inverting a Taylor series 


Given the Taylor series about a for f, 
CO 
f(z) =) anl- 0)", 
=) 


where a; = f'(a) #0, we can find the Taylor series about 8 = f(a) 
for fy 


co 


f*(w) = S n(w — 8)”, 


n=O) 
by putting bo = a and equating the powers of (z — a) in the identity 
z — a = bı (a(z —- a) + a2(z- a)? +--+) 
+ bz (a1(z — a) + az(z — a)? 4 aj pees 


to obtain equations for b1, b2,... in terms of a1, @2,.... 


Recall that these Taylor series representations about a and 8 are valid on 
suitable open discs with centres œ and ĝ, respectively. 


Note that the assumption that f'(a) 4 0 in the strategy is needed in order 
to guarantee that f is one-to-one near a (so that the restriction of f to a 
region S about a has an analytic inverse function). 


139 


Unit C2 Zeros and extrema 


140 


Exercise 3.6 


Use the strategy for inverting a Taylor series to invert the Taylor series 
about 0 for each of the following functions. Give the first three 
non-vanishing terms in each case. 


(a) f(z) =e 
b) f(2)=2-2 


3.3 Proofs of the mapping theorems 


This subsection contains some challenging, but illuminating, proofs, which 
may be omitted on a first reading. We begin by proving the Open 
Mapping Theorem. 


Theorem 3.1 Open Mapping Theorem 


Let f be a function that is analytic and non-constant on a region R, 
and let G be an open subset of R. Then f(G) is open. 


Proof To prove that f(G) is open, we need to show that if 8 € f(G), 
then there exists ¢ > 0 such that 


{w:|w—6| <e}C fG). 


Since 6 € f(G), we know that there exists a € G such that f(a) = £. 
Furthermore, the solutions of the equation f(z) = 6 are isolated (by 
Theorems 5.2 and 5.3 of Unit B3, since z > f(z) — 6 is analytic and 
non-constant). Therefore we can choose an open disc D in G with centre a 
and radius sufficiently small so that f(z) 4 8, for z € D — {a}. Thus if C 
is a circle in D with centre a, then the image f(C) is a closed contour that 
does not pass through 8 (see Figure 3.7). 


Pe ae f - 
da i? iD) ON i á > 
á i | \ \ f(C) ij 
\ \ l È \ \ 
\ if ) S \ 
\ Se Pos” S d 
C ej 


Figure 3.7 Image of a circle C under the function f 


The set f(C) is compact, because it is the continuous image of a compact 
set (Theorem 5.4 of Unit A3), so the complement of f(C’) is open. Hence 
we can choose € > 0 so that {w : |w — 8| < e} lies in the complement of 
f(C) (see Figure 3.8). 


3 Local behaviour of analytic functions 


-m 


p e 

Po Da. 
l / 
\ HOR 
\ \ 
S \ 
S ) 
A / 


Figure 3.8 A disc {w : |w — 8| < £} in the complement of f(C) 
By Theorem 1.3, the winding number of f(C) around each point of the 
disc {w : |w — B| < £e} is equal to Wnd(f(C), 8). Now, 

Wnd(f(C), 8) > 1, (3.3) 


by the corollary to the Argument Principle (Theorem 2.3), because the 
equation f(z) = 8 has at least one solution (namely a) inside C. Hence 


Wnd(f(C),w) >1, for |w-— Bl <e. 


Thus, by the corollary to the Argument Principle again, the equation 
f(z) = w has at least one solution z inside C, for each w such that 
|w — B| < £. Hence {w : |w — 8| < e€} C f(G), as required. a 


Next we prove the Local Mapping Theorem. 


Theorem 3.2 Local Mapping Theorem 


Let f be a function that is analytic on a region R, and let a E R. 
Suppose that the Taylor series about a for f has the form 


f(z) = f(a) + an(z— a)" + angi(z— a)? +e, 


where n > 1 and a, #0. Then f is n-to-one near a. 


Proof To begin, we observe that 
FG) ~ Fla) = an(2— 0)" + ani (z — ay + 
(2 — a)” (an + anyi (z =a) +--+) 
= (z — a)”g(2), (3.4) 
where the function g(z) = an + Qn4i(z — a) +--- is analytic at a with 
g(a) = an #0. Thus the function h(z) = f(z) — f(a) has a zero of order n 


at a. Equation (3.4) shows that the theorem is at least believable since, 
if z is near a, then 


f(z) — Fla) ~ (2—@)"g(a), 


and the function z + (z — a)"g(q@) is n-to-one near a. 
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Figure 3.9 Disc 
D' = {z:|z-—a| < ô} inside C 
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Now assume that n = 1, so f'(a) =a, #0. Let 8 = f(a) and choose the 
open disc D, the circle C and radius £ > 0 as in the proof of Theorem 3.1. 
Choose D small enough that g(z) 4 0, for z € D, in which case 

f(z) — f(a) = (z — a)g(z) has a simple zero at œ and no other zeros in D. 
Inequality (3.3) now takes the more precise form 


Wnd(f(C), 8) = 1, 
by the corollary to the Argument Principle. Hence, by Theorem 1.3, 
Wnd(f(C),w) =1, for |w-— Bl <e. (3.5) 
Because f is continuous at a, we can choose ô > 0 so small that 
D' = {z : |z — a| < ô} lies inside C (see Figure 3.9) and 
jz -al< = |f(z)- 8| <e. 
Hence, by equation (3.5), the restriction of f to D’ is one-to-one. 


Next suppose that n > 1. Since g(a) = an # 0, we can choose a generalised 
logarithm function, Logg say, such that the function 


Me) = exp( + Logat) ) 


is analytic on an open disc E with centre a, and we then have 


(n(2))" = (exp(4togo(a(2)))) gle), for ze z. 
Therefore equation (3.4) gives 

f()— fla) =(2—a)"A(2)" = (6(2))", for z€ B, 
where ¢ is the analytic function 


o(z) =(z-a)h(z) EE). 


Thus we can write 


f(z) = fla) + (G(2))" = p(o(z)), for z € E, 


where p is the polynomial function 


pC) = fla)+o" (CEC). 
Now, ọla) = 0 and ¢/(a) = h(a) 4 0. Thus we can apply the n = 1 case 
to ¢ to obtain an open disc E’ centred at a such that the restriction of @ 
to E”’ is one-to-one. Observe that ¢(E’) is a region (by the corollary to the 
Open Mapping Theorem) which contains 0. By the Inverse Function Rule 
(Theorem 3.3), the restriction of ¢ to E’ has an inverse function 
6 |: 6(E') — E’, which is analytic on ¢(E’) (see Figure 3.10). 
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Figure 3.10 The function ¢ is a one-to-one mapping from E” to ¢(E’) with 
inverse function ~! 


3 Local behaviour of analytic functions 


Next we choose an open disc A centred at 0 that is contained in ¢(E’), as 
shown in Figure 3.11, and define S = @~!(A). This set is a region, by the 
corollary to the Open Mapping Theorem, which contains a = ¢~'(0). The 
restriction of ¢ to S is a one-to-one mapping from S onto the disc A. 


Figure 3.11 The function ¢ is a one-to-one mapping from S onto A 


Let us now consider the restriction of the function f to S. We observe that 


f(S) = p(O(S)) = p(A), 
as illustrated in Figure 3.12. 


f=po¢ 
T E T 
A A A — 
[m~ P ON 
ia iD Q L N p I ) 
[_ aa b a f f(a) / 
a 
Se Sap \ of A j 7 b d 
ae \ j 
ba ad 
z-plane ¢-plane w-plane 


Figure 3.12 The function ¢ maps S to A, and the function p maps A 
to f(S) 


Now we choose any point w in f(S) — {f(a)}. Since p(¢) = f(a) + ¢”, we 
see that p(¢) = w if and only if ¢” = w — f(a). This equation has exactly 
n complex solutions ¢1, ¢2,...,¢, (by Theorem 3.1 of Unit A1), which are 
equal in modulus, so they all lie in A — {0}. Since ¢: S — Aisa 
one-to-one function, and ¢(a) = 0, we see that for each integer 

k =1,2,...,n there is a unique point z, in S — {a} with (zk) = Ck. 
Therefore 


fice) = 9) =n) =e. for k= 12a 


Furthermore, if z € S and f(z) = w, then p(¢(z)) = w, so ¢(z) = Ck, for 
some integer k, which implies that z = z,. 


This argument shows that there are exactly n points z in S — {a} such 
that f(z) = w, so f is n-to-one near a. E 
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Figure 3.14 The angle 0 is 
multiplied by a factor of n 
under f 
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Remark 


Let f be the analytic function from the proof of the Local Mapping 
Theorem, with Taylor series 


f(z) = f(a) + an(z — a)” + anı (z =a" +- 


about a, where an Æ 0. The proof actually gives more precise information 
about the behaviour of f near a, in the following sense. Observe that the 
radius of f(S) that is parallel to the real axis (shown in Figure 3.13) is the 
image under p of n evenly spaced radii in A. These are in turn the images 
of n smooth paths emerging from a in S. By the Inverse Function Rule, 
o7} is conformal at 0 (it preserves angles), so these n smooth paths in S 
have evenly spaced tangent vectors at a (represented by arrows in 

Figure 3.13 for the case n = 5). Hence S is divided into n ‘sectors’, each of 
which is mapped onto f(S) by f. 


f=po¢ 


z-plane ¢-plane w-plane 


Figure 3.13 Five ‘sectors’ in S, each mapped onto f(S) by f 


Moreover, if Tų and I% are any two smooth paths with initial point a such 
that the angle 0 from Ty to Tə at a lies between —7/n and m/n, then the 
angle from the path f(T1) to the path f(T2) at f(a) is n@ (see 

Figure 3.14). 


This remark allows us to complete the proof of a result first stated in 
Unit A4. 


Theorem 4.2 of Unit A4 


Let f be a function that is analytic at a point a. Then f is conformal 
at a if and only if f'(a) £0. 


Proof We saw in Unit A4 that if f'(a) 40, then f is conformal at a. 


For the converse, suppose that f’(a@) = 0; we must prove that f is not 
conformal at a. 


First, let us suppose that all the higher derivatives f'(a), f”(a), f’’(a),... 
equal 0. Then f is constant on a disc centred at a, by Taylor’s Theorem, 
so it certainly is not conformal at a. 


3 Local behaviour of analytic functions 


Suppose next that 
fila) = f'(a) =- = f(a) =0, but f(a) £0, 


for some integer n > 1. As we have just seen, the angle from one smooth 
path with initial point a to another is multiplied by n under f (provided 
that the angle lies between —a/n and t/n). But n > 1, so f does not 
preserve angles at a. That is, f is not conformal at a, as asserted. | 


Further exercises 


Exercise 3.7 


Prove that if f is a function that is analytic on the open unit disc 
{z:|z| < 1}, and 


f(2l=n, for lz) <1, 


then f is constant. 


Exercise 3.8 
Describe the local behaviour of each of the following functions near the 
given point a. 
(a) siz) =cosz, a=0 
(b) FQ)=e a=2ri 
(c) f(z)=sinz-2z, a=0 


Exercise 3.9 


Invert the Taylor series for the following functions, giving the first three 
non-vanishing terms in each case. 

(a) f(z) = 2z +3z about a = 0 

(b) f(z) =e? about a = 1 
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4 Extreme values of analytic 
functions 


After working through this section, you should be able to: 


e appreciate how the Open Mapping Theorem leads to the Local 
Maximum Principle 


e understand the Maximum Principle and apply it to find the maximum 
modulus of an analytic function on a compact set, in appropriate cases 


e understand and use the Minimum Principle, the Boundary Uniqueness 
Theorem and Schwarz’s Lemma. 


4.1 The Local Maximum Principle 


In Subsection 3.1 we showed that non-constant analytic functions map 
regions to regions. This property has an application to the extrema (that 
is, the maxima and minima) of the modulus |f| of an analytic function f. 
(The function |f| is the function with the same domain as f and rule 

z |f(z)|.) We begin by defining the notion of a local maximum. 


Definition 
Let f be a function that is defined on a region R. Then the function 


|f| has a local maximum at a point a € R if there is some r > 0 
such that {z:|z—a| <r} CR and 


IFS F(a), for |z -al <r. 


For example, if f(z) = ell? which is not an analytic function, 

then |f| = f has a local maximum at 0, as illustrated by the graph of the 
surface s = eTl?’ in Figure 4.1, in which the s-axis is a vertical axis 
perpendicular to the complex plane. 


s= e7lzl? 


Figure 4.1 Graph of s = ele? = e72- 


However, the graphs of the surfaces s = |f(z)| for f(z) = 2? 
and f(z) =e *, shown in Figure 4.2, suggest that the corresponding 
functions |f| have no local maxima at all in C. 


4 Extreme values of analytic functions 


Figure 4.2 (a) Graph of s = |z?| = z? +y? (b) Graph of s = |e~?| = e7” 


The explanation for this absence of local maxima is as follows. Let f be a 
non-constant analytic function whose domain is a region R, and let a € R. 
Suppose, in order to reach a contradiction, that |f| has a local maximum 
at a. Then there is some r > 0 such that {z : |z — a| < r} CR and 


IFI < IF), for |z =al] <r. (4.1) 


But if D = {z : |z — a| <r}, then f(D) is an open set containing f(a) (by 
the Open Mapping Theorem), so f(D) contains an open disc, D’ say, 
centred at f(a) (see Figure 4.3). 
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Figure 4.3 An open disc D’ centred at f(a) inside f(D) 


We now claim that there is some point w in D’ such that 


w| > |f (a)l. 


If f(a) = 0, then any point w in D’ other than 0 itself satisfies this 
inequality. If f(a) # 0, then such a w can be found by extending the line 
segment from 0 to f(a) slightly (see Figure 4.4). 


Since w € D’, and D’ C f(D), we have w = f(z), for some z € D. Hence 
IF| = lw] > | f(a), 


which contradicts inequality (4.1). Thus we have proved the following 
result. 


Figure 4.4 Point w in D’ 
with |w| > |f(a)| 
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Theorem 4.1 Local Maximum Principle 


Let f be a function that is analytic and non-constant on a region R. 
Then the function |f| has no local maxima on R. 


Remark 


This result shows yet again how different the behaviour of complex 
analytic functions is to that of standard real functions. For example, the 
complex function f(z) = cos z is non-constant and entire, so, by the Local 
Maximum Principle, the function z —> |cos z| has no local maxima on C. 
But the real function x —> |cos z| has infinitely many local maxima, at 

x = nn, for n € Z (see Figure 4.5, which illustrates these facts). 


S 


s= |cosz|, y=0 


Figure 4.5 Surface s = |cos z|, for y > 0, with the curve s = |cos z|, y = 0, 
inscribed on it 


The Local Maximum Principle often simplifies the process of finding the 
maximum modulus of an analytic function on a given set. Suppose, for 
example, that we want to determine 


max{|z? — z—1]:|z| < 1}. 


The function f(z) = 2? — z — 1 is continuous on C, and {z: |z| < 1} isa 
compact set, so this maximum certainly exists by the Extreme Value 
Theorem (Theorem 5.2 of Unit A3). Since f is analytic and non-constant 
on the open disc D = {z : |z| < 1}, we deduce from the Local Maximum 
Principle that |f| has no local maxima on D. Hence the maximum value 
of |f| on {z : |z| < 1} can be attained only on the boundary {z : |z| = 1}, 
that is, 


max{|z? — z — 1| : |z| < 1} = max{|z? — z — 1| : |z| = 1}. 
Thus we have reduced the problem of finding the maximum of |f| on the 


set {z : |z| < 1} to that of finding its maximum on {z : |z| = 1}, a 
considerable simplification (although still not easy!). 


In the next subsection we formulate a general result of this type and then 
return to the problem above (in Example 4.1). 


4 Extreme values of analytic functions 


4.2 The Maximum Principle 


First we recall from Subsection 5.1 of Unit A3 various notions about sets, boundary 
which are illustrated in Figure 4.6. point 
Wea C-A A 
Definitions anazaa N 
Let A be a subset of C, and let a € C. Then i ns A A 
: 7 x : : : / 7 
e qa is an interior point of A if there is an open disc centred at a N Ò pe” a 
5 5 . a 
that lies entirely in A a ud ( ] 
e ais an exterior point of A if there is an open disc centred at a interior 
that lies entirely outside A point exterior 
point 


e ais a boundary point of A if each open disc centred at a 


contains at least one point of A and at least one point of C — A. Figure 4.6 Interior point, 
exterior point and boundary 


point of a set A 
These three types of points form the interior of A, written int A, the 
exterior of A, written ext A, and the boundary of A, written OA. 


It is evident that the sets int A, 0A and ext A are always disjoint and that 
int AUOAUextA=C. 

Thus 
int AU ðA = C — ext A 


is always closed (since ext A is open, by Theorem 5.5 of Unit A3), and it is 
called the closure of A. 


Definition 


The closure A of a set A in C is 


A=int AUOA. 


For our purposes, the notation R, where as usual R is a region, is a handy 
shorthand for the union of R with its boundary OR. For example, 
if R = {z : |z| < 1}, then OR = {z : |z| = 1}, so R = {z : |z| < 1}. 


Theorem 4.2 Maximum Principle 


Let f be a function that is analytic and non-constant on a bounded 
region R, and continuous on R. Then there exists a € OR such that 


oE Oo ER 


with strict inequality for any z € R. 


In some texts this result is called the Maximum Modulus Theorem. 
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First we note that R is closed. Also, R is bounded, so 
RC {z: |z| < M}, 
for some M > 0. Hence 

OR C {z: |z| < M}, 
since all points outside {z : |z| < M} are exterior to R. Hence 
R C{z: |z| < M}. 


Thus R is a compact set. Since f is continuous on R, we see from the 
Extreme Value Theorem that there exists a € R such that 


If(z)| < |f(a)|, frzEeR. (4.2) 


We are given that f is non-constant, so the function |f| has no local 
maxima on R, by the Local Maximum Theorem. It follows that a € OR, 
and that inequality (4.2) is a strict inequality for any z € R. | 


Now we return to the example discussed at the end of Subsection 4.1. 


Example 4.1 
Show that 
max {|z? —z-1|:|z|<1}= V5, 


and determine where this maximum value is attained. 


Solution 


Since f(z) = z2? — z — 1 is analytic and non-constant on the open disc 
D = {z:|z| <1} and continuous on D = {z: |z| < 1}, it follows from 
the Maximum Principle that there exists a point & in 

OD fz: || = 1) such that 


max{|f(z)|:|z| < 1} = Le 
Now, each point of OD can be expressed as e”, for some t € [0, 27), so 
we need to determine 


max{|f(e”)| pO 
Observe that 
ie hae =e a Cen =e m= I), 
using the formula sint = (e** — e~)/(2i). Therefore, since le = 1, 
| f(e*)|? = |2isint — 1|? = 1 + 4sin?t. 
Since sin? t < 1, we see that 
lf(e")| < V1 +4= V5, 


with equality if and only if sin t = +1. That is, equality is attained if 
and only if t = 7/2 or t = 37/2. Therefore the maximum is attained 
at the points +i on OD, and at no other points on OD. 


4 Extreme values of analytic functions 


Thus we have shown that max{|f(e”)| : 0 < t< 2} = V5, and hence 
max{|z*—z—1|:|z|<1}= V5. 


The Maximum Principle tells us that this maximum can be attained 
only on OD, so +i are the only points in D at which the maximum is 
attained. 


Exercise 4.1 
Determine each of the following maxima, and find the points at which they 
are attained. 
(a) max{|z? +1]: |z| <1} 
(b) max{|z? — 2|:|z-1] <1} 
(c) max{|z?-1|:0<Rez<1, 0<Imz<1} 


(Hint: In part (c) you will need to consider the four sides of the square 
separately. ) 


We conclude this section by stating a number of corollaries to the 
Maximum Principle. 


Corollary Minimum Principle 


Let f be a function that is analytic and non-constant on a bounded 
region R, and continuous and non-zero on R. Then there exists 
a € OR such that 


If(z)| 2 1f(a)|, for ze R, 


with strict inequality for any z € R. 


Proof Since f is non-zero on R, the function g = 1/f is analytic on R 
and continuous on R. Also, g is non-constant because f is non-constant. 
Hence, by the Maximum Principle, there is a point a on OR such that 


lg(2)| < |g(@)|, for 2 € R. 
Since |g(z)| = |1/f(z)| = 1/|f(<)|, we deduce that 
\f(z)| > Ifl, for z ER. (4.3) 


Since |f(z)| = |f (a)| if and only if |g(z)| = |g(a@)|, we see from the 
Maximum Principle that inequality (4.3) is a strict inequality for any 
z E€ R, as required. E 
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Remark 


Notice the assumption here that f is non-zero on R. Without this, the 
result would be false. For example, if f(z) = z and R = {z: |z| < 1}, then 
|f(z)| = 1, for z € OR, but 


min{|f(z)| : |z| < 1} = |f(0)| = 0. 
In general, if f(a) = 0 for some a € R, then 


min{|f(2)| : z € R} = |f(a)| =0. 


Exercise 4.2 


Determine 
min{ |exp(2°)| seis Tk 


and find the points at which the minimum is attained. 


The next corollary is related to Cauchy’s Integral Formula (Theorem 2.1 of 
Unit B2), which says that 
1 
ra= S 2a, 


2ri Jp z— a 


where f is a function that is analytic on a simply connected region 
containing the simple-closed contour I’, and a is a point inside Ir. The 
formula tells us that the value of f at each point inside I is determined by 
the values of f on I. This last assertion holds in the following more 
general situation (where, unlike in Cauchy’s Integral Formula, the region 
being considered need not be simply connected). 


Corollary Boundary Uniqueness Theorem 


Let f and g be functions that are analytic on a bounded region R and 
continuous on R. If f = g on OR, then f =g on R. 


Exercise 4.3 


Prove the Boundary Uniqueness Theorem by applying the Maximum 
Principle to the function h = f — g. 


Our final corollary, which is known as Schwarz’s Lemma (where Schwarz is 
pronounced ‘shvarts’) plays an important role in showing that certain 
analytic functions must take a particular form (see, for example, 

Exercise 4.4). 


4 Extreme values of analytic functions 


Corollary Schwarz’s Lemma 
Let f be a function that is analytic on the open disc {z: |z| < R}, 
with f(0) = 0, and suppose that 
EN = VE tor le < R- 
Then 
If(2)| < (M/R)lz|, for |z| < R. 


Remark 


Schwarz’s Lemma has the following simple geometric interpretation: if the 
analytic function f maps the open disc {z : |z| < R} into the open disc 

{z : |z| < M}, with f(0) = 0, then the image of any point z on the circle T 
with equation |z| = r lies inside or on the circle |w| = (M/R)r, as 
illustrated in Figure 4.7. 


Figure 4.7 The image of the circle {z : |z| = r} under f lies inside or on the 
circle {w : |w| = (M/R)r} 


Proof Consider the Taylor series about 0 for f, which takes the form 


f(z) = az +4927 +a322 +--+, for |z| < R, 
since f(0) = 0. Then 
Ui iy cee es , for0<|z|<R. 
z 


Thus the function 
g(z) =a, +a2z +a3z? + (|z| < R) 
provides an analytic extension of z+— f(z)/z to {z : |z| < R}. 


We now apply the Maximum Principle to g on the open disc {z : |z| < r}, 
where 0 < r < R (we cannot take r = R here, since f (and hence g) is not 
known to be continuous on {z : |z| < R}). 
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The Maximum Principle gives a point a with |a| = r such that 


M 
wols o= AE, tor fel <r 


(If g is constant, then the Maximum Principle does not apply. However, 
the inequality is still satisfied, with any choice of a such that |a| = r.) 


This inequality holds for all r such that |z| < r < R. Hence 
M 
g(z)| < T’ for |z| < R. 


It follows that 
f(z) 


zZ 


M 
TF for 0 < |z| < R, 


SO 


OE (Z) E E 


Since this inequality evidently holds for z = 0 as well, the proof of 
Schwarz’s Lemma is complete. E 


We end this section with an exercise that shows the power of Schwarz’s 
Lemma. 


Exercise 4.4 
Suppose that f is a one-to-one analytic function with domain 
D = {z : |z| < 1} such that 
f0)=0 and f(D)=D. 


Deduce that f is of the form f(z) = Az, where |A| = 1; that is, f is a 
rotation. 


(Hint: Apply Schwarz’s Lemma to both f and f~! to show that 
|f(z)| = |z|, for |z| < 1, and then prove that the function g(z) = f(z)/z is 
constant.) 
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4 Extreme values of analytic functions 
Further exercises 


Exercise 4.5 
Determine each of the following maxima, and find the points at which they 
are attained. 
(a) max{|z? +2]: |z| <1} 
(b) max{|z? — 2| : |z— i| < 1} 
(c) max { |e” | :—1 < Rez <1, -1<Imz< 1} 
(d) max{|tan z|: —7r/4 < Rez < T/4, —1 < Imz < 1} 
(Hint: For part (d), use the formulas 


>  |sinz|? sin?z+sinh?y 
|tan z| = 5 =? 
|cos z| cos? x + sinh y 


which follow from the identities 
Isin z|? = sin? z +sinh?y and |cosz|? = cos? x + sinh? y 


derived in Example 4.4 and Exercise 4.7 of Unit A2.) 


Exercise 4.6 


Under the assumptions of Schwarz’s Lemma, show that 
(a) |f (0)| < M/R 
(b) if |f(z0)| = (M/R)|zo], for some |zo| < R, or if | f’(0)| = M/R, then 
f(z) =rz (|z| < R), 
where À is a constant with |A| = M/R. 


History of Schwarz’s Lemma 


Hermann Amandus Schwarz (1843-1921) was a German 
mathematician who made a wide range of advances in complex 
analysis and other branches of mathematics. His name was attached 
to Schwarz’s Lemma by the Greek mathematician Constantin 
Carathéodory (1873-1950), who generalised Schwarz’s original version 
of the lemma to its current form. 


The lemma was extended still further by the Austrian mathematician 
Georg Alexander Pick (1859-1942) to give a theorem now known as 
the Schwarz—Pick Theorem, which is of deep significance in analysis 
and geometry. 


Hermann Amandus Schwarz 
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5 Uniform convergence 


After working through this section, you should be able to: 

e understand the definition of uniform convergence 

e use Weierstrass’ M-test to prove that various series of functions are 
uniformly convergent 

e use Weierstrass’ Theorem to prove that various functions defined by 
series are analytic, and to find their derivatives 


e define the zeta function Ç and understand the role of Weierstrass’ 
Theorem in proving that ¢ is analytic. 


5.1 The zeta function 


Taylor series and Laurent series are useful tools for exploring analytic 
functions. However, a limitation of these series is that they can be used to 
represent analytic functions only on an open disc or an open annulus, and 
for some important analytic functions, such sets are inappropriate. For 
example, the series 


1 1 1 1 
a a ge (5.1) 
n=1 
where 
1 <a —zlogn 
ae e ; 


which was considered in Example 1.5 of Unit B3, is absolutely convergent 
for Rez > 1. Thus the sum function for the series in equation (5.1) can be 
used to define a function with domain the open half-plane {z : Rez > 1}. 
This function is of great importance in number theory, a fact first 
recognised (for real z) by the Swiss mathematician Leonhard Euler, whom 
you met in Book A. For this reason it was studied extensively in the 
nineteenth century by Riemann, who called it the zeta function. 


Definition 
The zeta function is the function 


i i 
stat: (Rez>1). 


1 
Oa es ters oo 


We have already calculated several values of the zeta function using the 
Residue Theorem. For example, 


= 1 T? Zrii nt 
(=) =e and (=) 1 =a 
n=1 n=1 
by Example 4.1 and Exercise 4.1 of Unit C1. The same technique can be 
used to determine ¢(6),¢(8),..., but most values of the function ¢ can be 


found only approximately. 


The definition of the zeta function can be expressed as 
(2) = lim Gn(2) (Rez > 1), 


where (Cn) is the sequence of partial sum functions 


1 1 1 
Gey he a (z€C), (5.2) 
for n = 1,2,.... The graphs of the restrictions of some of these partial sum 


functions to {x € R: x > 1} are shown in Figure 5.1. The graph of the 
‘limit function’ x —> C(x), for x > 1, shows that ¢(x) grows arbitrarily 
large as x approaches 1, which is why we need the restriction Rez > 1 in 
the definition of ¢. 


Each of the functions ¢, is entire, since Çn is a sum of entire functions of 
the form 1/k* = exp(—zlogk), so it seems likely that the zeta function is 
analytic on its domain {z : Rez > 1}. However, the only result that we 
have proved so far about a function defined by a series being analytic is 
the Differentiation Rule for power series (Theorem 2.3 of Unit B3). Since 
the series 1 + 1/27 + 1/37 +--- is not a power series, this theorem cannot 
be applied. In the next subsection we develop a type of convergence that 
will enable us to prove that the zeta function is indeed analytic. 


5.2 Convergence of sequences of functions 


There are various ways in which a sequence of functions (fn) can converge 
to a limit function f; the following one is perhaps the simplest. 


Definition 
A sequence of functions (fn) converges pointwise (to a limit 
function f) on a set E if, for each z € F, 


lim fn(2) = (2). 


For example, the sequence of functions (Cn) defined by equation (5.2) 
converges pointwise to the zeta function Ç on the set E = {z : Rez > 1}. A 
simpler example is the sequence of functions 


ieee". PS Lakes 


Since z” > 0 as n > oo, for |z| < 1 (by Theorem 1.2(b) of Unit A3), we 
deduce that the sequence (fn) converges pointwise to the zero function 
f(z) =0 on the set {z : |z| < 1}. This behaviour is illustrated for real 
values of x in the interval [0,1] in Figure 5.2. Notice that fan(x) — 0 as 
n — oo, for 0 < x < 1, whereas f,(1) > 1 as n > oo. 
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Figure 5.1 Graphs of the 
functions ¢, and ¢ 


0 


Figure 5.2 Graphs of y = 2*, 


for k = 1,2,3 
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Though useful, pointwise convergence is unfortunately not strong enough 
to give the type of convergence theorem that we require. Instead, we 
introduce a type of convergence that guarantees that f,(z) > f(z) as 

n —> œ at a uniform rate as z varies over a set. 


Definitions 


A sequence of functions (fn) converges uniformly (to a limit 
function f) on a set E if, for each £ > 0, there is an integer N such 
that 


\fn(z) — f(z)|<e, foralln > WN and all z € E. 


We also say that (fn) is uniformly convergent on E, with limit 
function f. 


This definition is illustrated in Figure 5.3 for two arbitrary points z1 
and z2 in E and n = N + 1. The sequences 
fnai(21), fn+2(21) and fn4i(22), fN+2l22), 


lie in the discs of radius € with centres f(z1) and f(z2), respectively, and 
converge to those values. 


UŠ 


fn+1(22) 


Figure 5.3 Points zı and 22 in E, and image points f(z1), f(z2), frai(21) 
and fy+ı(22) 


Remarks 


1. To appreciate how the definition of uniform convergence differs from 
that of pointwise convergence, it helps to recast the definition of 
pointwise convergence in the following equivalent form: 


for each ¢ > 0, there is an integer N such that 
lfn(z) — f(z)|<e, foraln >N. 
The choice of N here depends on £ and on z, whereas in the definition 


of uniform convergence the choice of N depends only on g; that is, the 
same N works for all z € E, hence the uniformity of the convergence. 


2. It is clear that if (fn) converges uniformly on E, then it converges 
uniformly on any subset of E. Also, if (fn) converges uniformly to f 
on E, then (fn) converges pointwise to f on E. 


Example 5.1 


Prove that the sequence f,(z) = z”, n = 1,2,..., is uniformly 
s 


convergent on E = {z : |z| < 4}. 
Solution 


We know that if (fn) converges uniformly to a limit function, then it 
also converges pointwise to the same limit function. With this fact in 
mind, we begin by showing that (fn) converges pointwise to some 
function f, and then we use this function f to prove that (fn) 
converges uniformly to f. 
For each z € E, we have |z| < $, so 

fn(z) = 2” > 0 as n > œ. 
Hence (fn) converges pointwise to the function f(z) = 0 on E. 


Next, 
o = ro = e a a tor — 1 am eill 2 E 2. 


Therefore to prove uniform convergence we need only show that for 
each e > 0 there is an integer N such that 


G <e, or olo > N 


Since (0°) is a basic null sequence, this is clearly possible. 


Hence (fn) converges uniformly to the function f(z) = 0 on E. 


The solution to Example 5.1 illustrates one way to prove that a sequence 
of functions is uniformly convergent, which we summarise in the following 
strategy. 


To prove that a sequence of functions (fn) is uniformly convergent on 
a set E, proceed as follows. 


1. Determine the limit function f by evaluating 
f(z) = im jal io 2 E B: 
noo 
2. Find a null sequence (an) of positive terms such that 


PAD AA S a o = e and all2 E a 


Using this strategy we can show, as in the solution to Example 5.1, that the 
sequence of functions f,(z) = 2”, n = 1,2,..., converges uniformly to the 
function f(z) = 0 on any closed disc of the form E = {z : |z| < r}, where 
0<rx< 1. In this case the null sequence in step 2 of the strategy is (r”). 
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Notice, however, that this sequence of functions does not converge 
uniformly to its limit function f(z) =0 on the set E = {z: |z| < 1}. 
Roughly speaking, this is because z” — 0 as n — co more and more slowly 
as z approaches the boundary of {z : |z| < 1} (see Figure 5.2). More 
precisely, if € = J say, then there is no positive integer N such that 


lfn(z) — f(2)| =|2|" <5, foral n >N and all z € E, 


because each complex number z € E that satisfies |z| > (4) ” is such that 


1 
ja" > 3. 


Exercise 5.1 


Prove that the sequence 


1 
falz) = a 


is uniformly convergent on E = {z : |z| <r}, whereO<r< 1. 


=1,2,..., 


To fulfil our objective of proving that the zeta function is analytic, we now 
adapt the concepts of pointwise and uniform convergence to series of 
functions. The various conventions associated with series of complex 
numbers are readily adapted to series of complex functions. For instance, if 
necessary, such a series can start with a value of n other than 1. 


The next definition extends the concept of the sum function of a power 
series on a set given in Subsection 2.1 of Unit B3. 


Definitions 


If (n) is a sequence of functions, then the series of functions 


dion = G1 t+ do+-- 


i=l. 
converges pointwise on a set F if the sequence of partial sum 
functions (fn), where 


Fn(z) = G1(z) + 2(z) +--+ + bnlz), n=1,2,..., 
converges pointwise on E. 


The series of functions converges uniformly on a set FE, or is 
uniformly convergent on E, if the sequence of partial sum 
functions converges uniformly on E. 


The limit function f of the sequence (fn) is called the sum function 


co 
of Me gon on E, written 


m= 


fle) =o brl) CEE). 
m=i 


For example, if 
nN =a. B=1,1, i 


then the partial sum functions of 


D ón 
n=0 


are 
fa(2) = bo(z) + (2) ae bn(z) 
= 1 gene 
— „n+l 
AE ail for z £1. 
LZ 
Hence the sum function of X bn on {z:|z| < 1} is 
n=0 
fe) = Jim fhe) = (<1) 
z)= lim fl) = 7 (le . 


In view of Example 5.1 and the discussion following it, we might expect 
the convergence of this series to be uniform on each set {2 : |z| < r}, where 
0<r< 1. Rather than prove this directly, we can use the following test for 
uniform convergence of series, which is widely applicable. It is named after 
the German mathematician Karl Weierstrass, whom you met in Unit B4. 


Theorem 5.1 Weierstrass’ M-test 


Let (n) be a sequence of functions defined on a set F, and suppose 
that there is a sequence of positive numbers (Mp) such that 


L a a M or w= l2 al all 2 E I 


[0.6] 
2 D Mhn is convergent. 


m= 
co 
Then the series Ds gn is uniformly convergent on E. 
a 


We will refer to this result as the M-test, since we introduce a different 
result called Weierstrass’ Theorem in the next subsection. 


When applying the M-test, make sure that the sequence (Mn) that you 


choose satisfies both assumptions 1 and 2. You may need to refer to results 


OO 
from Section 1 of Unit B3 to prove that ip Mn converges. 


n=1 
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oO 


Proof First note that, by assumptions 1 and 2, DS |n(z)| is convergent 
n=1 

for each z € E, by the Comparison Test (Theorem 1.6 of Unit B3). Hence 

0O 

a ¢n(z) is convergent for each z € E, by the Absolute Convergence Test 

n=1 


(Theorem 1.7 of Unit B3), so the sum function 


Fe) =o le) 
n=] 
exists for each z € E. As usual, we denote the partial sum functions by 
falz) = 1 (2) + balz) + + Gn(z), n=1,2,.... 
Then 
f(z) — fal) = (Q1 (2) + blz) +--+) — (910) +922) +: + bnlz)) 
= gn+1(Z) F Pn+2(2) Fenn 
It follows that, for z € E, 
lf (2) — fr(2)| = lón (2) + n+2(2) +-->] 


XO l2) 


k=n+1 


< So lale) 


k=n+1 


< 3 Mz, (5.3) 


k=n+1 


where we have applied the Triangle Inequality for series (Theorem 1.8 of 
Unit B3) to obtain the second-to-last line. By assumption 2, 


[0,6] [0.6] n 
XO Me= >> Mr- Ma 0 as n> o. 
k=1 k=1 


k=n+1 
oo 


Therefore the uniform convergence of De on follows from inequality (5.3) 


n=) 
and the strategy for proving uniform convergence. | 


Example 5.2 


Prove that the series 
0O 
D 
m=O) 


is uniformly convergent on E = {z : |z| <r}, where 0< r <1. 


Solution 


Here 

Gly se Ono ee 
and 

Wall =l <7", tor2 ee. 


Hence assumption 1 of the M-test holds with Mn = r”, for 
m= OM eer Since 


co oO 1 
Ss ť D o orQ<r < il, 
w= T= 


oO 


assumption 2 of the M-test also holds, so `> z” is uniformly 


convergent on F. n0 


OO 
Example 5.2 shows that the power series 5 z” is uniformly convergent on 


n=0 
each closed disc lying inside its disc of convergence. In fact, this result 
holds for an arbitrary power series, as we now ask you to verify (for 
simplicity the power series is about a = 0). 


Exercise 5.2 


OO 


Let > Anz" be a power series with disc of convergence {z : |z| < R}, 


n=0 
where R > 0. Show that the power series is uniformly convergent on each 
closed disc {z : |z| < r}, where 0< r < R. 


(Hint: Use the fact that the power series converges absolutely at each 
point in its disc of convergence, by Theorem 2.1 of Unit B3.) 


The next example shows that the series for the zeta function is uniformly 
convergent on each closed half-plane lying in {z : Rez > 1}. We will use 
this result in the next subsection when we prove that the zeta function is 
analytic on {z : Rez > 1}. 


Example 5.3 
S l 
Prove that the series > — is uniformly convergent on the set 
n 
wal 


E={z:Rez>1+e}, wheree>0, 
which is illustrated in Figure 5.4. 
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Figure 5.4 The set 
E={z:Rez>1+e} 
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Solution 
Here 
1 —zlogn 
nl) => € 5 3 n = 1,2, , 
n 
and 


1 1 
<< 


aie aie for z € E. 


ldn(z)| = e~ (Rez) logn = 


Hence assumption 1 of the M-test holds with Mp = 1/n'**, for 
i = I, yec OMGE 


co oo 1 
D= oe 
m= = 


is convergent for € > 0 (by Theorem 1.3 of Unit B3), assumption 2 of 


(0.0) 
il 
the M-test also holds, so > — is uniformly convergent on F. 
n 


m= 


Exercise 5.3 


Prove that the series 
ee 
n2 

n=1 


is uniformly convergent on E = {z: |z| < 1}. 


The 
We now give a powerful result about uniformly convergent sequences of 
analytic functions. This result will enable us to prove that the zeta 


function is analytic and will also enable us to introduce another method 
for representing analytic functions, which will be discussed in Section 6. 


Let (fn) be a sequence of functions, each of which is analytic on a 
region R, and suppose that (fn) converges uniformly to a function f 
on each closed disc in R. Then 

(a) fis analytic on R 


(b) the sequence (f/) converges uniformly to f’ on each closed disc 
in R. 


1. The hypothesis that (fn) converges uniformly on ‘each closed disc in R’ 
may seem strange. However, in practice it often happens that (fn) 
converges uniformly to f on each closed disc in R, and yet (fn) does not 
converge uniformly to f on the whole of R (see Example 5.4, below). 
When applying the theorem, make sure you really do check uniform 
convergence on every closed disc in R, not just on a selection of them. 


2. Notice that if (f/) converges uniformly to f’ on each closed disc in R, 
then (f/,) converges pointwise to f’ on the whole of R. 


3. Having applied Weierstrass’ Theorem to a suitable sequence (fn), we 
can then apply it to the sequence (f!) and hence deduce that (f) 
converges uniformly to f” on each closed disc in R, and so on. 


The proof of this result uses many earlier results and techniques, such as 
contour integration, Cauchy’s Theorem, Morera’s Theorem, Cauchy’s First 
Derivative Formula, and the ubiquitous Estimation Theorem. Before giving 
the proof, we use Theorem 5.2 to prove that the zeta function is analytic. 


Example 5.4 


Prove that the zeta function Ç is analytic on {z : Rez > 1}, and 
obtain a formula for ¢'(z). 


Solution 


In Example 5.3 we saw that the series 

< 1 

de) = = 

i=l 
is uniformly convergent on any closed half-plane {z : Rez > 1 +e}, for 
€ > 0. Since any closed disc in {z : Rez > 1} is contained in some 
such closed half-plane, we see that the series is uniformly convergent 
on each closed disc in {z : Rez > 1}. 


Next, the partial sum functions 
il 1 
Cn(z) T een: e eres a 
n 


for n = 1,2,..., are each analytic on C, so it follows from Weierstrass’ 
Theorem that ¢ is analytic on {z : Rez > 1}. 


To obtain a formula for ¢’ we note from Remark 2 above that ¢/ 
converges pointwise to ¢’ on {z : Rez > 1}. Now, 


Gle) =0— (log Dje Oe = (log me °8" 

log 2 l 
=-( g t n), 
De nz 
sO 
Z log n 
Oe for R i 
G (z) z n 5 or ez> 
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Remarks 


1. As indicated by this example, when Weierstrass’ Theorem is used to 
prove that a function f defined by a series is analytic, the derivative f’ 
can be obtained by term-by-term differentiation of the series. 


2. In Subsection 6.2 you will see that the zeta function can be analytically 
continued to the region C — {1}, and that it has a simple pole at the 
point 1. 


Exercise 5.4 


Obtain a formula for ¢"(z). 


Proof of Weierstrass’ Theorem We will prove Weierstrass’ Theorem 
under the stronger assumption that the sequence (fn) converges uniformly 
to f on the whole of R. The (more general) version stated in Theorem 5.2 
can then be deduced by applying this special case to open discs whose 
closures lie in R. 


The proof is in four steps. 


1. To prove that f is continuous at each point a E€ R, we need to show 
that for each e > 0 there is a ô > 0 such that if z € R, then 


|Iz—al <8 = |f(z)— fla)| < e. 


Let us suppose, then, that € > 0. By the uniform convergence of (fn) 
to f, we can choose N such that 


lfn(z) — f(z)| < te, for all n > N andal zER. 
In particular, 
lfn(a) — f(a@)| < $e, forall n >N. 


Now we choose some fixed n > N. Then, since the function fn is 
continuous at aœ, we can choose ô > 0 such that if z € R, then 


lz-—al <5 = |fal(z)— fala)| < 4e. 
It follows by the Triangle Inequality that, for z E€ R and |z — a| < ô, 
IF) = Fa) = E) = fal2)) + (nle) = fino) + (nla) -= Fa) 
< | F(z) = fr(2)| + | fn (2) = fala) + Ifnla) — F(@)| 
< le + het he =e, 
as required. Hence f is continuous at a. 


2. Next we show that if I is a contour in R, then 


lim inl?) a= | f dz. (5.4) 


N—- Co 


5 Uniform convergence 


(Note that the integral on the right is defined, by step 1.) By the 
uniform convergence of (fn) to f, for each £ > 0, there is an integer N 
such that 


lfn(z) f(| <e, foralln > N andall zER. 
Let L be the length of T. If n > N, then 


[[ tnterae— f toa = [E-a Sai 


by the Estimation Theorem. Since this holds for any ¢ > 0, 
equation (5.4) follows. 


. Now we show that f is analytic on each open disc D in R and hence 
throughout R. Let I be any rectangular contour in D. Then, by step 2 
and Cauchy’s Theorem, 


f f(z)dz = lim | fn(z)dz =0, 
Ë n-o r 


since each of the functions fn is analytic on D. Hence, by Morera’s 
Theorem (Theorem 5.4 of Unit B2), f itself is analytic on D, as 


required. 
- ™ 
. Finally, we show that (f/) converges uniformly to f’ on each closed disc vo R N 
in R. Let E = {z : |z — a| < r} be a closed disc in R, and choose p > r á N 
such that the circle C with centre a and radius p and its inside lie in R £ T ™ 
(see Figure 5.5). I C ıl 
Then, for z € E, we can use Cauchy’s First Derivative Formula | d 
(Theorem 3.1 of Unit B2) to write \ y 
\ p” 
W 7 
ro-ro = 55 | BOE aw — 
— z) — 


Figure 5.5 Disc E inside the 


(where C = {w : |w — a| = p}). Now, (fn) converges uniformly to f 
circle C in R 


on R, and hence also on C. Thus, given £ > 0, we can choose an 
integer N such that 


|fn(w) — f(w)| <£, forall n >N andallweC. 
Also, for w € C and z € E, 
lw- 2| = |(w—a) + (a—2)| > |w—a|—|z—a| > p-r, 


by the backwards form of the Triangle Inequality. Hence, by the 
Estimation Theorem, 


fin(w 
E- z mh ae 
mi — z) 
= —, x Imp = Ke, 
< 37 * = =P 
for all n > N, where K = p/(p — r)?. Since this holds for any e > 0, we 
see that (f/) converges uniformly to f’ on E. a 
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Further exercises 


Exercise 5.5 


Prove that the sequence of functions 


z2 


falz) =z+>—, n=1,2,..., 
n 


is uniformly convergent on each closed disc of the form {z : |z| < r}, 
where r > 0. 


Exercise 5.0 


Prove that the series 
pea 
nm 
= l+z 


is uniformly convergent on each closed disc of the form E = {z: |z| < r}, 
where 0 < r < 1. Deduce that the sum function f is analytic on 
{z:|z| < 1}, and write down a formula for f’. 


6 Special functions 


After working through this section, you should be able to: 

e define the gamma function as an improper integral 

e use properties of the gamma function, such as its functional equation 
e understand how the gamma function can be analytically continued 

e appreciate the Prime Number Theorem and the Riemann Hypothesis. 


In Unit A2 we introduced some of the ‘elementary’ functions of complex 
analysis, namely polynomial functions, rational functions, the exponential 
function, trigonometric functions and hyperbolic functions, and some of 
their inverse functions. However, there are many other functions that have 
been given names in mathematics and physics because of their importance. 
Such functions are loosely termed special functions, and they are often 
denoted by Greek letters. 


We met one example of a special function in the previous section, the zeta 
function, and in this section we will meet another, the gamma function. 
We will also discuss important applications of these two complex functions 
to number theory. 


6.1 The gamma function 


In the eighteenth century, mathematicians investigated the problem of 
whether there is a differentiable real function f with the property that 
f(n) =1x2x---xn=nl, for each positive integer n. The question was 
answered in the positive by Euler in 1729. The function he discovered, now 
known as the gamma function, proved to be a complex differentiable 
function. The definition that we give is equivalent to (although slightly 
different from) one of Euler’s original definitions. 


Definition 


The gamma function is 


BE) =| Crt so di (Ree =a). 
0 


We will see shortly that the gamma function satisfies T(n) = (n — 1)!, for 
each positive integer n, so the function f(z) = zT (z) satisfies f(n) = nl. 
The equation P(n) = (n — 1)! is illustrated in the graph of y = T(x) for real 
values x (between 1 and 4) shown in Figure 6.1. 

For each value of z with Rez > 1, the image T(z) is defined as an improper 


integral. It can be shown that this improper integral exists. Furthermore, 
the next theorem says that I is analytic on its domain {z : Rez > 1}. 
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Figure 6.1 Graph of y = T(x) 
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Theorem 6.1 


The gamma function is an analytic function and 


oO 
Tle) = e ‘logtdt (Rez i) 
0 


Observe that e~'t?~! = ete(@-Y ost. Hence 


d 
ame tl) =e tel- lost logt = et?! logt. 
z 


Thus we see that I’(z) is obtained from T(z) simply by differentiating the 
integrand e~'t?—! of T(z) with respect to z. 


This sort of trick (differentiating ‘under the integral sign’) is a valid 
mathematical procedure under suitable conditions, and it is possible to 
verify those conditions, and prove the theorem, using the techniques that 
you have learned so far. However, the details of this verification are 
lengthy, so we choose to omit the proof of the theorem, and instead move 
on to look at other properties of the gamma function. 


One of the most important properties is encapsulated in the following 
theorem. 


Theorem 6.2 
P21) = Ae tor Rez > 


The equation I'(z + 1) = 2T (z) is referred to as the functional equation 
for the gamma function. 


Proof The integral for T(z) is ‘improper at oo’, and it is also ‘improper 
at 0’, because the integrand e~'t?~! is not in general defined at t = 0 
(unless z — 1 is a positive integer, or the reciprocal of a positive integer). 
The integral can be evaluated by taking two limits as follows: 


OO r 
I ett?! dt = lim lim | e~t! dt, 
0 


roo e>0 7 


where the limit lim is taken through positive values of e. 
E> 


Let Rez > 1. For € > 0 and r > 0, we can integrate by parts (using the 
fact that the derivative of t* with respect to t is zt*~') to give 


r r 
f et dt = -e*t ]] +2 f e*t! dt 


€ E 
Tr 
= —e "r +e fe” + z | er at (6.1) 
E 
Let us prove that 


efe >0ase>0 and e™r” —> 0 asr —> oœ. 


We write z= x + iy, with x > 1. For the first limit, we have, for € > 0, 
le “e*| = efe” —> 1 x 0 = 0 as £ 0. 


For the second limit, choose a fixed integer m greater than x, and observe 
that, for r > 0, 


2 m+ 
Paltri ere ey 
2! (m+1)! 
Then, for r > 0, 
aoe a E ey 
e — r™+l/(m+1)! r 


Since (m + 1)!/r > 0 as r > œ, it follows that e~"r* > 0 as r > oo. 


Taking the limit as € > 0 and r > œ in equation (6.1), we obtain 


0O OO 
f et? dt = ef er dt, 
0 0 


that is, T(z +1) = 2T (z), for Rez > 1, as required. a 


Corollary 
Mo el o — ie Daa 


Proof For r > 0, we have that 
p Te 
f e'tdt = [-e*t] + f e'dt=—re"+(1-—e") 31 
0 0 
as r — oo. It follows that [(2) = 1 = 1!. If n > 1, then, by applying 
Theorem 6.2 repeatedly, we see that 
Iin+1) =nI(n) 
= n(n — 1) (n —- 1) 


= n(n —1)---21(2) = n!, 


as required. El 


Exercise 6.1 


Prove the following formulas for the gamma function. 


oO 
(a) T(z) = në f et?! dt, forn = 1,2,... and Rez > 1 
0 


1 1 z—1 
(b) T(z) = f (tos 7) dt, for Rez>1 
0 


(Hint: For part (b), use the substitution t = — log u.) 


The formula in Exercise 6.1(b) gives the form in which the gamma 
function was first introduced by Euler. 
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Figure 6.2 ‘The set 
C — {0, —1, —2,...} 
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Theorem 6.3 


The gamma function has an analytic continuation T 

to C — {0, —1, —2,...} with simple poles at 0, —1, —2,... such that 

(=) 
kl? 


The functional equation for the gamma function holds 
on C — {0, —1, —2,...}. 


Res(T, —k) = fonk — ON 2 E 


We use the same letter [ and the same name ‘gamma function’ for the 
analytic continuation of the gamma function. 


Proof The key to obtaining the desired analytic continuation lies in 
rewriting the functional equation for the gamma function in the form 
r(z+1) 

r2) = —, 


z 


for Rez > 1. (6.2) 


If we now define the function To by 


Oe r(z +1) 
z 

then To is analytic on {z : Rez > 0} and agrees with I on {z : Rez > 1}, 

by equation (6.2). Thus To is an analytic continuation of I to 

{z : Rez > 0}, which we promptly rename I in accordance with the 

remark above. The process is now repeated, defining the function I; by 
r(z+1) T(z+2) 


Pi(2) = z m z(z +1) 


so [4 is analytic on {z : Rez > —1, z # 0} and agrees with F on 

{z : Rez > 0}. Since ['(1) = ['(2)/1 = 1 # 0, we deduce that Ty has a 
simple pole at 0. Renaming T; as I and continuing the process indefinitely, 
we find that T can be analytically continued to C — {0, —1, —2,...} in such 
a way that the functional equation holds on this set (see Figure 6.2). 


To find the residue of I at —k, for k = 0,1,2,..., we note that 


(Rez > 0), 


(Rez > —1, z #0), 


ms = Th+k+1) 
7 Zz © z(z+1) Oo ak(z +-1)--- (2 +)’ 
for z # 0,—1,—2,.... Then, for k = 0,1,2,..., since T is continuous at 1, 
we see that 
: . Tr(z+k+1) 
l OEC = lim = 
ha an m 


Pd) 
CHCR+1) Cl) 
eM 
k!’ 
so T has a simple pole at —k with Res(T, —k) = (—1)*/k!, by Theorem 1.2 
of Unit C1. | 


The graph of the real function x +— T(x) (x € R) is shown in Figure 6.3. 
The graph shows clearly that [ has singularities at 0, —1,—2, —3,.... 


Figure 6.3 Graph of y = (xz) 


Figure 6.4 is a graph of the surface s = |['(z)|. The poles of I are seen as 
‘spikes’ arranged in a line along the negative real axis. 


S 


Figure 6.4 Graph of s = |[(z)| 


Let us now discuss some methods for calculating values of the gamma 
function. To facilitate this discussion we first evaluate the following 
well-known integral. There are many ways of evaluating this integral, 
including some cunning applications of contour integrals and the Residue 
Theorem. However, we sketch a neater and more memorable proof that 
uses the theory of double integrals. Do not be concerned if you are 
unfamiliar with this theory and cannot follow aspects of the proof — it will 
not be assessed. 
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Theorem 6.4 
i e” dr = Vn. 


Proof Observe that 
oo 3 2 oo P oo 5 
(J e” do) = a e” do) (/ eY iy) 
=e oo 
f. D e2 et dr dy 
s T e749") dg dy. 
—o0 J —00 


Now we make the substitution x = rcos@ and y = rsin@ (and replace 
as dy by r 2 dr) to switch from Cartesian to polar coordinates. Since 
£? +y? =r?, we obtain 


20 
[f. ewan fe er dO dr 


I 


We can use Theorem 6.4, and the functional equation for I’, to evaluate T 
at 1/2. 


Theorem 6.5 


Proof By definition, 
CO 
T(3) = | ae dt. 
0 
On substituting t = 2?, dt = 2x dz, we obtain 


we 2 a 2 
(3) = e” xa~x rdr -f 2re ® x rdr. 
0 0 


We now integrate by parts using the fact that the derivative of —e-™ with 
: 2 : 
respect to x is 2xe~” , to give 


T(3) = lim [ze] +f e? dz. 
0 Jo 


TCO 


The limit on the left is 0, and the integral on the right is half the integral 
of Theorem 6.4 (because «+> e~®” is an even function). Hence 


rG) =i da= n, 


2J 2 


Therefore, by the functional equation for the gamma function, 
T(3 
ra) = W = va, 


as required | 
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As you have seen, in calculating T(4) we also calculated (3). Try 
evaluating the following further values of [ by using Theorem 6.2. 


Exercise 6.2 


Evaluate 


To finish this subsection we briefly discuss some of the many attractive 
mathematical properties enjoyed by the gamma function. This material 
will not be assessed. 


There is an alternative way to define the gamma function, as an infinite 
product, as follows: 


nin 


li IN 
nate 2(2 + 1)---(z +n) 


T(2)= , for z € C -— {0,—1,—2,...}. (6.3) 
This formula has the advantage over the integral definition that it is valid 
for all complex numbers z, apart from the poles of I’, and it can be used to 
calculate approximate values of T. 


For large positive values x, there is another useful formula for the gamma 
function, which can be used to calculate approximate values of I’. It says 
that 


ner EEN 


You can see from this formula that T(x) grows extremely quickly as x 

increases through positive values. 

If x is equal to a positive integer n, then I(x) = (n — 1)!, so, for large n, 
n\n 

n! = nI(n) = 2mn (=) ; 

e 


This approximation to n! is known as Stirling’s Formula, named after 
the Scottish mathematician James Stirling (1692-1770). 


Finally, we give just one of the many elegant identities satisfied by the 
gamma function: 


r(z)r(1 — z) = a , forzeC-Z. 


sin TZ 


This identity is useful for calculating values of I. For example, set z = J 
to see that 


GP =T=r, so r(})= v7, 


as we know already from Theorem 6.5. 


Origin of the gamma function 


As we have seen, the problem of extending the factorial function of 
the positive integers to a well-behaved function of the real numbers 
was first solved by Euler. His work was developed by Gauss, who 
defined a complex function II that coincides with the factorial 
function on the positive integers. In a letter to the German 
mathematician Friedrich Wilhelm Bessel (1784-1846), Gauss wrote: 


But if one doesn’t want ... countless fallacies and paradoxes and 
contradictions to be exposed, 1-2-3---z must not be used as 
the definition of II(z), since such a definition has a precise 
meaning only when z is an integer; rather, one must start with a 
definition of greater generality, applicable even to imaginary 
values of z, of which that one occurs as a special case. I have 
chosen the following 

(2st 


= eee o 
(2) (z+ 1)(z+2)(z+3)---(¢+k) 
when k becomes infinite. 
(Remmert, 1998, p. 34) 


Gauss’s formula is of a similar form to equation (6.3). With his 
notation, however, we have the convenient formula II(n) = n!. But the 
French mathematician Adrien-Marie Legendre (1752-1833) introduced 
the now-standard notation I’, which satisfies T(z + 1) = H(z) (and 
hence T(n) = (n — 1)!). 


6.2 The Riemann Hypothesis 


This subsection is intended for reading only (it will not be assessed). 


As long ago as 1740, Euler was aware of the connection between the zeta 
function 


¢(z) = ee ee eee (Rez > 1) 


(which Euler considered for real values of z only) and the sequence of 
prime numbers: 


2,3,5,7,11,13,17,19,.... 


To see this connection, notice that 


SO 
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Similarly, 


oe ee See E 
2 ge Jo) SO Be tp TIm ge 
and continuing indefinitely we obtain 


(1-2) 0-3) 0-8) or 


which gives, 


ee) = ((: E =) (1 E =) (1 7 =) DE nese. Wi 


That is, ¢(z) is equal to the reciprocal of the infinite product of all factors 
of the form (1 — 1/p*), in which p is a prime number. 


Riemann saw that formula (6.4) could be used to bring techniques and 
results from complex analysis to bear on a long-standing problem 
concerning the distribution of prime numbers. At the end of the eighteenth 
century, both Gauss and Legendre had observed, by calculation, that the 
sequence of prime numbers thins out in a way that, although locally 
erratic, can be described rather precisely in the long term. Their 
observation concerns the counting function 


m(x) = the number of primes less than zx, 


where x > 0. Some values of m(x) are recorded below, along with the 
corresponding values of z/log x (given to the nearest integer) for 
comparison. 


x 10 10? 103 10° 10° 10"? 


n(x) 4 25 168 78498 50847534 37607912018 
xz/logx | 4 22 145 72382 48254942 36191206825 


It appears from the table that 
n(x) ~ z/log z. 
Indeed, close inspection of tables like this led to the conjecture that 


T(z) 


200 x/log x 


a result that is now called the Prime Number Theorem. 


Some progress towards the Prime Number Theorem had been made by 
Riemann’s time, but it was still far from being proved. In a remarkable 
paper ‘On the number of primes less than a given magnitude’ in 1859, 
Riemann showed that a proof of the Prime Number Theorem could be 
given if certain properties of the zeta function could be established. These 
properties have to do with the locations of the zeros of the function ¢. 
Now, equation (6.4) shows that the zeta function has no zeros for Rez > 1, 
but Riemann found an analytic continuation of Ç to the whole of C — {1}, 
and it was the zeros of this analytic continuation that concerned him. 


To analytically continue ¢ to C — {1}, we define the function 


œ 7 _4)\n+1 
n= (Rez > 0), 
n=1 


which can be shown to be analytic on {z : Rez > 0}. For Rez > 1, 
2 i Ss (-1)"1 


¢(z) = n(z) = ~ nz = = nz 
| 
= 2 
2 (27)? 
2 > 1 1l-z 
zz = n ¢(z) 
That is, 
¢(2) = 


Using this equation, we can analytically continue ¢ to Rez > 0, witha 
simple pole at 1 (because 1 — 2'~* = 0 when z = 1). 


Next, Riemann established the functional equation for the zeta 
function 

Glz) = Zr! sin(xz/2)T(1— z)¢(1—z), for0< Rez <1. 
We can use this equation to define ¢(z) for Rez < 1, because Rez < 1 if 
and only if Re(1 — z) > 0, so each of the terms on the right-hand side is 
analytic for Rez < 1 (apart from a single, simple pole of ¢(1 — z) at z = 0, 
which ‘cancels’ with a simple zero of sin(7z/2)). We thereby obtain an 
analytic continuation of ¢ to C — {1}. The resulting function ¢ has simple 
zeros at the negative even integers —2,—4, —6,..., corresponding to zeros 
of sin(wz/2), which are called the trivial zeros of the zeta function 
(because we know all about them). Any other zeros of ¢ must lie in 
{z:0< Rez < 1}, the so-called critical strip (see Figure 6.5). 


$ + 14.13% 
critical line 


critical strip 


simple pole 


NIR 


a 


trivial zeros 


+ — 14.13% 


Figure 6.5 Zeros of the zeta function on and outside the critical strip 
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Riemann showed that the Prime Number Theorem could be proved if there 
are not too many zeros of ¢ near the edges of the critical strip, and he 
made the startling conjecture in 1859 that in fact all the zeros of Ç in the 


critical strip lie on the critical line fz : Rez = 5}. Figure 6.5 shows the 
14 
9 
are closest to the real axis. This conjecture is now known as the Riemann 
Hypothesis, and it is still unresolved at the time of writing, despite the 


efforts of some of the best mathematicians since Riemann’s day. 


two zeros 5 + 14.13% on the critical line (correct to two decimal places) that 


The Riemann Hypothesis is considered by some to be the most important 
unresolved problem in mathematics. It is one of the seven Millennium 
Prize Problems that were stated in the year 2000 by the Clay Mathematics 
Institute, a foundation for promoting mathematics. Each of the seven 
problems comes with an award of one million US dollars for anyone who 
finds a solution. 


No one is sure on what evidence Riemann made his conjecture, but 
extensive numerical investigations have detected more than a billion zeros 
of ¢ in the critical strip, all lying on fz : Rez = 5}. The first few of these, 
and the simple pole at z = 1, are visible in the plot of the surface 

s = |C(z)| in Figure 6.6. 


simple pole at z = 1 


£_44.13i 5 +14.13% 
Figure 6.6 Graph of s = |¢(z)| 


The English mathematician G.H. Hardy (1877-1947) proved in 1914 that 
infinitely many zeros of ¢ lie on the critical line, but this does not prevent 
some others lying off it. Better still, it was later shown that, in a certain 
sense, at least two-fifths of the zeros in the critical strip lie on the critical 
line. 


The Prime Number Theorem itself was proved independently in 1896 by 
the French mathematician Jacques Hadamard (1865-1963) and the Belgian 
mathematician Charles Jean de la Vallée Poussin (1866-1962), using the 
complex analytic approach suggested by Riemann, but without needing the 
full strength of the Riemann Hypothesis. Since then several other proofs 
have been found, including one that does not require complex analysis, but 


the simplest so far was given in 1980 by the American mathematician 
Donald Newman (1930-2007). This proof again used the zeta function, but 
needed only the elementary fact that Ç is zero-free on {z : Rez > 1}. 


In spite of this, interest in the Riemann Hypothesis remains strong, partly 
because many results in number theory have been proved on the 
assumption that the Riemann Hypothesis is true. Proving such results 
may seem pointless if we do not know whether the Riemann Hypothesis is 
true, but there is an ulterior motive: should any of these results lead to a 
contradiction, then the Riemann Hypothesis would have to be false! 


Further exercises 


Exercise 6.3 


The formula 
g?/2 
OTe, oT ee 
gives the n-dimensional volume of the ball B of radius r in R”, given by 
B = { (z1, £2,..., 2n) ER” : 23? +02 +---+ 02 <r}. 


Verify the following equations. 
(a) V =2r (b) Vo = qrr? (c) V3 = frr’ (d) Va = gn?rt 


Exercise 6.4 


A remarkable identity, due to Euler, is 


; T(aj0 
f t11 — tf! dt = ae for Rea > 0 and Ref > 0. 
Verify that the identity holds for a= 8 = - (by using the substitution 
t = sin? @ in the integral on the left). 


(The function 
Tr(a) (8) 
Tr(a + B) 


is called the beta function. It plays an important role in the subject of 
analytic number theory.) 


B(a, 8) = 
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Solution to Exercise 1.1 
(a) Once: 2 x (+1) +1 x (-1)=1 
(b) Zero times 


Solution to Exercise 1.2 
(a) Since |y(t)| = t, for t € [1,3], we have 


t l 
aw, =e forte (1,3); 


RO] 


Thus one choice of continuous argument function is 
Ot)=rt (te [1,3)). 


(b) Each point 1 + it, where t € [0,1], lies in the 
upper-right quadrant (or on the positive real line, 
when t = 0). Therefore 


t 
Arg(1 + it) = tan“! 7. tan E 


This is a continuous function of t, so we see that 
one choice of continuous argument function for I is 


O(t) =tan™tt (te (0,1). 

(c) Consider the continuous function 
O(t) =—4t (te [0,27]). 

Since y(t) = e, for t € [0,27], we see that 8 is a 


continuous argument function for I. 


Solution to Exercise 1.3 


(a) Wnd(P, 0) = 5-(6(8) — 6(1)) 


182 


(b) Wna(r, 0) = =-(0(1) — (0)) 


= —(tan7!1—tan7!0) = = 
z (tan an 0) 


li 
T 
9 > 
0 1 
1 
(c) Wnd(T’, 0) = 5 (827) — 8(0)) 
1 
aq 4 x 2r — 0) = —4 
A 
t = 0, 0/2, n, 3/2, 2T 
1 
T 


(The circle is traversed four times clockwise.) 


Solution to Exercise 1.4 


Let one continuous argument function for I be 
0: t — 0(t) a, b]). 


Then 


(te 


0: t 0(t) (te l[a,c]) 


is a continuous argument function for T4 and 


0:t— 0(t) (te [c, B]) 
is a continuous argument function for Tg. 
Now, 
il 
Wnd(T’, 0) = 5z (8) — O(a), 
1 
Wnd(I'1,0) = 5— (Ae) — A(a)), 
1 
Wnd(I'2,0) = 5—(4(b) — A(¢)). 


Hence 
Wnd(T1, 0) + Wnd(To, 0) 
= = (le) — (a) + = (00) ~ (6) 
= =-(0(6) — 0(a)) 
= Wnd (I, 0), 


as required. 


Solution to Exercise 1.5 
Wnd(l,1)=2, Wnd(T,-—2) =1, 
Wnd(P, —2i) =1, Wnd(I, 3i) = 0. 


Solution to Exercise 1.6 


Let y: [a,b] — C be a parametrisation of the 
contour P. 


Using Theorem 1.2 and the definition of a contour 
integral, we see that 
Wnd(T, a) = Wnd(T — a, 0) 


= = dz 
1 b 


oe E 

2ri Ja Y(t)—- Q 
1 1 

= — | — dz, 

2ri Jp z— a 

as required. 


Solution to Exercise 1.7 


(a) Wnd(T,0)=2, Whd(T,2) =1, 
Wnd(T, 3i) = 0. 
(b) Since 
2+cosšt>2—1=1>0, for0< t< 4r, 
we have 
AN), ag for 0 < t < 4r. 
ly(t)| 
Hence a continuous argument function for IT is 
A(t) =t (t € [0,4z]). 
Thus 


Wnd(,0) = =-(0(4r) —~ 6(0)) =2. 


Solutions to exercises 


(c) By Exercise 1.6, 


f - = 5 dz = 2ni Wnd(T, 2), 


since I is closed and 2 ¢ T. By part (a), 
Wnd(I, 2) = 1, so 


f 1 
pz-2 


Solution to Exercise 1.8 
Observe that 
y(t) € Cor, 


as shown in the figure. 
A 


dz = 2ri x 1 = 277i. 


for -1 <t<1, 


-1 +i Cae 
T ———— — 
—l-i 


Since Argy, is continuous on C2,, we deduce that 


O(t) = Argo, (y(t)) (t € [-1, 1) 


is a continuous argument function for I. Thus 


Wnd(P, 0) = = (001) — 6(-1)) 
= 5-(Argaq(—1 + i) — Argal -1 =i) 
1 (3n r 1 
= =( 4 4 ) ooy 


Solution to Exercise 2.1 


Since f(z) = z1?(z — 1), we see that 


f(z) =10z2?(z — 1) +2”. 


Hence 
f'(z) _ 1029 (z — 1) + 2" 
Koa = 1) 
10 1 
z + z—-1 


Thus f’/f has a simple pole at 0 with residue 10, 
and it has a simple pole at 1 with residue 1. 


In comparison, f has a zero at 0 of order 10, and it 
has a zero at 1 of order 1. 
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Solution to Exercise 2.2 


From Figure 2.3 it can be seen that 
Wad(f(T),—1) = 3. 

Hence the equation f(z) = —1 has exactly three 

solutions inside T. 

Solution to Exercise 2.3 

(a) OnT = {z: |z| = 2} a dominant term for f is 


g(z) = 2°, since, for z ET, 
If(z) — g(2)| = | + iz + 1| 
< |z + |z| +1 
= 11 < 32 = |g(2)|, 


by the Triangle Inequality. 


Now, g has a zero of order five at 0, which is in 
{z : |z| < 2} (and there are no other zeros). 
Since f and g are analytic on the simply connected 
region C, and I is a simple-closed contour in C, we 
can apply Rouché’s Theorem to see that f has five 
zeros in {z: |z| < 2}. 
(b) OnT = {z: |z| = 1} a dominant term for f is 
g(z) = e”, since, for z ET, 

f(z) — 9(2)| = |-32"| = 3 
and 


so 
If(z) — g(2)| < [g(2)l. 
Observe that g has no zeros in {z : |z| < 1}. Since 
f and g are analytic on the simply connected 
region C, and I is a simple-closed contour in C, we 
can apply Rouché’s Theorem to see that f also has 
no zeros in {z : |z| < 1}. 
(c) (i) OnT = {z : |z| = 2} a dominant term 
for f is g(z) = 2°, since, for z ET, 
IFG) — 9(2)| = |-328 -1| 
< 3i2/?44 
= 25 < 32 = |9(z)|, 
by the Triangle Inequality. 
Now, g has a zero of order five at 0, which is in 
{z : |z| < 2} (and there are no other zeros). Since 
f and g are analytic on the simply connected 
region C, and I is a simple-closed contour in C, we 
can apply Rouché’s Theorem to see that f has five 
zeros in {z: |z| < 2}. 
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(ii) OnT = {z: |z| = 1} a dominant term for f is 
g(z) = —3z, since, for z €T, 
If(2) -= o(2)| = [2 — 1 
<|zP+1 
=2<3=|9(z)I, 
by the Triangle Inequality. 


(S1) 


Now, g has a zero of order three at 0, which is in 
{z : |z| < 1} (and there are no other zeros). 

Since f and g are analytic on the simply connected 
region C, and I is a simple-closed contour in C, we 
can apply Rouché’s Theorem to see that f has 
three zeros in {z : |z| < 1}. 

(iii) Parts (i) and (ii) tell us that f has 5-— 3 = 2 
zeros in {z: 1 < |z| < 2}. Now observe that f has 
no zeros on {z : |z| = 1} because setting f(z) = 0 
in inequality (S1) gives |g(z)| < |g(z)|, which is 
impossible. It follows that f has two zeros in 

{zi l< |g) <2} 


Solution to Exercise 2.4 
(a) The Taylor series about 0 for exp is 


z2 3 
= gi Žo d = he uih 
exp Zz =€ Se yt ape ; 
for z € C. Hence 
P re 
le SAL Se ae ay ee 
Zig a lel e;, 
= 2! 3! , 


by the Triangle Inequality for series (Theorem 1.8 
of Unit B3). Thus, for |z| < 1, 
z 1 1 1 
[eo ela a ae Se 1, 
(b) Let T = {z: |z| = 1}, and let f be the function 


f(z) =e* —2z-1. 


On T a dominant term for f is g(z) = —2z, since 
IF) — g(2)| = le — 1| 
<e=l 
< 2 = |g(2)|, 


for z € I, where we have used part (a) to give the 
second-to-last line. 


Now, f and g are entire, I is a simple-closed 
contour, and g has just one zero (a simple one at 0) 
inside I’, so f has exactly one zero inside I’, by 
Rouché’s Theorem. Hence the equation e” = 2z + 1 
has exactly one solution in {z : |z| < 1}. 


Solution to Exercise 2.5 


Observe that e” + 3x7 > 0, for x € R, so 
f(z) = e? + 32? has no real zeros. Also, 
f(z) =e? +32? 
= 07 +322 
e7 + 37? 
= f(), 
where we have used the identity e? = e”, from 
Exercise 4.11 of Unit A2. 


Hence the two zeros of the function f in 
{z : |z| < 1} are complex conjugates of one another. 


Solution to Exercise 2.6 
(a) The poles of f’/f are the zeros 1, 2 and 3 of f. 


Since f has a zero of order three at the point 1, we 
deduce by Theorem 2.1 that f’/f has a simple pole 
at 1 with Res(f’/f,1) = 3. Similarly, f’/f has 
simple poles at 2 and 3 with 


Res(f’/f,2)=2 and Res(f’/f,3) =1. 


(b) By the Argument Principle, Wnd(f (I), 0) is 
the number of zeros of f inside T, counted 
according to their orders. Since f has 3+2+1=6 
zeros inside I’, counted according to their orders, 
we have Wnd(f(I),0) = 6. 


Solution to Exercise 2.7 
We apply the corollary to the Argument Principle. 
(a) Since Wnd(f(I'),—3) = 1, the equation 
fle) =—4 
has one solution inside P. 


(b) Since Wnd(f(I), $) = 2, the equation 


has two solutions inside T. 
(c) Since Wnd(f (T), 2i) = 0, the equation 
f(z) =2i 


has no solutions inside r. 


Solutions to exercises 


Solution to Exercise 2.8 


(a) (i) We let T1 be the simple-closed contour 
OS; = {z : |z| = 2} and choose a dominant term 
for f on Ty. If g(z) = 2°, then, for z € T}, 
If(z) — g(2)| = [3z + 10| 
< 3]z| + 10 
< 16, 
by the Triangle Inequality, and 
lg(z)| = |z|> = 32 > 16. 
Since f and g are entire, Rouché’s Theorem implies 
that f has the same number of zeros as g inside T4, 
namely five, arising from the zero of order five of g 
at 0. 


(ii) We let [2 be the simple-closed contour 
OS = {z : |z| = 1} and choose a dominant term 
for f on Tə. If g(z) = 3z + 10, then, for z € Tə, 


If) -=g =|] =|? =1 
and 

|g(z)| = |3z + 10] > |[3z| -— 10] = 7 > 1, 
by the backwards form of the Triangle Inequality. 
Since f and g are entire, Rouché’s Theorem implies 
that f has the same number of zeros as g inside T93, 
namely none. 

Remark: We could have chosen g(z) = 10 here. 
Then, as you can check, for z € T9, 

If(2) —g(2)1<4 and |g(z)|=10>4. 
Hence, by Rouché’s Theorem, f has no zeros 
inside [2 since g(z) = 10 has none. 

(iii) Since f has five zeros in Sj, no zeros on T2 
(because, from part (ii), | f(z) — g(z)| < |g(z)|, for 
z € T2), and no zeros in S2, we deduce that f has 
five zeros in S3. 

(iv) For real values x, the function 


f(z) = 2° + 32410 
is strictly increasing because 
f'(z) = 5a*+3>0, 


Since f(x) — —oo as x > —oo, and f(x) > co as 
x — oo, we see that f has exactly one real zero. 


Furthermore, since f(z) = f(Z), we deduce that 
the other four zeros of f form two complex 
conjugate pairs. Hence f has two zeros in S4. 


for x ER. 
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(b) We let I be the simple-closed contour 
AS = {z:|z|= 5} and choose a dominant term 


for f on T. If g(z) = 3z, then, for z ET, 

|f(z) — g(z)| = [Log(1 + z)| < 2|z| = 1, 
by the inequality given in the hint, and 

|9(z)| = [32] = § > 1. 
Since f and g are both analytic on the open unit 
disc, which contains T, we can apply Rouché’s 
Theorem to see that f has the same number of 
zeros as g inside I’, namely one, arising from the 
simple zero of g at 0. 


Solution to Exercise 3.1 

Let f be an entire function that maps C into R. 

Then f(C) cannot possibly be open, because there 

are no open discs contained in R. Hence, by the 

Open Mapping Theorem, the only possibility is 

that f is a constant function. 

Solution to Exercise 3.2 

(a) If w A 1, then w—1 can be written in the form 
w — 1 = p(cos ġ + isin ¢ġ), 


where p > 0 and —r < ġ < r. Then, by 
Theorem 3.1 of Unit Al, the equation 1 + 24 = w 
has exactly four distinct solutions 


2p = p'!4 (cos(4¢ + ikr) + isin(4¢ + 5kr)), 
for k = 0,1, 2,3. 
(b) The restriction of f to the sector 
A={z:0< Argz<a/2} 


is one-to-one (because, for w 4 1, at most one of 
the four solutions of 1 + z+ = w can lie in A). Since 


D={z:|z-1-i] <1} CA, 
it follows that the restriction of f to D is 
one-to-one, as required. 
Solution to Exercise 3.3 
(a) Since the Taylor series about a = 0 for f is 
f(2)=z—2, 


the function f is one-to-one near 0, by the Local 
Mapping Theorem. 
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Ifa= $, then 
f'(a)=1-2a=0, 
f"(a) = 2 = 0, 


so f is two-to-one near $, by the corollary to the 
Local Mapping Theorem. 


(b) If 21,22 both lie in D = {z : |z| < $}, then 


fa) = fe) => a-f =g- 

= 21 — 22 = 2? — 22 

=> Z1 — Z2: = (z1 = z2)(zı + z2) 

=> ja =o 7 +L 
Now, 21 + z2 = 1 can happen for z1, z2 € D only if 
Z1 = 22 = 3 (since Re(z1 + z2) = Rez, + Re z2 < 1 
otherwise). Hence the restriction of f(z) = z — 2? 
to D is one-to-one. 
If r > 5, then the restriction of f to {z : |z| < r} is 
not one-to-one, since f is two-to-one near $, by 
part (a). 


Solution to Exercise 3.4 


(a) To prove that f(z) = sin z is one-to-one on the 
region R = {z : =r /2 < Rez < 1/2}, note that if 
21,22 E R, then 


sin Z1 = sin 22 


ls , Do , 
= et? — pe #41) = = ei — e7122 
= aor ) 
S e7 _ et? — et _ eta 
iz2 izi 
; ; ere 
s et” _ et? — 
et(z1+22) 
=> i^ = e? or cat) =], 


If e*71 = et72, then iz, = ize + 2nzi, for some 
n € Z, so 2 = 29, since |Re(z1 — z2)| < T. 


If e142) = —1, then i(zy + 22) = im + 2nzi, for 
some n € Z, which is impossible since 
|Re(z1 + z2)| < 7. 


Hence, for 21, z2 E R, 
sin z] =sinz2 => 27 = 29, 
so f is one-to-one on FR. 


Since f is analytic on R, we deduce, by the Inverse 
Function Rule, that f~! is analytic on f(R). 


(b) It follows from Exercise 3.3(b) that 

f(z) = z — 2 is one-to-one on {z : |z| < $}. 

Since f is analytic on R, we deduce, by the Inverse 
Function Rule, that f~! is analytic on f (R). 


Solution to Exercise 3.5 

If f is analytic at a with f'(a) £0, then f is 
one-to-one near a, by the Local Mapping Theorem. 
It follows that there is a region S, with a € S, such 
that the restriction of f to S is one-to-one, so this 
restriction has an analytic inverse function, by the 
Inverse Function Rule. 


Solution to Exercise 3.6 

(a) The Taylor series about a = 0 for f(z) = e” is 
zg z’ 
falter + tt 


Thus the Taylor series about 8 = f(a) = 1 for f7! 
is 
ftw) = bo + by (w = 1) + bə (w = 1)? 
+ bs(w— 1) +o, 
where bo = a = 0 and b1, bo, bs,.. 


2 2 
e=a(2+5 E) 


. satisfy 


z? z2 i 
+b z+ > +> Hte] He 


Equating coefficients of powers of z, we obtain 


#2% 1=pi => b, = 1, 
1 1 
2 
ee b= ee 
2“ 0 z’! b2 2 z0! 5 
1 2 1 1 
3 
i = —bı + —b bg = — -b1 — bg = =. 
z 0 zj’! 502 tbs => 3 ra b2 3 
Hence 
— 1)? — 1)’ 
Mus w-)- P eL... 


(This is the Taylor series about 1 for Log w, as 
expected.) 

(b) The Taylor series about a = 0 for 
f(z)=2-27 is 


fgeae=e. 


Solutions to exercises 


Thus the Taylor series about 8 = f(a) = 0 for f~! 
is 

f (w) = bo + biw + bow? + byw? +--+, 
where bọ = a = 0 and b1, bo, bg, .. 
A bı(z — 2°) + be(z — 2) + b3(z — 2)’ +e 
Equating coefficients of powers of z, we obtain 

z: l=b = b=], 

2: 0=-b +b 

2: 0=—2be + b3 b3 
Hence 


fw) = wtw H 2w H. 


. satisfy 


= bo = by = 1, 
2b = 2. 


Solution to Exercise 3.7 


We are given that f maps the open unit disc D into 
the circle {w : |w| = m}. This set contains no open 
discs, so f(D) cannot be open. The Open Mapping 
Theorem tells us that f(D) is open if f is not 
constant, so we deduce that f must be constant. 


Solution to Exercise 3.8 


(a) The Taylor series about a = 0 for f is 
2 4 
A z 
f(z) =cosz=1-F +a — 
Hence f is two-to-one near 0, by the Local 


Mapping Theorem. 


(b) Since f’(27i) = e?™ = 1 #0, we deduce that 
f is one-to-one near 277, by the corollary to the 
Local Mapping Theorem. 


(c) The Taylor series about 0 for f is 
oe 


a a 
Hence f is three-to-one near 0, by the Local 
Mapping Theorem. 


f(z) =sinz-z=- 


Solution to Exercise 3.9 
(a) The Taylor series about a = 0 for f is 
f(z) =3z4+ 2. 


Since f is an odd function, the Taylor series about 
B = f(a) =0 for f—! is of the form 

foi (w) = biw + bgw? + byw? +++, 
where bj, b3,... satisfy 


z = b1(3z + 23) + b3(3z + 29)3 + b5(82 +23) te. 
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Equating coefficients of powers of z, we obtain 


il 
z: 1=3b1 => b = 3° 
b 1 
3 1 
: =b 27b 2e 
z 0 1 + 27b3 bs 27 3T’ 
b 1 
5 3 
: O=27b 243b b —— 
i penne s=- ~ 729 


Hence 
Fw) = jw- 
(b) The Taylor series about a = 1 for f is 
f(z) =e? = ee™! 
=e(1+@-9+ 55 +) 


Thus the Taylor series about 8 = f(a) =e for f~t 
is of the form 


ftw) = bo + b1(w — e) + bo(w — e)? +-->, 
a = 1 and 04, be,... satisfy 


z-1shi(ee- +E...) 


eee coe ee a. 
( 


1 ,,,3 1 5 


where bo = 


2! 
Equating coefficients of powers of z — 1, we obtain 
z—1: 1 = bye = b =-=, 
bie bi 1 

1): 0=—4+he b=- 
P= oo 2 ee 
Hence 

1 
f-i(w) =1+ -(w-e)- sa e)? + 


Solution to Exercise 4.1 
(a) Since f(z) = z? +1 is analytic and 


non-constant on D = {z : |z| < 1} and continuous 
on D = {z : |z| < 1}, it follows from the Maximum 
Principle that there exists a point a in 
OD = {z : |z| = 1} such that 

max{|f(z)| : |z| < 1} =|f(@)]- 
Since each point of ôD has the form e”, for some 
t € [0, 27), we need to determine 

max{|f(e”)| :0<t<2r}. 
Because 

fle”) = eit 4 1 = e” (e" + e7”) = 2e" cost, 
we obtain |f (e’) |? = 4 cos? t. 
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Now, the maximum of 4 cos? t on [0, 27) is 4, 
attained when cost = +1 (that is, when t = 0,7, so 
ett = E1); Thus 


max{| f (e*)]| at <mt V4 =2, 


SO 


max{ |z? +1|: |z| <1} =2. 


By the Maximum Principle, this maximum can 
only be attained on OD, so it is attained at z = +1 
only. 


Remark: This maximum could have been found by 
simply noting that, for |z| < 1, 

lz? +1| < |z|? +1 

<1+1=2, 

by the Triangle Inequality, and that equality is 
obtained by taking z = +1. 
(b) Since f(z) = z? — 2 is analytic and 
non-constant on D = {z : |z — 1| < 1} and 
continuous on D = {z : |z — 1| < 1}, it follows from 


the Maximum Principle that there exists a point a 
in D = {z : |z — 1| = 1} such that 


max{|f(z)| : |z = 1| < 1} = |f (a)l. 


Since each point of 0D has the form 1 + e”, for 
some t € [0, 27), we need to determine 


max{|f (1 +e*)|:0<t< 2r}. 


Because 
fa + e”) = (1 + a= 
= e™* + 2e* —1 
= ett (e” +2— e`") 
= 2e" (isint + 1), 
we obtain 


|F (1 + e”)|? = 4(sin? t + 1). 


Now, the maximum of 4(sin? t + 1) on [0, 27) is 8, 
attained when sint = +1 (that is, when 
t = 1/2,3n/2, so 1 +e” = 1i). Thus 


max{ |f (1 + e*)| :0<t< 2m} = V8 = 2V2, 


so 
max{|z? — 2| : |z- 1| <1} = 2V2. 


By the Maximum Principle, this maximum can 
only be attained on OD, so it is attained at 
z = 1 +i only. 


(c) Since f(z) = 2° — 1 is analytic and 
non-constant on the open square 
S={z:0<Rez<1, 0< Imz <1} 


and continuous on 5, it follows from the Maximum 
Principle that the required maximum is attained at 
some point of OS. 


In order to study the four sides of the square S, we 
note that if z = x + iy, then 
2 —1= (z +iy) <1 
= (x? — 3xy? — 1) + i(3a?y = y’), 
so 


= (x? + 9x7" 4 6xty? + 6xy 2x”) 
= zf + yf + 3xty? + 327y4 6ay? 2x? +1. 


There are four sides to consider (illustrated below). 


Side 1: y=0,0<a<1 
In this case 
|23 = 1|? = zf —92° +1 = (x? — i. 
which attains a maximum value (on [0,1]) of 1 
at x = 0. 
Side 2: %7=0,0<y<l1 
In this case 
Jer = 1? = yf +1, 
which attains a maximum value (on [0,1]) of 2 
at y= 1. 
Side 8: e=1,0<y<l 
In this case 
2° — 1? = yê + 3y* + 9%’, 


which attains a maximum value (on [0,1]) of 13 
at y= 1. 


Solutions to exercises 


Side 4: y=1,0<zr<1 
In this case 

|23 — 1|? = xf + 324 — Qe? + 32? + 6x + 2. 
Now, the function 


g(x) = 2° + 324 — 2r? + 3x? + 6x +2 


attains its maximum value of 13 on [0,1] at 1, since 
g'(x) = 6a” + 12x — 6x? + 6x + 6 
>be" +6 > 0, 
for 0< x < 1. Thus 
max{|f(z)| : z € 0S} = v13, 


and hence 
max{|z* — 1|:0 < Rez < 1, 0 < Imz < 1} = v13. 
By the Maximum Principle, this maximum can 


only be attained on 0S, so it is attained at 
z= 1 +i only. 


Solution to Exercise 4.2 


Since f(z) = exp(2?) is analytic and non-constant 
on D = {z : |z| < 1}, and continuous and non-zero 
on D = {z: |z| < 1}, it follows from the Minimum 
Principle that there exists a € ƏD = {z : |z| = 1} 

such that 


min{Jexp(2)| : |z] < 1} = Ifa): 
Since each point of OD has the form e”, for 
t € [0, 27), we need to determine 
min{|exp(e””’)| : 0 < t < 2r}. 
Now, |exp(e?°*)| = exp(cos 2t), so 
min{|exp(e*"’)| :0 < t< 2r} 
= min{exp(cos 2t) : 0 < t < 2r} 
= 


— a ; 


attained when cos 2t = —1 (that is, when 
t = 1/2, 3/2, so e* = +i). Thus 


min{|exp(z”)| :|z| < 


By the Minimum Principle, this minimum can only 
be attained on OD, so it is attained at z = +i only. 
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Solution to Exercise 4.3 


The function h = f — g is analytic on R and 
continuous on R. Since f = g on OR, we see that 
h=0 on OR. 


Suppose, in order to reach a contradiction, that h 
is non-constant on R. Then the Maximum 
Principle tells us that |h| attains its maximum 
on R at some point of OR. However, |h| = 0 on 
OR, so |h| = 0 on R. Thus, contrary to our 
assumption, h is constant on R after all. 


Hence h is constant on R, and continuous on R, 
and it takes the value 0 on OR. It follows that 
h = 0 throughout R, so f =g on R. 


Solution to Exercise 4.4 


Since f(D) = D, where D = {z: |z| < 1}, we see 
that 


f(| <1, 
Since f is analytic on D with f(0) = 0, it follows 
from Schwarz’s Lemma with M = 1 and R = 1 that 


IF| < lal, (52) 


Since f is one-to-one and analytic on D, f~! exists 
and is analytic on f(D) = D (by the Inverse 
Function Rule). Also, f~'(0) = 0 (since f(0) = 0). 
Hence, replacing f by f~! in the argument leading 
to inequality (S2), we obtain 


for |z| < 1. 


for |z| < 1. 


Olle, for [2] <1. ($3) 
Replacing z by f(z) in inequality (S3) gives 
POU) SIF@OL for FI <1, 
that is, 
al <I), for |z| <1. ($4) 


From inequalities (S2) and (S4), | f(z)| = |z|, for 
|z| < 1, so the function 


f(z 
s= keD- 
is analytic on D — {0} and satisfies 


lg(z)| =1, forz €D- {0}. 


It follows from equation (S5) that g has a local 
maximum at each point of D — {0}. 


(S5) 
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Hence g is constant on D — {0}, that is, 


g(z) =A, for ze D- {0}, 
where |A| = 1. Hence 
f(z) =z, for ze D-— {0}, 


and this equality also holds for z = 0, giving the 
desired result. 


Solution to Exercise 4.5 


(a) In this part there is no need to use the 
Maximum Principle. For |z| < 1, we have 


[27 +2| < |z|? +2 <3, 


by the Triangle Inequality. If |z| < 1, then the 
above inequality is a strict inequality, so |z? + 3| 
does not attain the value 3. 


If |z| = 1, then we can write z = e” for some 
t € [0, 27r). Then 


2? +2 = e%* +2 = (cos 2t + 2) + isin 2t. 


Hence 
|2? + 2|? = (cos 2t + 2)? + sin? 2t 
= cos? 2t + 4 cos 2t + 4 + sin? 2t 


= 4cos 2t + 5. 
The maximum of this expression is 9, attained 
when cos 2t = 1, that is, when t = 0,7, so e* = +1. 


We deduce that 
max {|z? + 2): |z| <1} =3, 


and the maximum is attained only when z = +1. 


(b) Since the function f(z) = z? — 2 is analytic 
and non-constant on the open disc 

D = {z : |x — i| < 1}, and continuous on 

D = {z:|z— i| < 1}, it follows from the Maximum 
Principle that there exists 

a € OD = {z : |z — i| = 1} such that 


max{|f(z)| : |z = il < 1} = |f (a)]. 


Furthermore, the maximum value is not attained 
at any point inside D. 


Since each point of 0D has the form i+ e”, for 
some t € [0, 27), we need to determine 


max{|f (i+ e")| :0<t< 2r}. 


Observe that 
fre") = (i +e”)? =2 

-3 + 2iet + e?" 

= e” (—3e7* + 2i + e”) 

e*(—3(cost — isin t) + 2i 

+ (cost + isin t)) 

e”*(—2 cost + 2i(2sint + 1)). 


Now, |e*| = 1, so 
|f(i + e)|? = 4cos*t + 4(2sint + 1)? 
= 4(1 — sin? t) + 4(4sin? t + 4sint +1) 
= 12sin?¢+ 16sint +8 
= 12(sin?¢ + $sint + 2) 
= 12((sint + 2)? + 2). 
The maximum of this expression is 36, attained 
when sint + Z = 5, that is, when sint = 1, which 
corresponds to t = 77/2 and a = i + e* = 2i. Thus 
max{|f (i+ e”)| :0<t< 2r} = v36 = 6. 
We deduce that 
max {|z? — 2: |z-a <1} =6, 
and the maximum is attained only when z = 2i. 


(c) In this part there is no need to use the 
Maximum Principle. For z = x + iy, we have 


le” | = eRe?) = ee 
Now, if —1 < x < 1 and —1 < y < 1, then 
r? — y? <1, so 

Je” | <el =e. 
Equality is attained when z? — y? = 1, that is, 
when x? = 1 and y = 0, which corresponds to 
z = +1. We deduce that 


max {|e* | :—1 < Rez < 1, —1 < Imz < 1} =e, 


and the maximum is attained only when z = +1. 


(d) Since f(z) = tan z is analytic and 
non-constant on the open rectangle 


R= {z : —r/4 < Rez < T/4, —1 < Imz < 1}, 


and continuous on R, it follows from the Maximum 
Principle that there exists a € OR such that 


max{|f(z)| : z € R} =|f(a)]. 


Solutions to exercises 


Furthermore, the maximum value is not attained 
at any point inside R. Thus we need only find the 
maximum value of |f(z)| for z € OR. 


Let OR =T +r +T +T34 as in the figure. 
A 


i T2 


Dg R 


—7/4 17/4 


I, l-i 


Since f(z) = tan z is an odd function, it follows 
that |f(—z)| =|f(z)|, for all z € R. Therefore 
|f(z)| takes the same values on T3 as it does on Ty, 
and it takes the same values on T4 as it does 

on I2. Consequently, to find the maximum value of 


| f(z)| on R, we need only consider the values of 
|f(z)| on Ty and Tə. 
Using the hint, for z € T1, we have 
igg 
5 +sinh 
Itan z|? = — =1, for-l<y<1l, 
5 + sinh* y 


since sin 7/4 = cos7/4 = 1/V2. 
Now observe that tan? x < 1, for —1/4< x < 1/4, 


with strict inequality unless x = +7/4. Hence 
sin? x < cos? x, for —1/4 < x < 7/4, with strict 
inequality unless x = +7/4. It follows that, for 


z € T2, we have 

sin? z + sinh? 1 
cos? x + sinh? 1 7 
with strict inequality unless z is one of the 
endpoints +7/4 + i of T2. 


|tan z|? = 


7 


In summary, we have 
max{|tan z| : z € R} = max{|tan z| : z € ƏR} = 1, 


and the maximum is attained at all points on Tı 
and T3, and at no other points. 


191 


Unit C2 Zeros and extrema 


Solution to Exercise 4.6 


(a) In the proof of Schwarz’s Lemma we found 
that 


Ae) z 5, for 0 < |z| < R. 
Since 
ro = By p= i A, 


we deduce that 


widi 
i/'(0)| = lim 


as required. 


(b) Define the analytic function g as in the proof 
of Schwarz’s Lemma. If 


Pal 
Zo , 


P 
for some zo with 0 < |zo| < R, then the function g 
must have a local maximum at zo, which is 
possible only if g is constant, say g(z) = AÀ for 

0 < |z| < R. Hence f(z) = Az, for |z| < R, where 
|A| = M/R, as required. 

If | f"(0)| = M/R, then |g(0)| = | f'(0)| = M/R, so 
the function g has a local maximum at 0, which is 


again possible only if g is constant. Thus, once 
again, f(z) = àz, for |z| < R, where |A| = M/R. 


Solution to Exercise 5.1 


Since z” —> 0 as n > oo, for |z| < 1, 
1 
falz) = 1+2” 1+0 
for |z| < 1. Hence (fn) converges pointwise to the 
function f(z) = 1 on E = {z : |z| < r}, for each r 
with0<r< 1. 


Also, for |z| < r, 


O 


= l as n > œ, 


lfn(z) — 
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where we have applied the backwards form of the 
Triangle Inequality to obtain the second-to-last 
line. Since a, = r”/(1 — r”), n = 1,2,..., is a null 
sequence of positive terms, we deduce, by the 
strategy for proving uniform convergence, that (fn) 
converges uniformly to the function f(z) = 1 on E. 


Solution to Exercise 5.2 


[oe] OO 
The power series ` anz” is of the form H9 Pn(z), 


where n= n= 
Pn(z) = anz”, 
Let E = {z : |z| < r}, where 0 < r < R. Then 
|on(2)| = lanl|z|” < lanl”, 


Hence assumption 1 of the M-test holds with 


forn = 0,1,2,.... 


for z € E. 


Mn = |an|r", for n = 0,1,2,.... We now use the 
hint to show that assumption 2 of the M-test 
[0,6] 


holds. Since r < R, the power series ` Anz” is 


absolutely convergent at r; that is, "=° 


o0 oo oo 
> lanr”| = X lanl” = > Mn 
n=0 n=0 n=0 


converges. Hence assumption 2 holds. 


[0,6] 
Thus, by the M-test, the power series y Anz" is 


uniformly convergent on E. n= 


Solution to Exercise 5.3 


Here 
n 
dn(z)=—, forn=1,2,..., 
n 
and 
lz" 1 
MOREE 


for z € E = {z : |z| < 1}. Hence assumption 1 of 
the M-test holds with M, = 1/n?, for n = 1,2,.... 
(oe) 


1 
Since M, = — is co t, tion 2 
ip 5 2 nvergent, assumption 
of the M-test also holds. 


CO mn 
z 

Thus, by the M-test, the series > — is uniformly 
n 


convergent on E. n=l 


Solution to Exercise 5.4 


In Example 5.4 we proved that the zeta function ¢ 
is analytic on R = {z: Rez > 1}, and that 
X logn 
/ — 
¢ (z) =E `> ne 
n=2 
The formula for ¢”(z) can be obtained by 
term-by-term differentiation of equation (S6). 
(See Remark 3 after Weierstrass’ Theorem and 
Remark 1 after Example 5.4.) 


for Rez > 1. 


(S6) 


Since n77 = e~7!°8”, we obtain 
OO d 
1 —zlogn 
Zj=- —(logn e * °S ) 
C" (2) > all g 


io) 
a `> —(log nye Den 
n=2 


-5 Sey for Rez > 1. 


n=2 


Solution to Exercise 5.5 
We use the strategy for proving uniform 
convergence. First note that, for any z € C, 


2 
faz) =z+Ž > z+0= zas n> o. 


Hence (fn) converges pointwise to the limit 
function f(z) = z on C, so it converges pointwise 
to f on any closed disc in C. 

Now let E = {z2 : |z| < r}, for some r > 0. Then 
2 


lae) — F@)| =|2+ -z 
e? 
on 
r2 
= a 
for n = 1,2,... and all z € E. Since (r?/n) is a 


null sequence for each fixed r > 0, we deduce that 
(fn) converges uniformly to f on E. 


Solution to Exercise 5.6 
We apply the M-test. Here 


gh 
TIF 


Pnz) S Ue eae 


Solutions to exercises 


Let E = {z:|z| < r}, where 0 < r < 1. Then 


|z|” n 


p 
<< u 
i-ja > Tor 


lon(z)| < 


for z € E, 


where we have used the backwards form of the 
Triangle Inequality and the fact that |z|” < r”. 


Hence assumption 1 of the M-test holds with 


M, = — z form= 1 2wa 
Since 
rr rr 
< , for m= 1; Beses 
l-r” 1— 


n=1 


converges (because 0 < r < 1), we deduce from the 


Co 
Comparison Test that 2 Mnp converges. Thus 
n=1 


assumption 2 of the M-test also holds, so 


n 
= 1+ 2” 


is uniformly convergent on each closed disc 
Bai 2 2 or orl <7 = i 


Any closed disc in {z : |z| < 1} — even one that is 
not centred at 0 — is contained in a set E, for some 
r > 0, so we see that the series is uniformly 
convergent on each closed disc in {z : |z| < 1}. 


It follows from Weierstrass’ Theorem that the sum 
function f is analytic on the open unit disc 

{z:|z| < 1}. Furthermore, we can obtain the 
derivative of f by term-by-term differentiation of 


the series: 
CO 


fie) = tes) 


= a (14 2")nz™-1 — nz" x 2” 


= (1+ gry? 
oo n—1 
=y = 5, for |2z| <1. 
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Solution to Exercise 6.1 
(a) We use the substitution 
t=nu, dt=ndu, forn=1,2,.... 


Then, since 
0O 
T(z) = et? -1dt, for Rez>1, 
0 
and since n > 0 and u > 0, we have 
[0,6] 
r(z)= f e ™™" (nu) tn du 
” [0,6] 
= wf ey?! du 
0 


forn =1,2,... and Rez > 1. 


The result follows on replacing the integration 
variable u by t. 


(b) We use the substitution 
1 
t=-—logu, dt= —- du. 
u 
Then, since 


T(z) -| ed, for Rer > 1, 
0 


u u 
1 1 z—1 
-f (is 2) du, for Rez>1. 
0 U 


The result follows on replacing the integration 
variable u by t. 


Solution to Exercise 6.2 


(a) By the functional equation for the gamma 
function and Theorem 6.5, we have 
5) 
r(3) = 
ip/1 

= 3% 3l (3) 
x iT = 3 yT. 
(b) By the functional equation for the gamma 
function and Theorem 6.5, we have 


NIY bol oo Iw 


La 
——~ 
jä 
wa” 
I 
FA 
—— 
[Ryle 
— 


II 
a) N | I 
II 
Wy 
Q 
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Solution to Exercise 6.3 

(a) By the given formula and the formula 
T(3) = anil? calculated in the proof of 
Theorem 6.5, 


(the length of the real interval (—r,r)). 
(b) By the given formula, 


T T 
V = 2e es 
2 TOM 7 = 


(the area of a disc of radius r). 
(c) By the given formula and Exercise 6.2(a), 
3/2 

= 3a 3 42,8 
V3 = oe g = 307 
(the volume of a three-dimensional ball of 
radius r). 


(d) By the given formula, 


Solution to Exercise 6.4 
Ifa=P= $, then the integral is 


1 1 1 
f| a-oa f — dt 
0 o vt—t? 


Making the substitution t = sin? 6, so 
dt = 2sin@ cos 0 d0, we obtain 


1 a /2 2 sin 0 
f 1 de sin 6 cos 0 do 
o vt- t? 0 / sin? 6 — sint 8 


m/2 2 sin 0 cos 8 


—— d0 
o ysin? (1 — sin? 0) 
-[" 2 sin 8 cos 8 d 
o vsin? @ cos2 0 


T/2 
= 2d) =T. 
0 


On the other hand, by Theorem 6.5, 


rar) _ EEC) _ (vm? _ 


Tia+6) T(g+s) 1 


Nie 


so the identity is verified for a = 6 = 


Unit C3 
Conformal mappings 


Introduction 


Introduction 


In this unit we continue the discussion of conformal functions that we 
began in Unit A4. There we described a function as conformal if it 
preserves angles between smooth paths. We learned from Theorem 4.2 of 
Unit A4 that any function that is analytic on a region, with a derivative 
that is never zero, is conformal on that region. 


Much of this unit is concerned with developing techniques for finding the 
images of regions under various conformal functions, or conformal 
mappings as they are often called. We will also look at techniques for 
finding specific one-to-one conformal mappings that map one given region 
onto another. Such techniques will prove useful in Unit D1 when we study 
fluid flow around an obstacle. Observe that not all conformal mappings are 
one-to-one; for instance, the function 


f(z)=e* (zEC) 
is conformal, but it is not one-to-one because, for example, f(0) = f(277). 


Many of the regions we consider have boundaries that consist of line 
segments and arcs of circles. By understanding how lines and circles 
behave under various conformal mappings, we can sometimes see how to 
map the boundary of one such region onto another. Having dealt with the 
boundary, we can then deal with the region it encloses. 


In Section 1 we show that linear functions and the reciprocal function 
‘preserve’ lines and circles; that is, they map any line or circle to a line or 
circle. We also introduce the point at infinity and the extended complex 
plane, which make it possible to think of a line extended to infinity as a 
generalised circle. 


In Section 2 we consider the class of all functions that can be obtained by 
composing linear functions and the reciprocal function. These functions 
are called Mobius transformations. We analyse the properties of these 
transformations and show that any line or circle can be mapped to any 
other line or circle by a suitable Möbius transformation. 


In Section 3 we develop techniques for finding the images of lines and 
circles under a Mobius transformation. One of these techniques leads to a 
different type of equation for a circle, known as the Apollonian form. To 
help us analyse this form, we introduce the notion of inverse points with 
respect to a circle. 


In Section 4 we use the techniques from Section 3 to find Möbius 
transformations that map one disc or half-plane onto another. We then 
explore ways of constructing conformal mappings between more general 
regions by composing Möbius transformations with some of the other 
conformal mappings that have been introduced in the module. 


Finally, in Section 5 we discuss a remarkable theorem due to Riemann, 
which states that there exists a one-to-one conformal mapping from any 
simply connected region other than C onto the open unit disc. 
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Unit guide 
The material in the first three sections paves the way for the work on 


regions in Section 4, which is the most important section of the unit. 


Section 5 is intended for reading only. 


1 Linear and reciprocal functions 


After working through this section, you should be able to: 


e write down a linear function that maps one given region onto another 
region of the same shape 


e find the image of a line or circle under the reciprocal function 


e understand the definition of a rational function on the extended complex 
plane 


e visualise the extended complex plane as the Riemann sphere. 


1.1 Linear functions 


Perhaps the simplest conformal mappings are those that map regions of 
the complex plane onto one another without distortion. For example, 
consider the function f(z) = (1 + i)z. In Subsection 3.2 of Unit A2 we 
investigated the behaviour of f by examining its effect on a Cartesian grid. 
We showed that f scales the grid by the factor |1 + i| = v2 and rotates it 
about the origin through the angle Arg(1 + i) = 7/4, as shown in 

Figure 1.1. Lines map to lines, and angles are preserved (because the 
function is conformal), so the shaded square region remains square. 


Figure 1.1 Image of a Cartesian grid under the linear function f(z) = (1+ i)z 
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1 Linear and reciprocal functions 


Scalings and rotations are not the only transformations of the complex 


plane that leave shapes of regions unaltered. Translations, which are b 4 > 
functions of the form f(z) = z + b, for b € C, also preserve shapes (see aa d L 
Figure 1.2), and they are certainly conformal mappings too. 1 d a 
Note that reflections, which map shapes to their mirror images, have the 4 > 


~ 


property that they reverse the signs of angles, so they are not conformal 


mappe: Figure 1.2 A shape preserved 


under a translation 
In general, any conformal mapping that preserves shapes can be expressed 


as a composition of a scaling, followed by a rotation, followed by a 
translation; it can therefore be written in the form f(z) = az + b, where 
the coefficients a and b are complex numbers and a Æ 0. Functions of this 
form are called linear functions, because they map lines onto lines. 


Definition 


A function of the form f(z) = az + b, where a,b € C and a £0, is 
called a linear function. 


Note that linear functions are not the same as the ‘linear maps’ that are 
studied in the subject of linear algebra. In particular, a linear function 
does not necessarily map 0 to 0. 


Given any two regions R and S in the complex plane that have the same 
shape, it is straightforward to construct a linear function that sends R 
onto S. We first scale R by a positive factor r to obtain a region of the 
same size as S. Next we rotate through an angle 0 about the origin, to 
obtain a region that is aligned with S. Finally, we superimpose the region 
on S by a translation by c units parallel to the real axis and d units 
parallel to the imaginary axis. The required function is then 


f= (re) z + (c+ id), 


which is a linear function. This process is illustrated in Figure 1.3. 


z—> rz ze ez z — z + (c + id) 
eet iia 
scale rotate translate 
A A A A y 
. YN 
AN 
a. Le ON 
es \ \ h wu 
| l \ \ Je ict 
= | | À ag d| | 
IR! | | Zá p=% 
| ee 0 | | 
|+- ` | + 5 = . L | 
—> 
Cc 


Figure 1.3 Composing a scaling, a rotation and a translation 
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Example 1.1 


Find a linear function that maps the region C — {x € R: x < 0} onto 
the region C — {iy : y E€ R, y => 2}. The regions are illustrated in 
Figure 1.4. 


o- — — > 


20 


C-—{x¢eR:2<0} C- fiy:y ER, y > 2} 


Figure 1.4 Two cut planes 


Solution 


Both regions have the same (unbounded) shape. We can map the first 
region onto the second region by a rotation through —7/2 about the 
origin followed by a translation of 2 units in the direction of the 
positive imaginary axis. No scaling is necessary. A suitable linear 
function is therefore 


f(z) =e Pz + 2i = —iz + 2i. 


Notice that there may be more than one linear function that maps one 
region onto another. Indeed, in Example 1.1 we could have scaled the 
region on the left by any positive factor r before carrying out the rotation 
and the translation, to give the linear function f(z) = —irz + 2i. 


Exercise 1.1 


Sketch the discs Dı = {z : |z| < 2} and Dg = {z: |z — (1 + i)| < 4}, and 
find a linear function that maps Dı onto Də. 


As we mentioned in the Introduction, one of the main objectives of this 
unit is to find conformal mappings between regions. In Exercise 1.1 you 
were asked to find a linear function that maps Dı onto D2. Notice, 
however, that to find such a function it would have been sufficient to find a 
linear function that maps the circular boundary of Dı onto the circular 
boundary of D2, because this linear function necessarily maps Dı onto Də. 


For linear functions this observation about boundaries is rather obvious, 
but for other conformal mappings it is often easier to consider what 


1 Linear and reciprocal functions 


happens to the boundary of a region before dealing with the region itself. 
The boundaries of most of the regions we consider in Section 4 are made 
up of segments of lines and circles, so we will spend the rest of Section 1 
and most of Sections 2 and 3 discussing lines and circles. 


We begin by noting that the technique illustrated in Figure 1.3 gives the 
following result when applied to pairs of lines and pairs of circles. 


Theorem 1.1 


Linear functions map lines onto lines and circles onto circles. 
Furthermore: 


(a) given any two lines Lı and Lə, there is a linear function that 
maps Lı onto Lə 


(b) given any two circles C1 and C2, there is a linear function that 
maps C onto C. 


Now suppose that we wish to find a conformal mapping that maps a line 
onto a circle. The function cannot be linear, since a circle is not the same 
shape as a line. Instead we need a new type of function, which we 
introduce in the next subsection. 


1.2 The reciprocal function 


The reciprocal function is the function 


Its domain and image set are C — {0}. In Subsection 3.2 of Unit A2 we 
investigated the behaviour of this function by examining its effect on 

Cartesian and polar grids. The effect that f has on a Cartesian grid is 
shown in Figure 1.5 (with different scales for the left and right planes). 


f(z) =1/z 


—i 


Figure 1.5 Image of a Cartesian grid under the reciprocal function 
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Figure 1.5 suggests that the reciprocal function might be the kind of 
function that we need in order to map lines onto circles. Indeed, apart 
from the lines that pass through the origin, each grid line is mapped to a 
circle. The next example shows what happens to a line that is not parallel 
to an axis. 


Example 1.2 


Find an equation for the image of the line 3y — 4% = 2 under the 
reciprocal function f(z) = 1/z. 


Solution 


Let w = u + iv be the image of an arbitrary point z = x + iy on the 
line 3y — 4a = 2. Since w = f(z) = 1/z, it follows that z = 1/w and 
hence that 
we don ew 
es utiv w+?’ 


Equating real parts and imaginary parts, we find that 


_ u o 
2 aye eee 

Since x and y satisfy the equation 3y — 4x = 2, it follows that u and v 

must satisfy the equation 


—v u 
a 
i (aaa) (z) 
Æ O NI 0 Multiplying both sides of this equation by u? + v? gives the simpler 
equation —3v — 4u = 2(u? + v?), which we can rearrange to obtain 
u? + 2u +v? + 3v =0. 


By completing the squares, we see that 


CEG es 


Figure 1.6 Circle centred at This is the equation of the circle centred at —1 — 3i of radius 5, 


—1 — $i of radius Ž illustrated in Figure 1.6. 


We have shown that every point in the image of the line 3y — 4% = 2 
under the reciprocal function f(z) = 1/z satisfies this equation for a 
circle, but we have not shown that every point on the circle belongs to 
the image of the line 3y — 4% = 2 under f. In fact, the point 0 lies on 
the circle, but it does not belong to the image of the line 3y — 4x = 2 
under f because 0 does not lie in the image set of f. 


We will see later that the image of the line 3y — 4% = 2 under the 
reciprocal function is the whole of the circle except for 0. 
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There is nothing special about the line 3y — 4x = 2 in this example. We 
can use the same method to find equations for the images of other paths. 
We summarise the method in the form of a strategy. You will notice that 
this is different from the strategy for determining an image path used in 
Subsection 2.2 of Unit A2, and it applies only to the reciprocal function. 


Strategy for finding an equation for the image of a path 
under the reciprocal function 


To find an equation for the image f(T) of a path T under f(z) = 1/z, 
apply the following steps. 


1. Write down an equation that relates the x- and y-coordinates of all 
points x + tiy on T. 


2. Replace x by and y by 


u —v 
3. Simplify the resulting equation to obtain an equation that relates 
the u- and v-coordinates of all points u + iv on the image f(T). 


As we saw in Example 1.2, the strategy gives an equation that is satisfied 
by all the points on the image f(T). However, the equation may also be 
satisfied by some extra points that do not lie on the image (for example, 
the origin in Figure 1.6). We show how to deal with such missing points 
later in this section. 


Exercise 1.2 


Find an equation for the image of the line y + 4x = 1 under the reciprocal 
function. 


The origin does not lie in the domain of the reciprocal function, so if a line 
(or circle) passes through the origin, then we must, for now, be content to 
find an equation for the image of what remains of the line (or circle) after 
the origin has been removed. We indicate one way to deal with the image 
of the origin later in this section. 


Exercise 1.3 


Find an equation for the image of the line y — x = 0 (with the origin 
removed) under the reciprocal function. 


So far we have used the strategy to find equations for the images of lines 
under the reciprocal function. Some lines map to lines, whereas others 
map to circles. We now turn our attention to the images of circles. 


203 


Example 1.3 


Find an equation for the image of the circle (x — 1)? + (y — 2)? = 9 
under the reciprocal function. 


Solution 


This circle does not pass through the origin. It has equation 


a? + y? — 2a —4y—4=0. 


On replacing x by u/ (u? + vA) and y by —v/ (u? + GA) we obtain 


2 2 
u =U u =U 
2 4 4= 0: 
(are) 3 a Ga Gea) 


The first two terms combine to give 


u? + (=v)? 1 


(u2 + v2)? uP + 2? 


so the equation becomes 


aoa 
On multiplying this equation by u? + v?, we obtain 
1 — 2u + 4v — 4(u? +0”) =Q; 
that is, 
wt+5utv—v—Z=0. 
By completing the squares, we obtain 
Ga ean ae 


which is an equation for the circle centred at -1 + zi of radius 3. 


Find an equation for the image of each of the following circles under the 
reciprocal function. (Note that in part (b) the origin must be removed.) 


(a) @4+y=4 (b) (z-3)}+(y-4?}=25 


It appears from the examples and exercises above that the reciprocal 
function maps any line or circle to a line or circle, with 0 omitted if 
necessary. To prove this in general, we need the following result, which 
shows that the equations of lines and circles can be expressed in a common 
algebraic form. 


1 Linear and reciprocal functions 


Theorem 1.2 
Every line or circle has an equation of the form 
alz? +y?) + br +cy+d=0, 
where a,b,c,d € R and b? + c? > 4ad. 
Conversely, any such equation represents a line or circle. Also: 
(a) the equation represents a line if and only if a = 0 


(b) the line or circle passes through the origin if and only if d = 0. 


Proof First we prove that every line or circle has an equation of the form 
a(x? +y?) + br +cy+d=0, (1.1) 
where a,b,c,d € R and b? + c? > 4ad. 


This is certainly true of lines, because each line is given by an equation of 
the form px + qy = r, where p,q,r € R and p and q are not both 0. This 
has the required form with a = 0, b = p, c = q and d= —r, 

because b? + c? = p? + q’, which is greater than 4ad = 0. 


It is true of circles too, because the circle centred at p+ iq of radius r is 
given by the equation (x — p)? + (y — q)? = r?. Expanding the brackets, we 
obtain 

a? + y? — Ine — Qqy + p? + -r =0. 
This has the required form with a = 1, b = —2p, c = —2q 
and d = p? + q? — r?, because 

b? +c? = 4(p* + 9°) > 4(p? + O r’) = 4ad. 
Conversely, we now prove that (1.1) is the equation of a line or circle. 


If a = 0, then equation (1.1) reduces to bz + cy = —d, which is the 
equation of a line (b and c are not both zero because b? + c? > 0). 


If a 4 0, then we can divide (1.1) through by a and complete the squares 
to obtain the following equation, which is equivalent to equation (1.1): 
ae b + ( i. 2)" b? + c? — dad 
2a YT Oa) ~ 4a? ` 


Since b? + c? > 4ad, the right-hand side is positive, so this is the equation 
of a circle centred at —(b + ic)/(2a) of radius \/(b? + c? — 4ad)/(4a?). 


It remains to prove parts (a) and (b) of the theorem. In fact, part (a) has 
been established already, because we saw that if a = 0, then equation (1.1) 
represents a line, and if a Æ 0, then it represents a circle. 


For part (b), observe that the line or circle passes through the origin if and 
only if x = y = 0 is a solution of equation (1.1), and this happens if and 
only if d= 0. | 
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As promised, we now prove that the reciprocal function maps any line or 
circle to a line or circle. 


Theorem 1.3 


The reciprocal function maps the set of non-zero points on the line or 
circle 


a(x? + y”) +ba+cyt+d=0, 


where a,b,c,d € R and b? + c? > 4ad, onto the set of non-zero points 
on the line or circle 


d(u? +”) + bu-cvu+a=0O0, 
where a,b,c,d € R and b? + (—c)? > 4da. 


Proof On replacing x by u/ (u? + v?) and y by —v/(u? +v?) in the 
equation 


a(z? +y’) +br+cy+d=0, 
for x + iy #0, we obtain 


a E N E ee A E 
u2 + v2 u2 + v2 u2 + v2 j u2 + v2 D 


that is, 


(=) + (45) + (asz) +d=0, 
where u + iv #0. By multiplying through by u? + v? and interchanging 
the first and last terms on the left-hand side of the equation, we obtain 
d(u? + v’) + bu-cu+a=0. 
This is an equation for a line or circle, because a,b,c,d € R and 
b? + (—c)? = b? +c? > 4ad = 4da. 


Since the reciprocal function is its own inverse function, we can reverse this 
argument to see that every non-zero point on the image circle is the image 
of some point on the original circle. E 


Exercise 1.5 


Prove that the reciprocal function maps: 


(a) a line through the origin to a line through the origin 


( 


b) 
(c) a circle through the origin to a line not through the origin 
d) 


( 


In each case, do not include the origin in a line or circle through the origin. 


a line not through the origin to a circle through the origin 


a circle not through the origin to a circle not through the origin. 
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Note that (c) is the reverse of (b), which reflects the fact that the 
reciprocal function is its own inverse function. 


The results of Exercise 1.5 are illustrated in Figure 1.7. 
A A 


le f 1h 
f(z) =1/z 


a 


C2 


f(L1) 
Figure 1.7 Images of lines and circles under the reciprocal function 


There is no need to remember the results of Exercise 1.5 because you can 
work them out each time you need them, using the following intuitive 
argument. 


First, on a line or circle that passes through the origin, we can choose 
points that are arbitrarily close to the origin. It follows that there are 
points on the image that are arbitrarily far from the origin and must 
therefore lie on a line. Second, on a line we can choose points that are 
arbitrarily far from the origin. It follows that there are points on the image 
that are arbitrarily close to the origin and must therefore lie on a line or 
circle through the origin. With a little practice, it is easy to use these two 
observations to predict the form taken by the image of any line or circle 
under the reciprocal function. 


Exercise 1.6 


Use Theorem 1.2 and Exercise 1.5 to determine whether the image under 
the reciprocal function of each of the following lines and circles is a line or 
a circle, and determine whether or not it passes through the origin. 


(a) 2n+3y=6 (b) a2 +(y-1)?=1 (0) a2 +(y-1)? =2 
(d) 2x — 3y = 0 


1.3 The point at infinity 


The discussion from the preceding subsection about the reciprocal function 
was rather untidy because of the differing properties of lines and circles, 
and because of the various exceptional cases involving the origin. We can 
deal with both difficulties in an elegant way by adjoining an additional 
point to the complex plane. 
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To see how this works, consider the correspondence between the circle and 
line that was investigated in Exercise 1.4(b), illustrated in Figure 1.8. 


A 


f(z) =1/z 


a 


Figure 1.8 Image of the circle (x — 3)? + (y — 4)? = 25 under the reciprocal 
function 


The circle in the z-plane on the left of Figure 1.8 passes through the origin, 
which is not in the domain of the function f(z) = 1/z. In Subsection 1.3 of 
Unit B4 we saw that if a function f has a removable singularity at a 

point a, then we can ‘remove the singularity’ at a by defining 


f(a) = lim f(2). 


The trouble with using this approach to ‘remove the singularity’ of the 
reciprocal function f(z) = 1/z at 0 is that f has a pole at 0, so f(z) > co 
as z — 0. It is therefore meaningless to define 


(0) = lim f(z), 


since the limit does not exist. One way to overcome this limitation is to 
consider oo to be a point, which we adjoin to the complex plane. 


Definitions 


The extended complex plane C (read ‘C-hat’) is the union of the 
ordinary complex plane C and one extra element, which is called the 
point at infinity, denoted by co. Thus C = CU {oo}. 


For the moment, you can think of oo as being an extra point that lies just 
Figure 1.9 The complex ‘beyond’ the complex plane, as illustrated in Figure 1.9. In the next 
plane and the point oo subsection we will see an intuitive way to picture oo. 


Let us return to considering the reciprocal function f(z) = 1/z. Working 
in the extended complex plane, we can define f(0) = oo, since f has a pole 
at 0. More generally, if a function f has a pole at a, then f(z) > co as 

z — q, and we can extend the definition of f to a by defining f(a) = oo. 


It is natural now to ask whether we can extend the definition of the 
reciprocal function to the whole of C, by defining its value at oo. We 
describe a manner for doing so that works for any rational function 
f(z) = p(z)/¢(z) (where p and q are polynomial functions). 


208 


1 


Given a rational function f, and a point 8 € C, we write 
f(z) > B as z > œ 

to mean that 
f(l/w) — 8 as w> 0. 


This makes sense, because if z = 1/w, then z > œ as w > 0. If f(z) > 8 
as z — oo, then we can extend the domain of f to include the point oo by 


defining f(oo) = £. 
For example, if f(z) = 1/z, then 


1 
f(z) == > 0 as z > œ, 
z 


so we define f(oo) = 0. You will see more examples shortly, in Example 1.4 
and Exercise 1.7. 


Using these definitions, it can be shown that the domain of any rational 
function f can be extended to the whole of C. 


Strictly speaking, the function that we obtain by extending f in this way is 
different from f, because the two functions have different domains. 
However, we will write f for both functions, which should not cause 
confusion because it will be clear from the context which function we are 
dealing with. (Later on we will make the assumption that all such 
functions are in the extended form.) 


Example 1.4 
Determine how to extend the function 
4z+5 
fle) = es 
to a function from C to C. 


Solution 

The function f has a single singularity in C, at 3/2. Since 
f(z) > co as z > 3/2, 

we define f(3/2) = co. Next, 

—424+5 4+5/2 


NC pen ae 
Therefore 
Alok (i) 
ee Sy 
He rime, as z — oo, 
so we define f (co) = 2. Hence the extended function is 
4 5 
— 2€C— {3/2}, 
PA — 
f(z) = 00, z= Sip), 
2, Z = 69, 


Linear and reciprocal functions 
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It is important to observe that although oo is a member of the extended 
complex plane C, along with all the complex numbers, we do not attempt 
to perform arithmetic operations with oo as if it were a complex number. 
We should treat it just as a point in on and not try to add with it, 
multiply with it, and so on. 


Exercise 1.7 


Determine how to extend the following functions to functions from Č to C. 


@) a= WO © e= 
z2 
@ izzy © o= 


After extending the domain of the reciprocal function to C, the exceptional 
cases involving the origin, and the distinction between lines and circles, 
disappear. To see this, we look again at the correspondence between the 
circle and line in Exercise 1.4(b) (see Figures 1.8 and 1.10). 


A 


f(z) =1/z 


a 


wf 


ZG 


Figure 1.10 Image of the circle (x — 3)? + (y — 4)? = 25 under the reciprocal 
function 


Since the point 0 maps to oo under the reciprocal function, we see that the 
image of the circle is a line together with the point co, so we need to 
consider how such a set can be interpreted. 


To do this, think of a point z on the circle in Figure 1.10 moving clockwise 
towards the origin. As it moves, its image w = f(z) = 1/z moves up the 
line. The closer that z gets to the origin, the further w moves up the line. 
When z reaches the origin, you can think of its image w = f(z) 

reaching oo. After that, as z continues clockwise round the circle, w 
returns up the line from below. If you like, you can think of the point oo as 
linking together the two ends of the line, thereby enabling points to travel 
‘round and round’ the line. 


There is nothing special about the line in Figure 1.10. Indeed, we can 
extend any line L in a similar way by forming the set LU {oo}. Such a set 
is called an extended line. 


1 Linear and reciprocal functions 


Circles and extended lines will prove to be closely related in the work that 
follows, so it is helpful to make the following definition. 


Definition 


A generalised circle is a circle or an extended line. 


Using this concept, we have the following result about linear functions and 
the reciprocal function, which treats these functions in their extended 
forms as functions from C to C. 


Theorem 1.4 


Linear functions and the reciprocal function have the following 
properties: 


(a) they are one-to-one mappings from Č onto C 


(b) they map generalised circles onto generalised circles. 


Proof Suppose first that f is a linear function, given by f(z) = az + b, 
where a #0. We already know that f is a one-to-one mapping from C 
onto C, and it maps lines onto lines and circles onto circles. 


Next, since a Æ 0, we see that f(z) — oo as z — oo, so we define 
f(co) = œ. Thus f is a one-to-one mapping from C onto C, and it maps 
extended lines onto extended lines. 


Now consider the reciprocal function f(z) = 1/z, which maps C — {0} 
one-to-one onto C — {0}. If C4 is a generalised circle, then we know from 
Theorem 1.3 that f maps Cı — {0,00} onto C2 — {0,00}, where Cə is 
another generalised circle. Since f(0) = œ and f(oo) = 0, it follows that f 


is a one-to-one mapping from Č onto C, and it maps Cj onto Co. E 


1.4 The Riemann sphere 


In this subsection we discuss a geometric model of the extended complex 
plane in which the point at oo appears as a genuine point and generalised 
circles become actual circles. 


To describe this model, imagine that the complex plane C is embedded in 
three-dimensional space in such a way that each complex number x + iy is 
represented by the point (x,y, 0) in the (x, y)-plane. Now consider the 
sphere S of radius 1 centred at the origin, shown in Figure 1.11. This 
sphere is called the Riemann sphere, named after Bernhard Riemann, 
who studied the role of the Riemann sphere in complex analysis. 

(You have encountered Riemann several times before, in Books A and B, 
and in Unit C2.) By analogy with the Earth we will refer to the point 

N = (0,0,1) at the top of the sphere as the North Pole. 
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Figure 1.11 The Riemann sphere S 


Each line that joins a point P in the complex plane to the North Pole 
intersects the Riemann sphere at a point P’, say, and vice versa. If P lies 
outside the unit circle {z : |z| = 1} in C, then P’ lies in the upper half of S, 
and if P lies inside the unit circle, then P’ lies in the lower half of S. And 
if P lies on the unit circle itself, where S intersects C, then P’ = P. 


In this way we can associate all but one of the points P’ on the Riemann 
sphere with the corresponding points P in the complex plane. The only 
point on the sphere that cannot be associated with a point in the complex 
plane is the North Pole. Of course, P’ can be moved arbitrarily close to 
the North Pole by choosing P sufficiently far from the origin, but P’ never 
actually reaches the North Pole. To fill this gap, we associate the North 
Pole with the point oo in the extended complex plane ¢. 


The function 7: S —> Ĉ that projects the point P’ on the Riemann sphere 
to the associated point P in the complex plane, and maps N to ov, is 
called stereographic projection. Since this function is one-to-one and 
onto, we can use the Riemann sphere S as an alternative model of the 
extended complex plane ¢. 


One application to which the Riemann sphere is well suited is to help 
visualise generalised circles. To see this, consider a point P on a line L 
in C (see Figure 1.12). 


Figure 1.12 Correspondence between an extended line in Č and a circle 
through the North Pole on the Riemann sphere 
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As P moves along L, the line that joins P to the North Pole N sweeps out 
a plane that intersects the Riemann sphere in a circle. So as P moves 
along L, the corresponding point P’ on the Riemann sphere traces out a 
circle. The farther P moves out along the line, the closer P’ gets to the 
North Pole. Notice, however, that P’ never actually arrives at the North 
Pole. 


Now, if we attach oo to L to form the generalised circle LU {oo} in Č, then 
we can imagine the point P passing through oo in the extended complex 
plane, and the corresponding point P’ passing through the North Pole. In 
this way we see that LU {co} corresponds to an actual circle on S. In fact, 
we have the following more general result, which we do not prove. 


Theorem 1.5 


(a) Stereographic projection maps circles on the Riemann sphere S 
onto generalised circles in C, and every generalised circle in C is 
the image of some circle on S. 


(b) Stereographic projection preserves angles. 


Remark 


It can be shown that the relationship between a point (u,v, s) 4 (0,0, 1) 
on S and its image x + iy = 7(u, v, s) is given by 


r(u,v,8) = (=) + (= 


2 2 
ri(s + iy) = = b 2y = aes = bj 
T? +y? +1 r? +y? +1 r? +y? +1 


For example, 7(0,0,—1) = 0 and m™+(10i) = (0, 20/101, 99/101). 


and 


Stereographic projection and cartography 


Stereographic projection is one of many projection methods used in 
cartography to draw the Earth on a flat piece of paper. As a tool for 
plotting maps, it has the disadvantage that it significantly distorts 
areas of shapes near the North Pole, which is why it is not used for 
the most familiar maps of the world. However, angle-preserving 
projections like stereographic projection are used to create maps for 
navigation, where direction is more important than area. 
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Further exercises 


Exercise 1.8 
(a) Find a linear function that maps the half-plane {z : Im z > 1} onto 
the half-plane {z : Rez > 2}. 


(b) Find a linear function that maps the disc {z : |z — i| < 1} onto the 
disc {z : |z| < 3}. 


Exercise 1.9 


(a) For each of the following lines and circles, determine whether the 
image under the reciprocal function is a line or a circle, and determine 
whether or not it passes through the origin. 


(i) 2x—-y=0 (ï) 22@ty?=2 (iü) 2? +(y-2)? =4 
(iv) 22 +y=1 


(b) Find an equation for the image for parts (a)(i) and (a)(ii). 


Exercise 1.10 


Determine how to extend the following functions to functions from C to Ĉ. 


(a) f(z)=22+6 (b) f= 


2 Mobius transformations 


After working through this section, you should be able to: 
e recognise a Mobius transformation 

e invert a Mobius transformation 

e compose two Mobius transformations 

e determine the fixed points of a Möbius transformation 


e find the Mobius transformation that maps one given set of three points 
in C onto another. 


2.1 Properties of Mobius transformations 


In the previous section you saw that linear functions and the reciprocal 
function map generalised circles onto generalised circles. In this section we 
enlarge this collection of circle-preserving functions to a class of functions 
called Möbius transformations (where Möbius is pronounced ‘muh-bee-uss’ 
or ‘moh-bee-uss’). 


Definition 
A function of the form 
i= Sai, where a,b,c,d € C and ad — bc £ 0, 


is called a Möbius transformation. 


Remarks 


1. 


Every linear function is a Mobius transformation, as we can see by 
setting c = 0 and d= 1. Also, the reciprocal function f(z) = 1/z isa 
Mobius transformation with a = d = 0 and b= c = 1. 


. If c = 0, then the transformation f reduces to the function 


f(z) = (a/d)z + (b/d), with domain C. This is a linear function, 
because the condition ad — bc Æ 0 ensures that both a and d are 
non-zero, so a/d is also non-zero. 

If c#0, then f has domain C — {—d/c}, and it has a simple pole 
at —d/c. 


. The condition ad — bc Æ 0 is needed to avoid functions like 


6z+4 
f(z) = 3242” 
where the numerator is a constant multiple of the denominator. Such 
functions are constant throughout their domains, and therefore are not 
conformal. 


. Notice that we can multiply the numerator and denominator of a 


Mobius transformation by the same non-zero constant without altering 
the transformation. For example, 


2z+1 6z2+3 
TO= z+ = 9246 


are the same Möbius transformation. 


and g(z) 


. Some texts give Möbius transformations other names, such as bilinear 


transformations, fractional linear transformations, linear fractional 
transformations or homographies. 


2 Mobius transformations 
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The Combination Rules for differentiation show that every Mobius 
transformation f(z) = (az + b)/(cz + d) is an analytic function. 
Furthermore, the condition ad — bc Æ 0 ensures that the derivative 


1, (cz+d)a—(az+b)e  ad—be 
Nac ara erd 


is non-zero throughout the domain of f. This, in conjunction with 
Theorem 4.2 of Unit A4, leads to the following theorem. 


Theorem 2.1 


Every Möbius transformation is analytic and conformal. 


As noted earlier, constant functions are not conformal, so they are not 
Möbius transformations. 


You will find the theorem helpful in some parts of the following exercise. 


Exercise 2.1 


Determine which of the following functions are Möbius transformations. 


aso? w so- oos 
@) f@=24> © e= 


Next we discuss how to extend the Mobius transformation 
az+b 
f(z) = 


ER where ad — bc £0, 


to C, in the manner described in Subsection 1.3. If c = 0, then f is a linear 
function, so we define 
f(œ) = œ. 
If c#0, then f has a pole at —d/c, so we define 
f(-d/c) = œ. 
To find the image of oo under f, observe that 


az+b at+b/z 


f(2) = cz+d ct+d/z 
Therefore 
a+0 a 
f(z) > aa ee 


so we define 


f(oo) =a/e. 
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There is no need to remember these formulas for extending f, since it is 
straightforward to deal with each transformation by inspection as it arises. 


Exercise 2.2 


Use the conventions above to extend the following Möbius transformations 
to functions from C to C. 
224i zZ—1 


(a) = ang (b) i) = 39 


(c) f(z) =2z4+1 


From now on we adopt the following convention. 


Convention 


Each Mobius transformation is considered to be extended to give a 
function from C to C. 


This convention holds even when a Mobius transformation is specified by a 
formula that does not mention the point oo. For example, we consider the 
Mobius transformation f specified by the formula 


z—í 
f(z) = 3z+2 
to be the function from C to C with rule 
~~, 2€C-—{-2/3}, 
3z + 
f(z) = 00, z = —2/3, 
1/3, z= 0, 


Let us now investigate the properties of Möbius transformations. We first 
show that every Möbius transformation f(z) = (az + b)/(cz + d), where 
ad — bc Æ 0, is either a linear function, or a composition of two linear 
functions and the reciprocal function. 


In fact we have already seen that f is a linear function if c= 0. If c £0, 
then f can be expressed as a composition of linear functions and the 
reciprocal function as follows. We can write 
az+b 
f(z) = 


cze+d 
acz + bc 


c(cz + d) 
a(cz + d) — ad + be 
c(cz + d) 


o ad — bc 1 y 
E c cz+d c 


2 Möbius transformations 
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So, for all z in C — {—d/c}, we see that f(z) is equal to (gohok)(z), where 
k(z) =cz+d_ (linear function), 


1 
h(z) =- (reciprocal function), 
z 


—b 
g(z) = — (= =) z+ - (linear function). 
c 


Furthermore, we have 


(g ° ho k)(=d/c) = (g © h)(0) = g(œ) = œ = f(—d/c) 


and 


(g ° hok)(0o) = (g o h)(œ0) = g(0) = a/c = f (00), 
F(= (goho k)(z), forall z € Ĉ. 


Since Theorem 1.4 guarantees that linear functions and the reciprocal 
function are one-to-one functions from C onto C that map generalised 
circles onto generalised circles, we obtain the following result. 


(a) Möbius transformations are one-to-one mappings from Č onto C. 


(b) Möbius transformations map generalised circles onto generalised 
circles. 


It follows from Theorem 2.2(a) that every Möbius transformation has an 
inverse function. The next example illustrates how to find an inverse 
function. Observe that the method takes care to avoid performing 
arithmetic operations with oo. 


Example 2.1 


Find the inverse function of the Mobius transformation 


2z2+7% 
Vi =—3z+1- 


Solution 
By Theorem 2.2(a), f is a one-to-one function from C onto Ĉ. 
Also, f(1/3) = œ and f(oo) = —2/3. So f maps C — {1/3} onto 
C — {-2/3}. 
Now, for each w in C — {—2/3}, we need to solve the equation 
2e 
ay 
to obtain a solution z in C — {1/3}. We have 
SHE =p WS 22) SS SW A SW 
w—i 
3w +2 


< z= 


Therefore the inverse function satisfies 
= pE (1b) Ss 
3w + 2’ 
Since f(oo) = —2/3 and f(1/3) = œ, we have 
=/= md] 460) e 


for w € C — {—2/3}. 


Hence the inverse function is 


w 
Bw 42? w € © = {-2/3}, 
= 
f (w) = oO, w = —2/3, 
13; U = oor 


Exercise 2.3 


Find the inverse functions of the following Möbius transformations. 


zZ-1 z+2i 


a (=> o o4 


It appears from Example 2.1 and Exercise 2.3 that the inverse function of 
a Möbius transformation is itself a Möbius transformation. The next 
theorem confirms that this is always the case. 


The Möbius transformation 


b 
ie) = asi where a,b,c,d € C and ad — bc £0, 
is a one-to-one function from C onto C with inverse function 
dw — b 
=] = 
PG) =cw+a 


The inverse function f~t is itself a Möbius transformation. 


Both f and f~! are specified in this theorem for points z and w not equal 
to oo. Following our convention, we should interpret these functions as 


functions from Č onto C by extending them in the usual way. 


To help remember this formula for f~t, you can compare it with the 
formula for the inverse of the matrix 


a b 
m= (e a) 


which is 


2 Möbius transformations 
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Theorem 2.3 can be proved by the same algebraic argument as was used in 
Example 2.1 and Exercise 2.3. 


Exercise 2.4 


Prove Theorem 2.3. 


When finding the inverse function of a Möbius transformation f, you may 
choose to solve the equation w = f(z) for z directly, as in Exercise 2.3. 
Alternatively, you may prefer to use Theorem 2.3. 


Exercise 2.5 


Use Theorem 2.3 to check your answers to Exercise 2.3. 


Since each Mobius transformation is either a linear function or the 
composition of two linear functions and the reciprocal function, it is 
natural to ask whether any new transformations are obtained when Mobius 
transformations are composed. The following theorem shows that the 
composition of two Möbius transformations is another Mobius 
transformation. 


Let f and g be Mobius transformations. Then f o g is also a Möbius 
transformation. 


Before proving this theorem, we illustrate how to find the composition of 
two Mobius transformations. 


Example 2.2 
Find the composition f o g of the Mobius transformations 
iz I eae) 
SN ea yey ago eye 
Solution 


Let z be a complex number that is not a singularity of g and such 
that g(z) is not a singularity of f. Since (f o g)(z) = f(g(z)), we have 


seoa =s 2) 


Gan) a) 2, 
Deep 7= i (Ce => 


2(z +7) — 2(2z — 1) 2z + (2+ 2i) 
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Hence f o g is the Mobius transformation 


= (2+i)z-2 
A) ae e 


Remark 


By insisting that z is not a singularity of g and g(z) is not a singularity 

of f in the solution to Example 2.2, we ensure that none of the algebraic 
manipulations there involves oo. We did not show that (f o g)(z) = h(z) 
when z or g(z) is one of these singularities or co; however, Theorem 2.4 

tells us that f o g is a Mobius transformation, so we do have 

(f 0 g)(z) = A(z) for all points z in C. 


Exercise 2.6 


Find the composition f o g of the Mobius transformations 


so =% and go) = 


z— z—í 


Proof of Theorem 2.4 Let f and g be the Möbius transformations 
az +b a'z +b 


f(z) = ad and 9g(z)= deta 
where ad — bc Æ 0 and a'd’ — b'c £0, and let 


A={z€C: zis a singularity of g or g(z) is a singularity of f}. 
Arguing in a similar way as we did in Example 2.2, we can show that if 


z € C — A, then 
(F © g9)(2) = flg(z)) = hlz), 


where 
id= (aa! + bc')z + (ab! + bd!) 
(ca’ + de’)z + (cb! + dd’) 
To verify that h is a Mobius transformation, we must check the 
‘ad — bc £ 0’ condition, which is rather complicated in this case. We have 
(aa’ + bc’) (cb! + dd’) — (ab! + bd')(ca’ + dc’) 
= (aca'b! + ada'd’ + bcb'd + bdc'd’) — (aca'b! + adb'¢ + bea'd' + bdc'd’) 
= ada'd' + beb'c! — adb'c’ — bea’ d' 
= (ad — be) (a'd' — b'd') £0, 


so h is indeed a Mobius transformation. 
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It remains to prove that (f o g)(z) = A(z), for z € AU {oo}. Now, Mobius 
transformations have been defined in such a way that if (zn) is a sequence 
in C that tends to a point z in C, and if k is a Möbius transformation, then 


k (zp) > k(2). (2.1) 


If z belongs to the finite set AU {oo}, then we can choose a sequence (zn) 
in C — A such that zn — z, in which case 


g(zn) > g(z) and h(z,) > A(z). 


Also, since g(Zn) > g(z) we can apply equation (2.1) with k replaced by f, 
Zn replaced by g(zn) and z replaced by g(z) to give 


f(g(2n)) > Fg). 


Since h(z,) = f(g(zn)), we see that h(z) = f(g(z)). Hence 
(f° 9)(z) = f(g(2)) = h(z), as required. a 


It is useful to observe that the matrix of coefficients of h can be found by 
multiplying the matrices corresponding to f and g. For instance, for 
Example 2.2, we have 


(> 2)( =n) = (2° ara) 


Another useful property to note is that when we compose any Möbius 
transformation f with its inverse function f~t, then we obtain a function 
fof! that maps every element of Č to itself. This function is the 
identity function on C. It is easy to see that this function is a Möbius 
transformation, since it can be written as 


We now have all the properties that are needed to manipulate 
compositions of Möbius transformations. A summary of these properties is 
provided by the following theorem. If you have studied group theory, then 
you will recognise the theorem as asserting that the Mobius 
transformations form a group under composition of functions. 


Theorem 2.5 Group properties 

The set of Mobius transformations has the following properties. 
Closure If f and g are Mobius transformations, then so is f o g. 
Identity The identity function on Č is a Möbius transformation. 


Inverses Each Mobius transformation f has an inverse function f~t 
which is also a Mobius transformation. 


Associativity If f, g and h are Mobius transformations, then 


fo(goh) =(fog)oh. 


2 Möbius transformations 


The only property that we have not already mentioned is associativity. 
This is a general property of the composition of functions, which says that 
it does not matter how we bracket the calculation of a composition of 
functions. It allows us to write f o go h without ambiguity. 


August Ferdinand Mobius 


Mobius transformations are named after the German astronomer and 
mathematician August Ferdinand Mobius (1790-1868), who is 
remembered in mathematics for significant contributions to geometry 
and number theory. One of his most famous discoveries is the 
Mobius strip, which is a fascinating surface that can be modelled by 
gluing the two ends of a long, thin strip of paper together after 
twisting one of the ends through 180° (see Figure 2.1). 


August Ferdinand Mobius 


Figure 2.1 Mobius strip 


His work on Mobius transformations had a great impact on 
mathematics, after it was taken up by others such as the French 
mathematician Henri Poincaré (1854-1912), and was shown to be of 
fundamental importance to deep and far-reaching ideas in geometry. 


2.2 The fixed points of a Mobius 
transformation 


In the previous subsection you saw that the identity function on Cisa 
Mobius transformation. This function sends each point in C to itself. By 
contrast we will now show that if f is any Mobius transformation other 
than the identity function, then it can leave at most two points fixed. 


Definition 


A fixed point of a Mobius transformation f is a point a in the 
extended complex plane for which f(a) = a. 
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The number of fixed points of the Möbius transformation 


az+b 
f(z) = cz +d 


depends on the coefficients a, b, c and d. 


If c= 0, then f is a linear function, so œ is a fixed point. Any other fixed 
point z of f must satisfy the equation (az + b)/d = z, or, equivalently, 
(d—a)z=b. 


Therefore if a 4 d, then f has exactly one other fixed point z = b/(d — a), 
and if a = d, then f has no other fixed points (unless b = 0, in which 
case f is the identity function). 


Suppose now that c#0. Then f(oo) = a/c 4 ~, so all the fixed points 
of f must lie in C. We can find these fixed points by solving the equation 
az +b 
czt+d 
that is, 


c2? + (d—a)z—b=0. 


Z, 


Since this is a quadratic equation, it has either one or two solutions in C. 


This reasoning leads us to the following theorem. 


Theorem 2.6 


Each Mobius transformation, other than the identity function, has 
either one or two fixed points in C. 


Exercise 2.7 


Determine the fixed points of each of the following Mobius 


transformations. 
ik _ 8z+t 


@) f(@=54+1 b as; © o4 


Theorem 2.6 has a number of important implications, including the 
following theorem. 


Theorem 2.7 


If two Mobius transformations f and g satisfy f(z) = g(z) for three or 
more points z in C, then f = g. 


Proof Suppose that f(z) = g(z), for z € A, where A is a set in C 
consisting of three or more points. If a € A, then f(a) = g(a), so 


(F7 o g)(@) = f-'(9(a)) = F (F (a)) = a. 


It follows that the Möbius transformation f~! o g fixes each point of A. 
Since A has at least three points, f~! o g is the identity function, by 
Theorem 2.6. Therefore 


f=fol(fog)=(fof)og=g, 


as required. El 


This theorem shows that a Möbius transformation is completely 
determined by the effect that it has on any three distinct points a, 8 and y 
in C. 

Now suppose that we are given two sets {a, 8, y} and {a’, 8’,7'}, each 
consisting of three distinct points of Č. Then it is natural to ask whether 
we can find a Mobius transformation f that maps 


atoa’, BtoB’ and ytoy’. 


It turns out that we can, but rather than finding such a transformation 
directly, it is easier to begin by considering the case where a’, 3’, y” is the 
standard triple of points 0,1,00. In this case we define f by 


(z-a) (8-7) 
(2—7) (B-a) 
Notice that the numerator is not a non-zero multiple of the denominator, 


because a, 8 and y are distinct. Hence f is a Möbius transformation. And 
clearly f(a) = 0, f(8) = 1 and f(y) = œœ, as required. 


We have assumed implicitly here that none of the points a, 2 or y is œ in 
order for the expression on the right-hand side of formula (2.2) to be valid. 
However, there is a way in which we can make sense of the formula even 
when one of the three points is œœ, by taking limits. For example, to find 
the formula for f(z) when 8 = œœ, we observe that 


(z—a) (6-7) _ (2-0) (1-7/8) zza 


faa 


(2.2) 


(2-7) (8-a) (z-7)(1—a/B) oa SOO. 
Hence 
f(z) =, 
z= y 


and this function satisfies our requirements, because f(a) = 0, f(co) = 1 
and f(y) = œ. 


A convenient shorthand for this process is to write 


fa = (z — a) (œ -= 7) _ ei 
(z-y)(co-a) 2-7 
where we ‘cancel out’ the terms containing oo. Strictly speaking, the 
middle step of this equation does not make sense, because it involves 
arithmetic with oo. However, it is an illuminating way to explain how to 
obtain the formula on the right-hand side of the equation, so we allow 
expressions of this type involving oo in these particular circumstances. 


A similar approach can be taken if œ = œ or y = œ. 
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For each of the triples below, find the Mobius transformation that sends 
the three given points to the standard triple 0,1, 00. 


(a) 2,2i,-2 (b) t,00,1 (c) œ,3i,1 (d) 14%,0,00 
SSS a SS SS Sy 


With a little practice you can write down the Möbius transformation 
without reference to formula (2.2). You just need to remember that for a 
to be mapped to 0, we need z — a in the numerator, and for y to be 
mapped to oo, we need z — y in the denominator. Then you simply 
multiply by the quantity that yields 1 when £ is substituted for z. For 
instance, in Example 2.3(a), the stages of this process are 

z-t lt  z-1 

ZF? I-i oe 

Let us now return to the question that we posed earlier about whether, 
given two triples of distinct points a, 8, y and a’, 8’,y', there is a Möbius 
transformation that maps a to a’, 8 to 8’ and y to y’. 


Z=; 


We can construct such a transformation by mapping to and from the 
standard triple of points 0,1,00. We know that there is a Möbius 
transformation f that sends the triple a, 8, y to the standard triple 0, 1, œo. 
Similarly, there is another Möbius transformation g that sends the triple 
a’, 8B’, y" to the standard triple 0,1,00. It follows that the composite 

g7} o f must be the required Möbius transformation, since it maps a to a’, 
b to B’ and y to y’ (see Figure 2.2). 


ea 


gras 
Figure 2.2 Mapping two triples of points to 0,1, 00 


In fact, by Theorem 2.7, we know that g~! o f is the only such Möbius 


transformation, so we have established the following theorem. 


Theorem 2.8 


Given two triples of three distinct points a, 8,7 and a’, 8’,y’ in ©, 
there is a unique Mobius transformation that maps 


atoa’, BtoB’ and ytoy’. 


The argument used to establish this theorem suggests that if we need to 
find the Mobius transformation that sends the triple of points a, 6,7 to 
the triple of points a’, 3’,y', then we must write down the functions f 
and g, find the inverse of g, and finally form the composite g~! o f. In fact 
there is a slightly simpler approach that enables us to carry out the whole 
calculation in one go. To do this, label the left-hand plane in Figure 2.2 
the z-plane and the right-hand plane the w-plane. Then we need to find 

w = g7} (f(z)); we can do so by solving the equation f(z) = g(w) to give w 
in terms of z. By formula (2.2), we need to solve 


(z-a) (B-7) _ (w-a’) (6'- 7’) 


a=) (Ba) (w-7')(8'-a') 
We refer to this equation as the Implicit Formula for Möbius 
Transformations because by solving it to find w in terms of z we obtain 
a formula for the Möbius transformation that sends a to a’, B to B’ and 
y to y’. However, when a’ = 0, 8’ = 1 and y’ = œ, the equation reduces 
to 


(z-a) (8-7) 


~ fa—9) (B= a)’ 
which is the Explicit Formula for Möbius Transformations that we 
found earlier, in formula (2.2). 
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Given two triples of three distinct points a, 8,7 and a’, 8', y’ in C, 
the unique Mobius transformation that sends a to a’, 3 to B’ and 
y to y’ is the function f that maps z to w, where 


(=a) (By ee W =7) 


C =O =a) 
lia =0, p= 1 and 7 = co, then 
k=) W=) 


| =a) 


The next example demonstrates how to use the Implicit Formula for 
Mobius Transformations. 


Example 2.4 

Find the Mobius transformation that sends the triple of points 
—i, —1,2 to the triple of points 4, 3, 2. 

Solution 


We find the transformation by using the Implicit Formula for Mobius 
Transformations, that is, by solving the equation 


Cael.) = BG — 4) 

(z—-i)(-1+i) (w-—2) (3-4) 
By evaluating the constant terms and then cross-multiplying, we 
obtain 


(z+ 12)(w — 2)i = (w — 4)(z — i)(—1), 
that is, 


izw — w — 2iz + 2 = —wz + 4z + iw — 4i. 
On collecting the w terms on the left, we obtain 
(i+ 1)zw-— (1 +i)w = (44 2i)z — (24 4i), 
so 
_ (4+ 2i)z — (2+ 44) 
— (+az-(14+9 ~ 
The required transformation is therefore 
(4+ 2i)z — (2 + 4i) 


E ae 
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If we wish, we can write this in a simpler form by multiplying the 
numerator and denominator by 1 — i to give 
SS 2 = Ose) a2 =B) 
f(@) = pe i Za 


You may like to check that f(—i) = 4, f(—1) = 3 and f(z) = 2. 


Exercise 2.9 


Find the Mobius transformation that sends the triple of points 2, 2i, —2 to 
the triple of points i, co, 1. 


Compared with the work needed to write down a Möbius transformation 
that sends three distinct points to the standard triple of points 0,1, 00, the 
more general calculation, illustrated by Example 2.4 and Exercise 2.9, 
usually involves a lot more arithmetic. Fortunately, as you will see in 
Section 4, it is often possible to tackle conformal mapping problems in a 
way that uses the standard triple of points. 


We now give the following important consequence of Theorem 2.8. 


Theorem 2.10 


Given any two generalised circles C4 and C2, there is a Möbius 
transformation that maps C1 onto C2. 


Proof Let a, 3,7 be any three distinct points on C4, and let a’, 8’, y’ be 
any three distinct points on C2. By Theorem 2.8, there is a Möbius 
transformation f that maps a, 6,7 to a’, B’,y’, respectively. Since C1 
passes through a, 8,7, it follows that f(C1) passes through a’, B’,y’. 

But f preserves generalised circles, since it is a Mobius transformation, 

so f(C1) is a generalised circle that passes through a’, 3’,y'. There is only 
one generalised circle that passes through three distinct points (we do not 
prove this), so f(C,) = C2. a 


Theorem 2.8 tells us that there is a unique Mobius transformation that 
maps a to a’, 8 to B’ and y to y’. In contrast, there are many Möbius 
transformations that map one generalised circle onto another, as you 
can see by varying the triple of points a, 6,7 on Cı in the proof of 
Theorem 2.10: different choices give rise to different Möbius 
transformations that map C1 onto C. 


2 Mobius transformations 


229 


Unit C3 Conformal mappings 
Further exercises 
Exercise 2.10 
(a) Determine which of the functions 
zZ—1 z—1 o zZ 


f(z) = izai 


are Möbius transformations. 


(b) Find the inverse function of each of the Möbius transformations that 
you identified in part (a). 


Exercise 2.11 
Find the composition f o g of the Möbius transformations 


z—2 z+1 
f() ===> ad (2) ==. 


Exercise 2.12 


For each of the following triples, find the Mobius transformation that sends 
the given three points to the standard triple 0, 1, 00. 


(a) Lalo ©) 1,0,—1 1472-20 


Exercise 2.13 


Find the Mobius transformation that sends the triple of points 22, 1 + 2i, 1 
to the triple of points 1,1 + 7,7. 


Minkowski spacetime 


Minkowski spacetime is a geometric model for unifying space and 
time in a single four-dimensional system, with three dimensions for 
space and one for time. It was first conceived by the German 
mathematician Hermann Minkowski (1864-1909), who was one of the 
teachers of the physicist Albert Einstein (1879-1955), and it came to 
play a key role in Einstein’s theory of special relatively. 


Fundamental to special relativity is the Lorentz group, the group of 
transformations that preserve the properties of Minkowski spacetime, 
which is named after the Dutch physicist Hendrik Antoon 

Lorentz (1853-1928). What is remarkable is that the Lorentz group 


Hermann Minkowski 
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3 Images of generalised circles 


turns out to be equivalent in a certain sense to the group of Mobius 
transformations that you have studied in this unit! This 
correspondence demonstrates that the rich theory of Möbius 
transformations is reflected in models of deep physical properties of 
the universe. 


3 Images of generalised circles 


After working through this section, you should be able to: 
e find the image of a generalised circle by using three of its points 


e use substitution and inverse points to find the image of a generalised 
circle in Apollonian form 


e find the centre and radius of a circle in Apollonian form 
e find inverse points for a given generalised circle. 


In the previous section we showed that Mobius transformations preserve 
generalised circles. However, we have not yet found the image of a 
generalised circle under a Möbius transformation that is not a linear 
function or the reciprocal function. 


For the reciprocal function, we were able to use Cartesian coordinates to 
find the image of a generalised circle, but if this approach is used for a 
general Mobius transformation, then the resulting algebra can be 
complicated. Instead we will develop three different methods for finding 
the image of a generalised circle under a Mobius transformation, none of 
which require Cartesian coordinates. 


3.1 The three-point trick 


This first method depends on the fact that every generalised circle is 
completely determined by the positions of any three of its points. If one of 
these points is oo, then the generalised circle is the extended line that 
passes through the other two points. If none of the three points is oo, and 
the points are collinear, then again the generalised circle is an extended 
line. The remaining possibility is that none of the three points is oo, and 
the points are not collinear, in which case the generalised circle is the 
unique circle passing through the three points. 


We can determine the image of a generalised circle C under a Möbius 
transformation by finding the images of three distinct points on C, as the 
following example demonstrates. 
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Example 3.1 


Find the image of the circle C = {z : |z — i| = 1} under the Möbius 
transformation 
Ue 


z— 2i 
Z=D- 


Solution 


We first pick three distinct points on C. There is no rule about which 
points to choose, so, to keep the calculations simple, we pick the 
points 0, 1+ 7 and 27. Now, 
AO} e Gs Sean ee 
= t 

d So the image of C is the generalised circle that passes through the 
points 7, —1 and 0. These points are three of the four vertices of a 
square centred at -3 + si of side length 1, so they lie on the circle 


centred at -4 F si of radius 1/./2, which passes through these four 
vertices (see Figure 3.1). Thus f(C) is the circle 


(z: [z= (4+ 49] =1/V3}, 


Figure 3.1 Points 7, —1 and 0 


on the circle centred at as illustrated in Figure 3.2. 
-4+ 4i of radius 1//2 A z=% A 
2i f(z) = 
z—2 
es a eae SS 
G 
ae @ IC) a 
0 i zi 0 á 


Figure 3.2 Image of the circle C = {z : |z — i| = 1} under the Möbius 
transformation f(z) = (z — 2i)/(z — 2) 


Note that f(i) = —i/(¢ — 2) = (—1 + 2i)/5, so the image of the centre of C 
is not the centre of the image circle f (C). 


Exercise 3.1 


Find the image of the circle C = {z : |z — (1 + i)| = V2} under the Möbius 


transformation 
—z +2 
Aarm 


(Hint: Choose the points 0, 2 and 2i on C.) 
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Exactly the same method can be used to find the image of an extended 
line. Indeed, an extended line is just a special type of generalised circle, so 
the image can again be found by locating the images of three of its points. 
Any three points can be used, but the inclusion of the point at infinity 
often simplifies the calculation, as we see in the following example. 


Example 3.2 
Find the image of the extended real line L = {z : Im z = 0} U {co} 


under the Möbius transformation 


zZ-—1 
ar 


Solution 


To keep the calculations simple, we pick the points 0, 1 and oo on L 
(see Figure 3.3). Then 
ieg 
f0) =-1, f) =77; =i ad f(œ)=1. 
So the image of L is the generalised circle that passes through the 
points —1, —i and 1. 


zZ-1 
A = em A 
Se n 
F(Z) 
ee x 
0 1 —1 1 


Figure 3.3 Image of the extended real line L under the Mobius 
transformation f(z) = (z — i)/(z + i) 


Thus f(L) is the unit circle {z : |z| = 1}. 


Exercise 3.2 


Find the image of the extended line L = {z : Rez = Im z} U {oo} under the 
Möbius transformation 


(2) = 2 


zZ—1 


In general it is not straightforward to find the equation of a generalised 
circle from three points on the circle, so the three-point trick is useful only 
when the image of the generalised circle is evident from the images of three 
carefully chosen points, as in Example 3.2. 


Images of generalised circles 
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Figure 3.4 w is equidistant 
from i and —i 
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In the next exercise the pole of the Mobius transformation f lies on the 
circle, so the image is an extended line, which can be determined from two 
other image points. 


Exercise 3.3 


Find the image of the unit circle C = {z : |z| = 1} under the Möbius 
transformation 


z+1 
fe) =. 


a & on JUG 


In this subsection we will see another method for finding the image of a 
generalised circle under a Mobius transformation, by substitution. This 
method finds the image of a generalised circle C under a Möbius 
transformation f by substituting z = f~'(w) into the equation for C. We 
demonstrate the procedure with an example. 


Example 3.3 


Find an equation for the image of the unit circle C = {z : |z| = 1} 
under the Mobius transformation 


UE SFU 
to San! 


by substituting z = f~!(w) into the equation for C. 


Solution 


First observe that f(C) is an extended line, because 1 € C 
and f(1) = oo. Next, by Theorem 2.3, 
w=? 


=i = 
ee w+i 


Now, w is a point on the image f(C) if and only if f~!(w) lies on the 
unit circle C. That is, w € f (C) if and only if w = 00 or 


w—i 
w+i 


Therefore f (C) consists of co and the set of points satisfied by the 
equation 
|w — i| = |w + il. 


This equation represents the set of points w that are equidistant 
from 7 and —i, so it is an equation for the real line (see Figure 3.4). 
Hence f(C) is the extended real line. 
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In general, given any two points a and £6 in C, the equation 
[z -a| = |z — £l 


describes the line L that forms the perpendicular bisector of the line 
segment joining a and 8 (see Figure 3.5). 


Conversely, any line L can be described by an equation of the form 

|z — a| = |z — 8|, where a and 8 are points that are mirror images of each 
other in the line. The equation is not unique, since any pair of mirror 
images can be used to set up the equation. 


Exercise 3.4 


Find an equation for the image of the unit circle C = {z2 : |z| = 1} under 
the Möbius transformation 


fa) = 


by substituting z = f—!(w) into the equation for C. 


z—í 
z+1 


In the next example, which again uses substitution, we see what happens 
when the image is a circle. 


Example 3.4 
Find an equation for the image of the unit circle C = {z : |z| = 1} 


under the Möbius transformation 


Oz = X 
4s er 


by substituting z = f—!(w) into the equation for C. 


Solution 
The pole 1/2 of f does not lie on the unit circle C, so f(C) must be a 
circle. By Theorem 2.3, 

Al Hwa et 
Now, w is a point on the image f(C) if and only if f~'(w) lies on the 
unit circle C. That is, w € f(C) if and only if 


—w+ 2i 
—2w +6 


An equation for the image f(C) is therefore 
[w + 2i| = |-2w + 6], 
which can be rewritten as 


|w — 2i| = 2|w — 3]. 


Images of generalised circles 


b 


L 


Figure 3.5 z is equidistant 


from a and 8 
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2i w 


Figure 3.6 w is twice as far 
from 2i as it is from 3 
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The equation obtained in Example 3.4 is similar to the equation obtained 
in Example 3.3. The significant difference is the factor 2 that appears in 
front of the modulus sign on the right. The presence of this factor implies 
that instead of describing a line, the equation describes the set of points 
that lie twice as far from 2i as they do from 3 (see Figure 3.6). Because 
Möbius transformations map generalised circles to generalised circles, and 
this set of points is not an extended line, it must be a circle! 


In general, when substitution is used to find the image of an arbitrary 
generalised circle under a Möbius transformation, it turns out that the 
resulting equation for the image has the form 

|z — a| = k|z — 6|, where k > 0. 
Generalised circles that are presented in this form are said to be expressed 
in Apollonian form. The form describes the set of points that lie k times 
as far from q as they do from 8. If k = 1, then the equation represents a 


line, and we will adopt the convention that oo is included in the set (so it 
represents an extended line). If k Æ 1, then the equation represents a circle. 


In the next subsection you will see how to find the centre and radius of a 
circle whose equation is expressed in Apollonian form. 


Circles of Apollonius 


The Ancient Greek geometer Apollonius of Perga (c.262-c.190 BCE) 
demonstrated geometrically that the set of points that lie k times as 
far away from a as they do from £ is a circle, for k £ 1. Figure 3.7 
shows in black a collection of eight circles of the form 


|z — o = klz — I, 
for various values of k. In the background you can see several feint 
blue circles, each of which passes through both points a and 8. It can 
be shown that each feint circle intersects each black circle at right 


angles (they are orthogonal). The collection of all circles of both types 
is called the circles of Apollonius. 


Eee) 
\\ aay, 


> 
D> 


SW, 


Figure 3.7 Circles of Apollonius 


3 Images of generalised circles 


3.3 The inverse points method 


So far we have seen two methods to find the image of a generalised circle 
under a Mobius transformation: the three-point trick and the substitution 
method. The latter provides an answer in Apollonian form, as does the 
third method that we introduce here, using inverse points. A pair of 
inverse points is a set of two points that are, in a sense, ‘mirror images’ of 
each other with respect to a generalised circle. 

To make this more precise, let us first consider two points a and 8 that are 


mirror images of each other with respect to an extended line L (see 
Figure 3.8). Observe that either a and 8 are equal and lie on L, or L has 


an equation in Apollonian form |z — a| = |z — 8|. Now, if 
z-a 
flz) = zep 
then the equation |z — a| = |z — 8| can be written in the form |f(z)| = 1. 


But this shows that f maps L into the unit circle (because if z € L then 
|f(z)| = 1), and in fact f must map L onto the unit circle, because f maps Figure 3.8 Points a and 8 
generalised circles onto generalised circles. Furthermore, the mirror image that are mirror images of each 
points a and 6 are mapped by f to 0 and o, respectively. This suggests other with respect to L 

the following generalisation of ‘mirror images’. 


Definition 
Let C be a generalised circle. Then a and p are inverse points with 
respect to C if 


e either a and ĝ are equal and lie on C 


e or there exists a Mobius transformation f that maps a to 0, 


B to oo, and C onto the unit circle. J 


The definition is rather unsatisfactory because it does not give us any 
geometric picture of the relationship between the inverse points œ and 8 
and the generalised circle C. We will obtain such a picture shortly (see 
Figure 3.9, which illustrates a typical pair of inverse points), but first we 
establish the close connection between inverse points and Apollonian form. 


Theorem 3.1 Figure 3.9 Inverse points a 
The points œ and 8 in Č are distinct inverse points with respect to a nent fa respect to a 
circle 


generalised circle C if and only if 


e either both a and ( belong to C, and C has the equation (in 
Apollonian form) 


|z — a| = k|z — 6|, for some k > 0 
e or one of the points (8 say) is co, and C has the equation 


|z—al=r, for somer > 0. 
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You may choose to omit the proof of Theorem 3.1 on a first reading. 


Proof First suppose that a and £ are distinct inverse points with respect 
to a generalised circle C. Then, by definition, there is a Mobius 
transformation f that maps a to 0, 6 to oo, and C onto the unit circle. 


Let y be the point on C that f maps to 1. Since a and 8 are distinct, they 


cannot lie on C. It follows that y cannot be equal to a or 8. Since f is 
completely determined by the effect that it has on a, 8 and y, we have 


jy = SOB) 

(z -6) (7-a) 

with the usual rules about ‘cancelling terms involving oo’ if one of a, 8 
and y happens to be œo. But f maps C onto the unit circle, so an equation 
for C is |f(z)| = 1, that is, 

(z - a) (7-2) 
(@—B) Oa) 
If a, 8 € C, then this becomes 


=1. (3.1) 


|z — a| = k|z — pl, where k= [223 > 0. 
y- 


However, if one of the points a or 8 is oo (8 say), then the (y — 8) term in 
equation (3.1) ‘cancels’ with the (z — 8) term to give 


|z- a|=r, where r = |y- a| >0. 


Conversely, suppose that C has equation |z — a| = k|z — 6|, with a, 8 € C 
and k > 0. If a and 8 were equal, then the equation |z — a| = k|z — | 
would reduce to k = 1, which is not an equation for a generalised circle. 
Hence a Æ p. Next let 


ra= (==) 


Then f is a Möbius transformation that maps a to 0, 8 to œ, and C onto 
the unit circle (since |f(z)| = 1), so a and £ are inverse points with respect 
to the generalised circle C. 


Suppose now that C has equation |z — a| = r, and 6 = oo. Let 


z— qa 
f2) = . 
T 
Once again, f maps a to 0, 8 to oo, and C onto the unit circle, so œ and 8 
are inverse points with respect to C. | 
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If C is an ordinary circle centred at a, then C has equation |z — a| = r, for 
some r > 0. It follows from Theorem 3.1 that œa and oo are inverse points 
with respect to C. Thus it is easy to identify at least one pair of inverse 
points of an ordinary circle. 


Corollary 


The centre a of a circle C and the point œo are inverse points with 
respect to C. 


The next theorem says, informally speaking, that Mobius transformations 
preserve inverse points. 


Theorem 3.2 


Let f be a Mobius transformation. If œ and ( are inverse points with 
respect to a generalised circle C, then f(a) and f(3) are inverse 
points with respect to f(C). 


Proof Ifa and 8 are distinct inverse points with respect to the 
generalised circle C, then, by the definition of inverse points, there must be 
a Mobius transformation, g say, that maps a to 0, 6 to oo, and C onto the 
unit circle. Thus go f7! maps f(a) to 0, f(8) to oo, and f(C) onto the 
unit circle. It follows that f(a) and f((@) are inverse points with respect 
to f(C). 

On the other hand, if a and 6 are equal and lie on C, then f(a) equals 
f(@) and this point lies on f(C), so once again f(a) and f(8) are inverse 
points with respect to f(C). E 


Remark 


An interesting consequence of Theorem 3.2 is the following observation. 
Suppose that C is an ordinary circle, and f is a Möbius transformation 
such that f(C) is also an ordinary circle. We know from the corollary to 
Theorem 3.1 that the centre of C and the point oo are inverse points with 
respect to C, and the centre of f(C’) and the point oo are inverse points 
with respect to f(C). Since Möbius transformations preserve inverse 
points, we see that f maps the centre of C to the centre of f(C) if and 
only if f(co) = ov, that is, if and only if f is a linear function. 


We can use Theorem 3.2 to provide us with our final method (the inverse 
points method) for finding the image of a generalised circle C under a 
Mobius transformation. 
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Example 3.5 


Find an equation for the image of the circle C = {z : |z — 2i| = 3} 
under the Mobius transformation 

iz +5 
P(2) = ET 


Solution 


Since C has centre 2i, it follows from the corollary to Theorem 3.1 
that 2i and œo are inverse points with respect to C. Now, 


e- = See ee eo 


So, by Theorem 3.2, —i and i must be inverse points with respect 
to j (C) 
Hence, by Theorem 3.1, f(C) has an equation of the form 

jw +i|=k|w—i|, for some k > 0. 
Since 52 lies on C, it follows that f(5i) = 0 lies on f(C), so 
~ JO + 34 = 

|0 — il 

Hence f(C) is the extended real line 

{w : |w + i| = |w — i|} U {oo}. 


k 


In the solution to Example 3.5 we could choose any point on C to 
determine the value of k; choosing the point 57 just makes the calculation 
simple. 


The same method can be used to find an equation for the image of any 
circle C. The resulting equation for the image of C is normally in 
Apollonian form, but if one of the inverse points of C maps to oo, and the 
other maps to a say, then the equation will have the form {z : |z — a| = r}. 
In such cases the value of r can be evaluated in the same way as k, by 
substituting a point from the image into the equation. 


Exercise 3.5 


For each of the following circles C, find the image of C under the Möbius 
transformation 


CL = 


z—i` 


3 


Because the inverse points method usually yields an equation for the image 
in Apollonian form, we still may not know where the centre of the image is 
located (if the image is indeed a circle). The next theorem can be used to 
find the centre and radius of any circle written in Apollonian form. 


Theorem 3.3 
Let C be the generalised circle with equation 
|z — a| = k|z — 6|, wherea,B€Candk>0. 
(a) If k #1, then C is the circle centred at ÀA of radius r, where 
Pa a 
1—k? |1 — k?| 
Also, A lies on the line through a and 8, and 
(C= GaN =e. 


(b) If k =1, then C is the extended line through $(a + 8) that is 
perpendicular to the line through a and £. 


A 


Theorem 3.3(a) provides us with the geometric interpretation of inverse 
points that we promised earlier. It tells us that in the case k Æ 1, the 
centre A of C lies on the line through a and 8, because 


1 
A=ta+(1—t)8, where t= Ig ER. (3.2) 


Furthermore, since (a — A)(8 — A) = r?, we have 

la — All8 — Al = |(a— A)(B—A)| = 7°. 
So the product of the distances of a and p from the centre of C is equal to 
the square of the radius of C (see Figure 3.10). 


In the special case where C is the unit circle |z| = 1, we have À = 0. Thus 
if a and # are inverse points with respect to C, then af = 1, that is, 

a = 1/8. Hence a is the reciprocal of the mirror image of 8 in the real axis 
(see Figure 3.11). The function f(z) = 1/Z, which sends £ to a, differs 
from the reciprocal function f(z) = 1/z in that, like reflections, it is not 
analytic. 


Before proving Theorem 3.3 we ask you to use it in the following exercise. 


Exercise 3.6 


Determine the centres and radii of the circles determined by the following 
equations. 


(a) |z- iļ=v2|z-1| (b) |z- 1| = v2 (2 


Images of generalised circles 


Figure 3.10 The points 
a, B, A satisfy 
le- Al8 -à =? 


A 


l|=1 


Figure 3.11 The points a, 8 
satisfy a = 1/8 
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Proof of Theorem 3.3 
(a) Suppose that k # 1. The circle centred at À of radius r, where 


(b) 
Figure 3.12 z is equidistant 
from a and 8 


a—k?B 
1 — k? 


kla — £| 
and r= M-k 
has equation |z — A| = r, that is, 

a— k’B|  k|8-— a] 

1-k? | JL- k? 


A= 


Z- 


By writing 6 — a = (z — a) — (z — 8), and multiplying through 
by |1 — k?|, we obtain 


|(z — a) — k? (z — B)| = k|(z — a) — (z — B)l. (3.3) 


Squaring the left-hand side of this equation, and expanding (using 
|w|? = ww), gives 


jz — al? — k*(z — a) (2 — B) — kh’ (2 —0)(z — 8) + kz - Al’, 
and squaring and expanding the right-hand side gives 


k?|z— al? — k*(z— a)(z— B) — kB (z— a)(z — 8) + kle- BP. 
Hence we can rewrite equation (3.3) in the form 
|e — al? + kfz — BP = blz — al? + lz — BPP. 


Rearranging this gives (1 — k?)|z — a|? = k? (1 — k?)|z — 8|?, which 
simplifies to 


|z— a] = k|z — 6l. 


In this way we see that the equations |z — a| = k|z — 6| and 

|z — A| = r are equivalent, when k 4 1, so C does indeed have centre A 
and radius r. Furthermore, A lies on the line through a and 8, by 
equation (3.2), and we also have 


NA s Soe) 


| 


Suppose that k = 1. The equation |z — a| = |z — 8| represents the 
extended line L, where L is the perpendicular bisector of the line 
through a and £, together with the point oo. This line contains the 
point (a + 8), as illustrated in Figure 3.12. E 


Any circle has infinitely many pairs of inverse points, as the following 
theorem shows. 
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Theorem 3.4 Existence of inverse points 


Let C be a generalised circle, and let 8 be an arbitrary point of Cc 
Then there is a unique point a such that a and 8 are inverse points 
with respect to C. 


Proof Suppose first that C is the unit circle |z| = 1. If 6 € C, then it 
has a unique inverse point œ = p with respect to C. If 6 = oo, then it has 
a unique inverse point a = 0, and if 6 = 0, then it has a unique inverse 
point a = oo. Let us assume, then, that 6 ¢ C and 8 #0, oo. 


Consider the circle |z — a| = k|z — 6|, where a= 1/8 and k = 1/|8|. By 

Theorem 3.3, this circle has centre and radius 

, UB= 8/1 a a p C/D- _ Ialn/B- sl _, 
te [L172 | eee 

so it is the unit circle C. Thus, by Theorem 3.1, œ and 8 are inverse points 

with respect to C. Furthermore, if y and ( are inverse points with respect 

to C, then they must satisfy y8 = 1, by Theorem 3.3, so y = 1/8 is the 

unique inverse point of B with respect to C. 


Now suppose that C is any generalised circle and 6 € C. Let f bea 
Mobius transformation that maps the unit circle onto C, and let a’ be the 
unique inverse point of 8’ = f~!(8) with respect to the unit circle. Then, 
by Theorem 3.2, a = f(a’) is the unique inverse point of 8 = f(8’) with 
respect to C. OH 


Since any generalised circle has infinitely many pairs of inverse points, it 
follows that any generalised circle also has infinitely many Apollonian 
forms. For a simple example, the extended imaginary axis L can be 


represented by the equation |z — 1| = |z + 1|, because it is the set of points 
that are equidistant from 1 and —1 (together with oo). But L can also be 
represented by the equation |z — 2| = |z + 2|, or in fact |z — t| = |z + t|, for 


any non-zero real number t. 


Let us now see how to use inverse points to transform equations of 
generalised circles into Apollonian form. 


Example 3.6 
Determine the point œ such that a and 3 = 1 + 2i are inverse points 
with respect to the circle C = {z : |z — i| = 2}. 


Hence write down an equation for C in Apollonian form. 


Solution 


Here C has centre i and radius 2, so A = 7 and r = 2. Using the 
equation (a — A)(8 — A) = r? from Theorem 3.3, we see that 
22 4 A(1 +i) 


a-i= = = OT 224-2. 
B= 5 ieee 2 
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Thus a = 2+ 3i, so C has an equation of the form 
|z — (24+ 32)| = klz — (14 21). 
Since —7 lies on C, we find that 
_ |-#-@+38)| _ |-2—4i] _ V20 ane 
|-i -(1+2%)} |-1-3i| v10 
Hence an equation for C in Apollonian form is 


e= (2+ 32)| = V2|z — (1 + A) 


k 


Exercise 3.7 
Determine the point a such that œa and 8 = 1 + i are inverse points with 
respect to the circle C = {z : |z — 2| = 1}. 


Hence write down an equation for C in Apollonian form. 


In the case of an extended line, the inverse points can be found by 
reflection. 


Example 3.7 


Determine the point a such that aœ and 7 are inverse points with 
respect to the extended line L = {z : Rez = Im z} U {oo}. 


Hence write down an equation for L in Apollonian form. 


Solution 


The reflection of the point 7 in L is 1, so a = 1 (see Figure 3.13). An 
equation for L is therefore 


|z — 1| = |z — il. 


Exercise 3.8 


(a) Determine the point a such that a and 2 + 3i are inverse points with 


Figure 3.13 i and 1 are 
respect to the extended imaginary axis L, and hence write down an 


inverse points with respect to 
L= {z : Rez = Imz} U {oo} equation for L in Apollonian form. 


(b) Determine the point a such that a and 4 — 2i are inverse points with 
respect to the extended line L = {z : Rez = 3} U {oo}, and hence 
write down an equation for L in Apollonian form. 


To finish this section we summarise the strategies we have seen for finding 
images of generalised circles under Möbius transformations. 
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Strategies for finding images of generalised circles under 
Mobius transformations 


e The three-point trick 
e The substitution method 


e The inverse points method 


If you are given three (or more) points on a generalised circle, but you do 
not know an equation for the generalised circle, then you should use the 
three-point trick to find the image. 


If you are given an equation for the generalised circle, then you may be 
able to find the image using the three-point trick with three carefully 
chosen points. Otherwise, use either the substitution method or the inverse 
points method to find the image. 


Further exercises 


Exercise 3.9 


Use the three-point trick to find the image of the circle C = {z2 : |z| = 2} 
under each of the following Mobius transformations. 


a so W p=" 


Exercise 3.10 


For each of the following generalised circles C, find the image of C under 
the Möbius transformation 
27 
Z)\ = . 
i Zat 
Give your answers in Apollonian form, where appropriate, and state 
whether the images are circles or extended lines. 


(a) C={z:|z+i|=1} (b) C ={z:|z— i| =1} 


Exercise 3.11 


Find the centre and radius of each of the following circles. 
(a) {z : |z — il = 2|z + 3il} (b) {z: |z| = 6|z + il} 


Exercise 3.12 


(a) Determine the point a such that a and 6 = 1 + i are inverse points 
with respect to each of the following circles. 


G) Gy ={2 : |a =2} (ii) C2 = {z:|z-i| = 5} 


(b) Write down equations for the circles in part (a) in Apollonian form. 
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North 
Pole 


Figure 4.1 An open disc 
centred at the North Pole 
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Figure 4.2 The open disc 
{z:|z| > M}U {oo} 
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4 Transforming regions 


After working through this section, you should be able to: 
e write down the boundary in Č of a set that lies in C 
e find the image of a generalised open disc under a Mobius transformation 


e construct a Möbius transformation that sends one generalised open disc 
onto another 


e construct a Mobius transformation that sends a lune onto another lune 
of the same angle 


e construct a composite mapping that sends one given region onto another 


e understand the definition of the inverse sin and tan functions. 


4.1 Images of generalised open discs 


So far we have concentrated on finding the images of generalised circles 
under Mobius transformations. However, one of the main objectives of the 
unit is to investigate the effect that conformal mappings have on regions. 
We begin this investigation by describing how to find the images of some 
basic regions under Mobius transformations. The technique is to find the 
image of the boundary of the region and use this to determine the image of 
the region itself. 


First we need to generalise the definition of ‘boundary’ that we gave in 
Subsection 5.1 of Unit A3 to make it applicable to sets in the extended 
complex plane. We do this by introducing the idea of an open disc 
centred at oo. Such a set has the form {z : |z| > M}U {oo}, where 

M > 0, and on the Riemann sphere S it corresponds to a cap-shaped disc, 
centred at the North Pole (see Figure 4.1). This enables us to make the 
following definitions. 


Definitions 


Let A be a subset of C, and let a € C. Then a is a boundary point 
in C of A if each open disc centred at a contains at least one point 
of A and at least one point of C — A. 


The set of boundary points in C of A forms the boundary in C of A. 


If A is a bounded set, then the boundary in C of A is the same as the 
boundary of A in C. For example, the boundary in C of the open unit disc 
is the unit circle. 


To find the boundary in Č of a set that is not bounded, we must check 
whether the point at infinity lies on the boundary in C. For example, the 
boundary in Č of the upper half-plane {z : Im z > 0} includes oo because 
every open disc of the form {z : |z| > M}U {oo} centred at oo (see 
Figure 4.2) includes both the point 2Mi, which belongs to the upper 
half-plane, and the point —2 Mi, which does not. 


Exercise 4.1 


Write down the boundary in Č of each of the following subsets of C. 
(a) {z:|z| < 2} (b) {z:Rez <1} (e) {z: |z] SS} 
(d) {2 : |z| > 3} U {oo} 


The sets in parts (a), (b) and (d) of Exercise 4.1 have boundaries in C that 
are generalised circles. Each generalised circle separates C into two parts, 
which together form the complement in Č of the generalised circle. Each of 
these parts is called a generalised open disc. Each generalised open disc 
is the inside of a circle, the outside of a circle together with the point oo, or 
an open half-plane, as illustrated in Figure 4.3. 


A A A 
esj- 

AN N 
á \ 4 \ 
| ) | l ait 
Ñ , Ñ y i — ~ 

ho NI UZ 7 
| a 


Figure 4.3 Generalised open discs: (a) the inside of a circle, (b) the outside 
of a circle together with oo, (c) an open half-plane 


On the Riemann sphere, generalised open discs correspond to cap-shaped 
discs, as shown in Figure 4.4 (in which (a), (b) and (c) illustrate the same 
type of generalised open discs as those in Figure 4.3(a), (b) and (c), 
respectively, and where N denotes the North Pole). 


N N N 


(a) (b) (c) 
Figure 4.4 Generalised open discs on the Riemann sphere S 
We saw in Theorem 1.4 that Mobius transformations map generalised 


circles onto generalised circles, so it is perhaps unsurprising that they also 
map generalised open discs onto generalised open discs. 
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Figure 4.6 Two generalised 
open discs D and E with 
common boundary C in C 
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Theorem 4.1 


Let f be a Möbius transformation, and let D be a generalised open 
disc with boundary C in C. Then f(D) is a generalised open disc with 
boundary f(C) in C. 


Theorem 4.1 is illustrated in Figure 4.5. 


FO 
a — 
‘N 
iin. f y h 
/ à aa I } 
I | D 
( p | I f(D) | 
\ 7 N / 
-r N y 
ba d 


Figure 4.5 Image of a generalised open disc D under a Möbius 
transformation f 


Proof Let E be the generalised open disc other than D that lies in the 
complement of C in C and has boundary C in C (see Figure 4.6). Then 


C= DUCUE, and because f is a one-to-one mapping from C onto C, we 


see that Č = f(D) Uf(C)U f(E). Here f(C) is a generalised circle, 
since ČC is a generalised circle. 


Now, D is a connected set (possibly together with the point oo), so f(D) 
also connected (possibly together with oo), because it is the continuous 


is 


image of a connected set (Theorem 4.2 of Unit A3). Hence f(D) must lie 
in one of the two generalised open discs that form the complement of f(C) 


in Č, and f(E) must (for similar reasons) lie in the other. Since 


C= f(D) Uf(C)U f(E), we see that f(D) must in fact be equal to one of 


these generalised open discs in the complement of f(C). These two 
generalised open discs both have boundary f(C) in C, as required. 


The next example demonstrates how Theorem 4.1 can be used to 
determine the image of a generalised open disc. 


Example 4.1 


Find the image of the open unit disc D = {z : |z| < 1} under the 
Mobius transformation 


fl2= 


z—i 


Solution 


The boundary of D is the unit circle C = {z : |z| = 1}. By 

Exercise 3.4, we know that the image of this circle under f is the 
extended line L = {z : Rez = — Im z} U {oo}. By Theorem 4.1, f(D) 
must be one of the two generalised open discs 


{z:Rez<-—Imz} and {z:Rez>-—-—Imz} 


that have boundary L in C. To decide which one, we pick a point 
in D, such as 0, and observe that f(0) = —i. Since —i lies in 

{z : Rez < — Im z}, it follows that f(D) = {z : Rez < —Imz}, as 
illustrated in Figure 4.7. 


z—i 
f fla) = Poa h f 
A ~ 
7 N S 
/ SN Sin 
4 > b > y; > 
~ | a 1 NS 
S$ Á : `N 
~4-4 it ‘(1-8/2 
f(D) S 
S 


Figure 4.7 Image of the open unit disc D under f(z) = (z — i)/(z + 1) 


In Example 4.1 we had to decide which of the two regions with 

boundary L in C was equal to f(D), and we did this by considering the 
image of a point of D under f. Another way to make this decision is to 
observe that if a point z moves anticlockwise around the unit circle C 
passing through 1, ¿ and —1, in that order, then the image point f(z) 
passes through f(1) = (1 — i)/2, f(i) = 0 and f(—1) = oo, in that order 
along L, moving leftwards and upwards. The open unit disc D lies to the 
left of the point z as it traverses C, and, correspondingly, the region f(D) 
should lie to the left of f(z) as it traverses L. It follows that f(D) is the 
half-plane to the left of L, as shown in Figure 4.7 (the directions in which 
the paths are traversed are marked in that figure by arrows). 


In this way, we have used the orientation of the boundary paths to 
determine the image of the region D. We will sometimes make use of 
arguments involving orientation to guide our reasoning. 


The next exercise follows on from Exercise 3.3. 
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Find the image of the open unit disc D = {z : |z| < 1} under the Möbius 


transformation 
z+1 


The following example demonstrates how to find the image of the outside 
of a circle under a Möbius transformation. 


Example 4.2 


Find the image of the generalised open disc 
DERN A oE 
under the Möbius transformation 


tz +5 
P(2) = z+. 


Hence find the image of the region R = {z : |z — 2i| > 3} under f. 


Solution 

The boundary in Ĉ of D is the circle C = Nas e= 2 = elon 
Example 3.5 we showed that the image of C under f is the extended 
real line. It follows from Theorem 4.1 that f(D) is one of the two 
generalised open discs that have boundary in C the extended real line. 
Hence f(D) is either the upper or the lower half-plane. Since oo € D, 
and f(oo) = i, we see that f(D) is the upper half-plane. 


Furthermore, we have that R = D — {oo}, so 
F(R) = f(D) = {f(co)} = {w : Imw > 0} — {i}, 


as illustrated in Figure 4.8. 
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Figure 4.8 Image of R = {z : |z — 2i| > 3} under f(z) = (iz +5)/(z +i) 


Exercise 4.3 


Use Exercise 3.5(c) to find the image of the open disc D = {z : |z — i| < 1} 
under the Mobius transformation 


fe) = 24 


z-t 
Hence find the image of the punctured open disc R = {z : 0 < |z—i| < 1} 
under f. 


4.2 Conformal mappings between basic 
regions 


The techniques illustrated in Examples 4.1 and 4.2 can be used to find the 
image of any generalised open disc under a Mobius transformation. Often, 
however, given any two generalised open discs, we need to find a Mobius 
transformation that maps one disc onto the other disc. More generally, 
given any two regions in the plane, we would like to know whether there is 
a one-to-one conformal mapping from one onto the other. The remainder 
of this unit is concerned with just this question. 


We begin by looking at some conformal mappings from certain ‘basic 
regions’ onto the right half-plane, shown in Figure 4.9. These basic regions 
are of various types: other half-planes, discs, sectors and strips. Then in 
the next subsection we will compose conformal mappings of basic regions 
to obtain more complicated mappings. 
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Figure 4.9 Right half-plane 


Throughout we will use the notation R and S for regions, often asking for 
a conformal mapping from R onto S. 


Our first example is about finding a conformal mapping from one open 
half-plane onto another. Since any two half-planes have the same shape, 
we can make use of a linear function. 
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Example 4.3 


Find a one-to-one conformal mapping from the open half-plane 
R= {2 ie < =l 
illustrated in Figure 4.10, onto the right half-plane S = {z : Rez > 0}. 


es o- —————- Solution 


R The two half-planes have the same shape, so we can apply a linear 
function to map one onto the other. To do this, first rotate R 
anticlockwise through an angle of 7/2 about the origin, and then 
translate the resulting half-plane by one unit to the left. The rotation 
is given by the function 


Figure 4.10 The open 
half-plane R = {z : Imz < —1} 


aim ea iie z+ iz. 
The translation is given by the function 
gi g= IL 


Composing these mappings, we obtain the function 


which is a linear function that maps R onto S. Since linear functions 
are one-to-one conformal mappings on the entire complex plane, we 
see that f is a one-to-one conformal mapping from R onto S. 


The final line of Example 4.3 says that ‘f is a one-to-one conformal 
mapping from R onto S’, meaning that the restriction of f to Risa 
one-to-one conformal mapping from R onto S. This is a convenient 
shorthand. 


It is helpful to think of R as lying in the z-plane and S as lying in the 
w-plane. The function 


f(z) =iz-1 


specifies a point in the w-plane in terms of a point in the z-plane, so we 
can write the function in the alternative form 


w=iz—1. 


You will see in Subsection 4.3 that this type of notation is particularly 
convenient when several mappings have to be composed. Another 
advantage of this notation is that we can often calculate the rule for the 
inverse function f~t by rearranging the equation to obtain z in terms of w. 


In this case we find that 
z = —i(w + 1). 
In other words, f~!(w) = —i(w + 1). 
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The function f and its inverse are illustrated (with the alternative 
notation) in Figure 4.11. 
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Figure 4.11 Conformal mapping from the open half-plane 
R = {z : Imz < —1} onto the open half-plane S = {w : Rew > 0} 


Linear functions can also be used to map other regions of the same shape 
onto each other, such as discs. 


Exercise 4.4 


Find a one-to-one conformal mapping from the open unit disc 
R= {2s <1} 
onto the open disc 


S= {z : |z — 3i| < 2}. 


Remark 


It is important to appreciate that the conformal mappings obtained in 
Example 4.3 and Exercise 4.4 are not unique, and nor are any of the 
conformal mappings between regions that we obtain in this unit. In 
Exercise 4.4, for example, we could first apply any rotation g about the 
origin, which is a one-to-one conformal mapping from the open unit disc to 
itself, before applying the conformal mapping f from R onto S. The 
composition f o g is also a one-to-one conformal mapping from R onto S, 
no matter what angle of rotation for g we choose. 


Next we consider conformal mappings from open discs to open half-planes. 
Both types of region are generalised open discs, so, as we saw in the 
previous subsection, we can make use of Möbius transformations. 
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Example 4.4 

Find a one-to-one conformal mapping from the open unit disc 
Re=Ag sz) <h 

onto the right half-plane S = {z : Rez > 0}. 


Solution 


The boundary of R is the unit circle, and the boundary in C of S is 
the extended imaginary axis {z : Rez = 0} U {co}. We will construct 
a Mobius transformation f that sends three points on the unit circle 
to three points on the extended imaginary axis. By the three-point 
trick, f will map the unit circle onto the extended imaginary axis, 
which is a good start. 


We can choose any two triples of points that we like, but we may as 
well make our choices as simple as possible. So we choose f to satisfy 


as illustrated in Figure 4.12. 
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Figure 4.12 Conformal mapping from the open unit disc R to the right 
half-plane S 
We can find a formula for f using the Implicit Formula for Mobius 
Transformations, which gives 

(z—-1)(@+1) (w-—oo) (i—0) 


(z+1)(i-1) (w —0) (i — œ) 
Simplifying this, we obtain 


z—1 TRN 
S eran 
Hence 
L 
EA Sai 


This function f(z) = (z + 1)/(—z + 1) maps the unit circle onto the 
extended imaginary axis, and since 0 € R and f(0) = 1, we deduce 
from Theorem 4.1 that f(R) is the right half-plane S. 


Since Mobius transformations are one-to-one conformal mappings 
on C, we see that f is a one-to-one conformal mapping from R 
onto S. 


Remark 


Notice that as a point z traverses the unit circle anticlockwise, passing 
through 1, 7 and —1 in that order, the region 7 lies to the left of z. 
Accordingly, as the image point f(z) traverses the imaginary axis 
downwards, through oo, i and 0 in that order, the region S lies to the left 
of f(z) (see Figure 4.12). Because we chose the two triples of points in this 
way, we found that the unit disc R does indeed map onto the right 
half-plane S under f, rather than mapping onto the left half-plane (as in 
Exercise 4.2). 


We can find the inverse function of the conformal mapping obtained in 
Example 4.4 by rearranging the equation 
-Z+ 
—z+ 1 


to find z in terms of w (or use Theorem 2.3). We obtain 


w—-1 


w+tl 


The mapping and its inverse are illustrated in Figure 4.13. 
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Figure 4.13 Conformal mapping from the open unit disc onto the right 
half-plane 


Exercise 4.5 


Find a one-to-one conformal mapping from the open disc 
R= {2:|2—2) <1} 
onto the upper half-plane S = {z : Imz > 0}. 


In Example 4.4 we found a Mobius transformation that maps one 
generalised open disc onto another by choosing two sets of three points on 
the boundaries of each of the discs. There is an alternative approach to 
finding a suitable Mobius transformation: instead of choosing two such sets 
of three points, we choose a pair of inverse points with respect to each 
boundary, and one point on the boundary of each generalised open disc. 
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For instance, in Example 4.4 we could choose the point 1 on the boundary 
of the unit disc, and the points 0 and oo, which are inverse points with 
respect to the unit circle. We also choose the point oo on the boundary of 
the right half-plane, and the points 1 and —1, which are inverse points 
with respect to the extended imaginary axis. These points are marked in 
Figure 4.13. The unique Mobius transformation f that satisfies 


f(0)=1, floc) =—-1 and f(1)= 00 


is then a one-to-one conformal mapping from the open unit disc onto the 
right half-plane. We obtain the same transformation as that of 

Example 4.4. 

Let us demonstrate the method in more detail with another example, this 
time of a mapping from an open half-plane onto the open unit disc. The 
inverse points strategy outlined above is particularly effective when 
mapping onto the open unit disc because, as we have observed already, 0 
and oo are inverse points with respect to the unit circle, and the point 1 
lies on the unit circle, so we can use this strategy with the Explicit Formula 
for Mobius Transformations to find the required Möbius transformation. 


Example 4.5 


Find a one-to-one conformal mapping from the open half-plane 
R= ia a lme < Rez} 


onto the open unit disc S = {z : |z| < 1}. 


Solution 

The points 1 and 7 are inverse points with respect to the extended 
line L that is the boundary of R, and co € L (see Figure 4.14). Also, 
0 and œ are inverse points with respect to the unit circle, and the 
point 1 lies on the unit circle. So let us choose a Mobius 
transformation f that satisfies 


FLO iG) = co. cand” (oo) _L 
Using the Explicit Formula for Mobius Transformations, we obtain 
(2= 1) eer z= 
(z—i)(%-1) z=—i 
Now, 1 and 7 are inverse points with respect to L, so 0 and œ are 


inverse points with respect to f (L), by preservation of inverse points 
under Möbius transformations. Therefore f (L) is a circle centred at 0. 


f= 


Since 1 € f(L), we see that f(L) is the unit circle. Observe also that 
1 € R and f(1) = 0 lies in the open unit disc. Therefore we can apply 
Theorem 4.1 to see that the Möbius transformation f is a one-to-one 
conformal mapping from R onto S. 
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Figure 4.14 Conformal mapping from the open half-plane 
R = {z : Imz < Rez} onto the open unit disc S 


Exercise 4.6 


Find a one-to-one conformal mapping from the open half-plane 
R ={z:Rez < 1} 


onto the open unit disc S = {z: |z| < 1}. 


Before we continue with our next example, it is useful to make the 
following observation. 


Any one-to-one analytic mapping from a region R onto a region S is a 
one-to-one conformal mapping from R onto S. 


This observation is true because if f is a one-to-one analytic mapping 
from R onto S, then we can see from the corollary to the Local Mapping 
Theorem (Theorem 3.2 of Unit C2) that f’(z) Æ 0, for all z € R. Hence f 
is conformal, by Theorem 4.2 of Unit A4. 


We use the observation in the next example to help us construct a 
conformal mapping from an open sector to an open half-plane. 
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Example 4.6 
a Find a one-to-one conformal mapping from the open sector 
iia 
af R R = {z: |Arg z| < 7/6}, 
0f > T /3 illustrated in Figure 4.15, onto the right half-plane S = {z : Rez > 0}. 
N 
~ 
i Solution 
Informally speaking, the method for mapping R onto S is to 


Figure 4.15 The open sector straighten out the corner at the vertex of the sector by opening up the 
R = {z : |Argz| < 7/6} arms of the sector to an angle of m. Both arms will then lie in a line 
l and the sector will become a half-plane. 


The simplest way to do this is to apply a suitable power function. The 
angle at the vertex of R is 7/3, so we need to open up the angle by a 
factor of 3. We do this by applying the cube function 


IPe)= z7 


This function cubes the modulus of each complex number and triples 
the argument. Therefore it is a one-to-one function from 


{z:|Argz| < 2/6} onto {w: |Argw| < 7/2}. 


Since f is analytic, we see from the observation preceding the example 
that it is a one-to-one conformal mapping from R onto S. 


A little care is needed to obtain the inverse function from the half-plane S 
to the sector R in Example 4.6 because, in contrast to earlier examples, 
the cube function is not one-to-one on C. However, all the points in the 
sector R have arguments between —7/6 and 7/6, so the sector lies in the 
image set of the principal cube root function. We can therefore use the 
principal cube root function to map S back onto R, as illustrated in 


Figure 4.16. 
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Figure 4.16 Conformal mapping from the open sector 
R = {z : |Arg z| < 7/6} onto the right half-plane S 
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Sometimes, however, we need to use nth roots other than principal nth 
roots to find inverse functions of power functions. For example, suppose 
that we wish to find a one-to-one conformal mapping from the open sector 


R= {z:0/2 < Argz < 52/6}, 


illustrated in Figure 4.17, onto the right half-plane S. 


Once again the cube function f(z) = 2° is a suitable mapping because it 


triples arguments, so it maps R = {z : 7/2 < Arg z < 57/6} onto the set of 
points w with argument between 37/2 and 57/2. Since 30/2 = =r /2 + 27 
and 57/2 = 71/2 + 27, we see that f maps R onto the set 


{w : —=T/2 < Argw < 1/2}, 


which is the right half-plane S. 


This time the principal cube root function z = w!/ is not the inverse 


function of f(z) = z3 (z € R) because, as we saw in Figure 4.16, this 
function maps S onto the open sector 


{z : |Arg z| < 1/6}. 


Notice, however, that we can map this sector onto R by using the mapping 
z > e?t/3% which rotates points anticlockwise about 0 through the angle 
27/3. It follows that the composite function z = e?7/3w'/3 is a conformal 
mapping from S onto R. Furthermore, this function satisfies 


Ferry) = (erage — eiw = w, 


so it is the inverse function of f, as illustrated in Figure 4.18. It is a cube 
root function, even though it is not the principal cube root function. 
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Figure 4.18 Conformal mapping from the open sector 
R = {z :Tm/2 < Argz < 52/6} onto the right half-plane S 


Exercise 4.7 
Find a one-to-one conformal mapping f from the lower-left quadrant 
R ={z: -r < Argz < —7/2}, 
illustrated in Figure 4.19, onto the upper half-plane S = {z : Imz > 0}. 


Determine the rule for the inverse function f~!. 
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Figure 4.17 ‘The open sector 
R ={z:T/2 < Argz < 52/6} 


Figure 4.19 Lower-left 


quadrant 
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A sector is a region bounded by two intersecting lines. Let us now turn our 
attention to strips; that is, regions bounded by two parallel lines. In 
Example 5.1 of Unit A2 you saw that, when restricted to the horizontal 
strip 


{z + iy: -r <y <7}, 


the exponential function is a one-to-one function with image set C — {0} 
and inverse function the principal logarithm function. Reasoning in a 
similar way to that example, we can show that exp restricted to the open 
horizontal strip 


R= {xt+iy:—-1/2<y < 2/2} 


is a one-to-one function with image set the right half-plane. (To do this, 
write w = e*t'¥ = e?et, with —1/2 < y < 1/2.) This function is a 
conformal mapping because exp is conformal throughout C. 

The mapping and its inverse function are illustrated in Figure 4.20. The 
image of the line {x + iy : y = b}, where —7/2 < b < 7/2, is the ray 
{se® : s > O}, in agreement with Figure 4.5 of Unit A2. 
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Figure 4.20 Conformal mapping from the horizontal strip 
R = {x + iy : —r/2 < y < 1/2} onto the right half-plane S 


In general, the exponential function maps any horizontal strip of width less 
than 2r to a sector with vertex at the origin, and the angle at the vertex 
equals the width of the strip. For the example above, the strip has 

width 7, so the sector has angle 7, which implies that it is a half-plane. 


We have now seen a number of basic one-to-one conformal mappings from 
certain basic regions onto the right half-plane. For convenience, we collect 
these examples together in a table. 


Table 4.1 Conformal mappings from basic regions onto the right half-plane 


4 Transforming regions 


Basic region 


Open half-plane 


Open disc 


Open sector with 
vertex at the origin 


Open horizontal 
strip 


Mapping 


Linear function 


Mobius 
transformation 


Power function 


Exponential 
function 
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Of the four regions in Table 4.1, the first two are generalised open discs, 
and each of the last two (the open sector and the open horizontal strip) is 
the intersection of two generalised open discs, as demonstrated in 


Figure 4.21. 
A A 
ae Ee RE SR a a | ie teers en Pee 
= i 
S E sector —— strip 
~ai 
po > > 
2 “= 
XN 
a < 
a ———————— = = = SS 


(a) (b) 


Figure 4.21 (a) Two half-planes intersecting in a sector 
(b) Two half-planes intersecting in a horizontal strip 


A significant difference between the left and right regions illustrated in 
Figure 4.21 is that the two boundary extended lines in Figure 4.21(a) 
(the dashed lines) intersect at exactly two points in C, namely 0 and oo, 
whereas the two boundary extended lines in Figure 4.21(b) intersect at 
only one point, oo. Regions of the former type are called lunes. 


Definitions 


A lune is a set in C formed from the intersection of two generalised 
open discs whose boundaries in C, which are generalised circles, 
intersect at exactly two points. 


The two intersection points are called the vertices of the lune. 


For example, four lunes are displayed in Figure 4.22. The first is the 
intersection of two open discs, the second is the intersection of the inside of 
the left circle and the outside of the right circle, the third is the 
intersection of the outside of the left circle and the outside of the right 
circle (it includes the point oo), and the fourth is the intersection of the 
outside of the circle and a half-plane. 
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Figure 4.22 Four examples of lunes (represented by the shaded areas) 


The second of these sets resembles a crescent-shaped moon, and it is for 
this reason that these sets are described as ‘lunes’. 


262 


All lunes are open and connected, so those that do not contain the 
point co (such as the first, second and fourth lunes in Figure 4.22) are 
regions in the complex plane C. 


Next we define the angle of a lune R. Before continuing, you may wish to 
refer to Subsection 4.3 of Unit A4 for a discussion of the angle from one 
smooth path to another. 


Let Dı and Də be generalised open discs such that R = Dı N Dg is a lune. 


Let Cı and C be smooth paths that traverse the boundaries in C of Dı 
and Də, respectively. We choose the directions of Cı and C2 such that Dı 
lies to the left of C1, and Də lies to the right of C2; see Figure 4.23. 
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Figure 4.23 The angle 0 of a lune 


The angle of the lune R is the absolute value of the angle from C1 to C2 
at a vertex (not oo) of R, as illustrated in Figure 4.23. We need to take 
the absolute value because the angle from C4 to C> at one vertex is the 
negative of the angle from C4 to Cə at the other vertex. The angles of 
various lunes are shown in Figure 4.24. 
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Figure 4.24 Angles of various lunes 


As you know, Möbius transformations map generalised circles onto 
generalised circles, and they are conformal mappings, so they preserve 
angles. These two facts can be used to construct a conformal mapping 
between two lunes of the same angle, as the following example 
demonstrates. 


In this example we use the convention from Unit A1 of writing the set 
{z:z € A and z € B} in the abbreviated form {z : z € A, z € B}. 
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Find a one-to-one conformal mapping from the open half-disc 
R= A232) Tmz >00 

onto the open sector 
S = fw: Rew > 0, mmm > 0}. 


The regions are illustrated in Figure 4.25. 
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Figure 4.25 The open half-disc R = {z : |z| < 1, Imz > 0} and the 
open sector S = {w : Rew > 0, Imw > 0} 


Both regions are lunes. We label the boundary arcs Ty, I2, T} and T5, 
as shown in Figure 4.26, where I; is the line segment from —1 to 1, 
I’, is the positive real axis traversed from 0 to oo, and so on. 
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Figure 4.26 Boundary arcs T; and I2 of R and T} and T5 of S 


The angle of both lunes is 7/2, so there should be a Möbius 
transformation f that maps R onto S. This transformation f must 
map the vertices —1 and 1 of R to the vertices 0 and oo of S, in some 
order. We choose the order to match the direction of the paths, in the 
sense that the initial point of [4 is sent to the initial point of T}, and 
the final point of I; is sent to the final point of r4. That is, we 

define f(—1) = 0 and f(1) = co. 


Let us also choose f to map some other point on the boundary of R 
to some other point on the boundary of S, just as we did in earlier 
examples, making sure that either the two points lie on Ty and T}, or 
else they lie on Ty and Ty. A convenient choice is 0 on Ty and 1 on T}, 
w O= the 


To sum up, we choose f to satisfy 


f(-1)=0, f()=œ and f(0)=1. 

By the Explicit Formula for Möbius Transformations, we have 
(z+D(0=1) 2+1 

CaO =+ 

This transformation maps [; to an arc of a generalised circle that 
passes through the point 1 and has initial point 0 and final point oo. 
Hence f(T1) =T}. Next, since f is conformal at —1, the angle 

from f(['1) to f(T2) at f(—1) = 0 is 7/2. Since f(T2) is an arc of a 
generalised circle from 0 to oo, we see that f([2) = T3. 


f(z) = 


We have now seen that f maps the boundary OR in C of R onto the 
boundary OS in C of S. It follows that F(R) = S, since R lies to the 
left of Tı and S lies to the left of I. 


Finally, because f is one-to-one and conformal throughout C, we see 
that f is a one-to-one conformal mapping from R onto S. 


The statement f(R) = S in Example 4.7 can be justified by an argument 
similar to that used to prove Theorem 4.1, as follows. 


The complement in Č of OR has two connected parts, 
R and R' ={z:|z|>1 or Imz <0}U {oo}, 

and the complement in C of ðS has two connected parts, 
S and S’={w:Rew <0or Imw <0} 


(see Figure 4.27). Since f is a one-to-one mapping from Č onto itself, and 
C= RUORUR’, we see that 


C = F(R) U f(OR) U F(R’) = F(R) UOSU F(R’). 


The sets f(R) and f(R’) are connected, since they are the continuous 
images of connected sets, so one of them must be S and the other S’. 

Now, R lies to the left of T1, and S lies to the left of T}, so we deduce 
that J (R=. 


The steps of Example 4.7 are summarised in the following strategy for 
finding conformal mappings between lunes. 
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Figure 4.27 The sets R, R’, 


S and S’ 
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Strategy for mapping lunes 


Let R be a lune with vertices œ and 8, and let I be a smooth path in 
the complex plane that traverses one of the boundary arcs of R 

from a to ß, excluding the endpoints, such that R lies to the left of T. 
Let R’, a’, 8’ and I’ be defined in a similar way. 


(Alternatively we can replace ‘left’ by ‘right’ for both paths T and T”.) 
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Suppose that the angles of R and R’ are equal. 


To find a Möbius transformation f that maps R onto R’, carry out 
the following steps. 


1. Define f(a) =a’ and f(6) = Bp’. 
2. Choose any points y on I and y’ on I”, and define f(y) = 7’. 


3. Use the Implicit or Explicit Formula for Mobius Transformations 
to determine f. 


In this strategy the notation I” is used for the image of I’. Despite using 
the dash notation, IY has nothing to do with derivatives. Also, the point y 
chosen on [ has nothing to do with a parametrisation of I (it is a point, 
not a parametrisation). 


We can reason in a similar way to Example 4.7 to see that the Möbius 
transformation f constructed in the strategy does indeed map R onto S. 
In brief, since f maps a to a’, B to 8’ and y to y’, it must map the arc T 
onto I’. Then the other arc on the boundary of R between a and 8 maps 
onto the other arc on the boundary of R’ between a’ and 8’, because f 
preserves the angle 0 of the lune. We have now seen that f maps the 
boundary of R to the boundary of S, and an argument similar to that in 
the proof of Theorem 4.1 can be applied to see that f maps R onto S. 


Try using the strategy to find a conformal mapping between lunes in the 
following exercise. 


4 Transforming regions 


Exercise 4.8 
Find a one-to-one conformal mapping from the region 
R= {z:|z| <1, |jz—(4+2)| <1} 
onto the open sector 


S={w:Rew>0, Imw > 0}. 
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4.3 Composing conformal mappings 


This subsection continues our study of conformal mappings between 
regions. We will find that by composing the basic conformal mappings of 
the previous subsection, we can construct conformal mappings between a 
wide variety of regions. 


Let us start with an example. Suppose that we wish to find a one-to-one 
conformal mapping from the upper-right quadrant R of the complex plane 
onto the open unit disc S, as shown in Figure 4.28. 


- _ — m | 


Figure 4.28 The upper-right quadrant R and the open unit disc S 


None of the basic conformal mappings that we have considered so far will 
do this directly, but we can split the problem into two stages by 
introducing an intermediate region, the upper half-plane R1, as shown in 
Figure 4.29. We have labelled the plane in which this intermediate region 
lies the z1-plane, because we will denote a general point in that plane by z1. 
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Figure 4.29 The upper-right quadrant R, the upper half-plane Rı and the 
open unit disc S 


Our task now is to find a mapping from R onto R,, and then find a 
mapping from Rı onto S. For the first mapping, reasoning in a similar 
way to Example 4.6, we see that the function 

a, = z 
squares moduli and doubles arguments, so it is a one-to-one conformal 
mapping from R onto Rı. 


Next we can find a Möbius transformation that maps Rı onto S by using 
the inverse points method demonstrated in Example 4.5. We choose 
inverse points 7 and —i with respect to the boundary of R1, and the 
point 0 on this boundary. And we choose inverse points 0 and oo with 
respect to the boundary of S, and the point 1 on this boundary. By the 
Explicit Formula for Möbius Transformations, the unique Möbius 
transformation that sends i to 0, —7 to co and 0 to 1 is 


—zı +í 
zıi+í : 


this is a one-to-one conformal mapping from Rı onto S. (There are other 
ways of obtaining a mapping from Rı onto S, of course; for example, we 
could have first applied the rotation z1 œ> —izı to map Rı onto the right 
half-plane, and then used one of the mappings from Table 4.1.) 


We now compose this Mobius transformation with the square function to 
obtain a mapping f from the quadrant R onto the disc S given by 
=z +1 =g“ +4 
z) =w = ——_ = ——. 
F ) zı +1 z2 +i 

We know that f is one-to-one and conformal on R because f is the 
composition of the square function, which is one-to-one and conformal 
on R, and a Möbius transformation, which is one-to-one and conformal 
on Rı. 


Let us now find the inverse function of f, which maps the open unit disc S 
back onto the quadrant R. You may be tempted to find the inverse 
function by taking the equation for f and solving for z in terms of w. 
Unfortunately, this process will involve a square root, and it is not 
immediately obvious which square root should be used. For this reason we 
build up the inverse function of f from the inverse functions of its 
constituent mappings. 


It is simple enough to map the disc S back onto the half-plane R 1: we just 
use the inverse function of the Mobius transformation, which is given by 
iw—-t  —iw+i 

=¢=1. w+1l` 


ZL = 


A little more care is needed with the square function to ensure that the 
correct square root is used. To do this, we note that the quadrant R lies in 
the image set of the principal square root function. So the principal square 
root z = ,/21 is the square root to use. Consequently, the inverse function 
of f is 


—iw +i 
w+’ 


fw) = vza = 


which is a one-to-one conformal mapping from S onto R. The mapping f 
and its inverse function are illustrated in Figure 4.30. 
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Figure 4.30 Conformal mapping from the upper-right quadrant R onto the 
open unit disc S 


Here is another example. 


Example 4.8 
Find a one-to-one conformal mapping f from the region 
R= f2 eal, Tma > 0k 
shown in Figure 4.31, onto the upper half-plane S = {z : Imz > 0}. 


Determine the rule for the inverse function f~t. 


Solution 


To find the required mapping we first introduce a convenient 
intermediate region R1, as shown in Figure 4.32. 


4 Transforming regions 


-_->-— 
~ 
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/ oa 
ee, 
—1 1 
Figure 4.31 The region 
R ={z: |z| <1, Imz > 0} 
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Figure 4.32 The region R = {z: |z| <1, Imz > 0}, the upper-right 
quadrant Rı and the upper half-plane S 


We will find one-to-one conformal mappings from R onto Rı and 
from Rı onto S, and then compose these two mappings to obtain a 
one-to-one conformal mapping from R onto S. 


The regions R and Rı are both lunes of angle 7/2, so we can apply 
the strategy for mapping lunes to find a Mobius transformation that 
maps one lune onto the other. In fact, we have considered these two 
particular regions already in Example 4.7, where we saw that the 
Mobius transformation 

ap ll 

=£ + Il 


is a one-to-one conformal mapping from R onto Ry. 


Z1 


Next we need to map the sector Rı onto the half-plane S. As we saw 
in Table 4.1, a sector can be mapped onto a half-plane using a power 
function. In this case the function 


w=z 


squares the modulus of each complex number and doubles the 
argument. Therefore it is a one-to-one mapping from 


Ra = da 0< Aree < T oo S= a N Are w < a}. 


This function is analytic throughout C, so it is a one-to-one conformal 
mapping from Rı onto S. 


The composition of these two functions is a one-to-one conformal 
mapping f from R onto S given by 


z+1 ; 
f(2) = (= z) i 
To find the rule for the inverse function f~t, we need to find the 
inverse functions of each of the constituent mappings. 


By Theorem 2.3, the inverse function of the Möbius transformation is 


zı— 1 


zaad il 


The inverse function of the power function w = z? is the principal 
square root function zı = yw, since this maps the upper half-plane S 
onto the first quadrant Rı. Hence 


Jfw-1 
Vora 


f-"(w) = 


Exercise 4.9 


Find a one-to-one conformal mapping f from the cut plane 
R=C-—{xeR:2< 0}, 

illustrated in Figure 4.33, onto the open unit disc 
S={w:|w| < 1}. 


Determine the rule for the inverse function f~t. 


We finish this subsection by proving a result about the tan function and its 
inverse function, which was promised in Subsection 3.2 of Unit C2. We 
also state (but do not prove) a similar result for sin~'. The proof 
demonstrates the usefulness of composing conformal mappings; however, it 
is quite long, so it may be omitted on a first reading. 


The function tan is a one-to-one conformal mapping from 
R= {z:-1/2 < Rez < 1/2} ontoS =C-— {iv: vER, |v| > 1} 


with inverse function 


1 lig 
fam w=< Llog ( X =). 
Il = pw 


Theorem 4.2 is illustrated in Figure 4.34. 
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Figure 4.34 The conformal mapping tan and its inverse function 


4 Transforming regions 


Figure 4.33 The cut plane 


R=C-—{xER:2 <0} 
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Proof Observe that tan z can be written in the form 


sinz 1 (£ — —) e?z — ] 


cosz i (e + ei? ieiz 4i 


This suggests a method for expressing tan as the composition of the basic 
conformal mappings 


z2— 1 
zı = 2iz, z3 =e" and w= 2 -, 
z2 +2 
in that order. The effect of these basic conformal mappings is shown in 
Figure 4.35. 
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Figure 4.35 Expressing tan as a composition of basic conformal mappings 


The linear function z1 = 2iz rotates the vertical strip R anticlockwise 
through an angle of 7/2 about the origin and then scales it by a factor 

of 2. This gives the horizontal strip Rı shown at the top right of 

Figure 4.35. Next, using the methods of Subsection 4.2 on mapping 
horizontal strips under the exponential function, we see that the function 
z2 = e*! maps R onto the cut plane Ro = C— {x ER: a <0}. So all that 
remains is to examine the effect that the Mobius transformation 

w = (z2 — 1)/(iz2 + i) has on this cut plane. 
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Since the Mobius transformation is a one-to-one mapping of Č to itself, the 
easiest way to find the image of the cut plane is to first find the image of 
the cut L = {tE R: t < O} U {oo}. We observe that the transformation 
sends 0 to i, —1 to œo and œ to —i. Consequently, the image of L is an arc 
of the generalised circle that passes from 7 to co to —i. This arc looks like 
two separate half-lines (on the imaginary axis) in the complex plane, but 
in the extended complex plane they are connected by the point at infinity. 
The region Rə is mapped to S, which is the complement in C of these two 
line segments. 


By composing these one-to-one conformal mappings, we deduce that tan is 
a one-to-one conformal mapping from R onto S. 
The formula for the inverse function can be obtained by finding the inverse 
functions of the basic constituent mappings, which are 
iw +1 1 
z2 = ——, z% =Logz and z= =z. 
OF i FT’ 1 822 vie 


Composing these, we see that 


as required. | 


Next we state a theorem about the inverse sin function. This theorem can 
be proved using similar techniques to those used to prove Theorem 4.2; we 
omit the details. 


Theorem 4.3 


The function sin is a one-to-one conformal mapping from 
R = {z:—-n/2< Rez < 1/2} ontoS=C-—{ueR: |u| > 1} 
with inverse function 


1 
sin™t w = — Log(iw +v1— w?). 
i 


Theorem 4.3 is illustrated in Figure 4.36. 
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Figure 4.36 The conformal mapping sin and its inverse function 


4 Transforming regions 
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Figure 4.37 The lune R = 
{z: |z- 1| < v2, |z+1| < v2} 
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Further exercises 


Exercise 4.10 


Write down the boundary in Č of each of the following subsets of C: 
(a) {z:|z— i| < 2} (b) {z : Imz < —1} 
(c) {z:lz+il>1}U{œ} (d) {z: e+ > 1} 


Exercise 4.11 


(a) Find the image of the open disc D = {z : |z — 1| < 2} under the 
Möbius transformation 


zti 
f(z) = z+1 
(b) Find the image of the open disc D = {z : |z + i| < 1} under the 
Mobius transformation 
Z—1 
P(2) = e+e 


Hence find the image of the punctured open disc 
R= {z:0< |z +i| < 1} under f. 


Exercise 4.12 


Find a Möbius transformation that maps the open half-plane 
{z : Rez +Imz < 1} onto the open disc {z : |z| < 2}. 


Exercise 4.13 


Find a one-to-one conformal mapping f from the lune 
R= {z: |z- 1| < v2, |z +1| < V2}, 
illustrated in Figure 4.37, onto the right half-plane S = {z : Rez > 0}. 


Determine the rule for the inverse function f~t. 


5 The Riemann Mapping Theorem 


5 The Riemann Mapping Theorem 


After working through this section, you should be able to: 


e appreciate the role of the Riemann Mapping Theorem in complex 
analysis. 


This section is intended for reading only (it will not be assessed). 


In Section 4 you saw how to construct one-to-one conformal mappings 
between many pairs of regions. For example, from Exercise 4.9, the 


function 
Vz-1 
f(z) = 
Jz+1 
is a one-to-one conformal mapping from the cut plane C — {2 € R: x < 0} 
onto the open unit disc {w : |w| < 1} (see Figure 5.1). 


A Jz-1 
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Figure 5.1 Conformal mapping from the cut plane C — {x € R : x < 0} onto 
the open unit disc 


All the conformal mappings constructed in Section 4 were given by explicit 
formulas involving elementary analytic functions. In this section we 
consider a more general problem, tackled by Riemann in his dissertation, 
which was presented to the University of Göttingen in 1851: 


For which pairs of simply connected regions Rı and Rə is there a 
one-to-one conformal mapping from Rı onto R2? 


Recall that a region is simply connected if it has no ‘holes’ in it 
(Subsection 1.1 of Unit B2). 


It is easy to find a pair of simply connected regions for which such a 
mapping does not exist. For example, if Rı = C and Rə = {w : |w| < 1}, 
then there is no one-to-one conformal mapping from Rı onto Rə. For any 
such mapping f would be a bounded entire function and hence would have 
to be constant by Liouville’s Theorem (Theorem 2.2 of Unit B2). 


In view of this example, it is perhaps surprising that Riemann came to the 
following conclusion: 


If Rı and Rə are any two simply connected regions, neither equal 
to C, then there is a one-to-one conformal mapping from Rı onto Rə. 
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Since simply connected regions can be complicated, we should not expect 
to be able to construct such a mapping explicitly. For example, see the 
complicated simply connected region of Figure 5.2, which is repeated from 
Figure 4.20 of Unit A3. This represents a rectangle with infinitely many 
vertical line segments removed, accumulating on the right-hand side. For 
clarity, and contrary to our usual conventions, we have drawn the 
boundary of the region with solid lines rather than dashed lines. 


Figure 5.2 A simply connected region formed by removing infinitely many 
vertical line segments from a rectangle 


However, Riemann did not claim to be able to construct the mappings: he 
claimed only their existence, without specifying how to calculate them. 
The following special case of his assertion, in which one of the regions is 
the open unit disc, is known as the Riemann Mapping Theorem. 


Theorem 5.1 Riemann Mapping Theorem 


There is a one-to-one conformal mapping from any simply connected 
region other than C onto the open unit disc. 


In fact, if a is a point in a simply connected region R (other than C), then 
it can be shown that there is a unique one-to-one conformal mapping 
from R onto the open unit disc D such that 


f(a)=0 and f(a) is real and positive. 


Theorem 5.1 leads to a complete solution to Riemann’s problem, as follows. 
If Rı and Rə are simply connected regions, neither equal to C, then 
Theorem 5.1 implies the existence of one-to-one conformal mappings fı 
and fz from Rı and Re, respectively, onto D (see Figure 5.3). Then fy l is 
a one-to-one conformal mapping from D onto Rə, and hence the composite 
function f = fy 1o fı is a one-to-one conformal mapping from Rı onto Rə. 


5 The Riemann Mapping Theorem 
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Figure 5.3 Conformal mappings between simply connected regions R1, R2 
and the open unit disc D 


Riemann did not supply a complete proof of Theorem 5.1, and his 
argument can be made to work only for regions with well-behaved 
boundaries (better behaved than that of Figure 5.2). A complete proof of 
Theorem 5.1 was not given until the early 1900s by the combined efforts of 
many complex analysts. It would take too long to supply all the details of 
a proof here, but, in brief, one method is to construct a sequence of 
functions (fn) that map R one-to-one and conformally onto regions that 
approximate D more and more closely as n — oo, and then show that the 
limit function f = Jim fn maps R one-to-one and conformally onto D. 


In his dissertation, Riemann in fact made a stronger assertion than the 
Riemann Mapping Theorem. He stated that if Rı and Rə are two simply 
connected regions, neither equal to C, then there is a one-to-one continuous 
function f from Ry, U OR, onto Rə U OR» such that the restriction of f 

to Rı is a one-to-one conformal mapping from Rı onto Rə. (Here OR, 
and Rə are the boundaries of Rı and Rə in C.) This was later proved to 
be true for simply connected regions with well-behaved boundaries by the 
Greek mathematician Constantin Carathéodory (whom you met in 

Unit C2) in 1913. However, in general the assertion is false; for example, it 
fails when Ra is the unit disc and Rə is the region shown in Figure 5.2. 
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Solution to Exercise 1.1 


, | 
N 
/ 4 \ 
/ \ 
gan I | 
/ \ \ Lo y 
0 ] > { 7 > 
\ Dı \ 
`SS p q Do y 
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We can map Dı onto Də in two stages. We first 
scale by the factor 2 and then translate by 1 + i; no 
rotation is needed. Overall, this can be achieved by 
the linear function 


f(z) =2z+(1 +0). 
Solution to Exercise 1.2 


By substituting 
u —v 
4 = — = — 
wee 4 wae 


in the equation y + 4x = 1, we obtain 


—v u 
eae | eI 
(a) + (a) 


Multiplying through by u? + v? gives 
u? +v* — 4u +v =O. 


If we complete the squares, then this equation 
becomes 


(u—2)? Fpi = 2. 


(The image of the line is the circle centred at 
2— si of radius sv 17, except for 0.) 


Solution to Exercise 1.3 


By substituting 
u —v 
T= ae Yee 
in the equation y = x, we obtain 
=y u 
that is, v = —u, for u? + v? £ 0. 
(The image is the reflection of the given line in the 
real axis.) 
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Solution to Exercise 1.4 


(a) On replacing x by u/(u? +v?) and y by 
—v/ (u? + v?) in z? +4? = 4, we obtain 


2 2 
u E gee E 
(are) + (a) 


This equation simplifies to give 


1 
Dae 
u? + v? 
that is, 
a ae 
u +v = % 


which is an equation for the circle of radius $ 
centred at the origin. 


(b) The equation (x — 3)? + (y — 4)? = 25 can be 
written as 
2.2 = 
x+y — 6x — 8y=0. 


On replacing x by u/(u? + v?) and y by 
—v/(u? + v?), for z + iy #0, we obtain 


2 2 
U i =U 
(are) | Gea) 
U =U 
-6| —— | -8| —— | =0 
(=) (==) 


The first two terms combine to give 
1 
u? + v2’ 


so the equation becomes 


es ee ae pee ee ae 
u2 + v2 u? + v2 u2 +u] 


By multiplying through by u? + v? and 
rearranging, we obtain 


6u — 8v = 1, 


which is the equation of a line. 


Solution to Exercise 1.5 
By Theorem 1.3, the reciprocal function maps the 
line or circle 
a(x? +y’) + ba +cy+d=0 
(excluding the origin) onto the line or circle 
d(u? +v?) +bu-cu+a=0 


(again excluding the origin), where a,b,c,d € R 
and b? + c? > 4ad. By Theorem 1.2, the first 
equation represents a line if and only if a = 0, and 
it represents a line or circle that passes through the 
origin if and only if d = 0. For the second 
equation, the roles of a and d are reversed, so the 
second equation represents a line if and only if 

d = 0, and it represents a line or circle that passes 
through the origin if and only if a = 0. 


The four cases then arise as follows. 
(a) a=d=0 

(hb) a=0,d4d #0 

(c) a#0,d=0 

(d) a#0,d40 


Solution to Exercise 1.0 


Using Theorem 1.2 and Exercise 1.5, we obtain the 
following classification. 


(a) This is a line that does not pass through the 
origin, so its image is a circle through the origin. 
(b) This is a circle through the origin, so its image 
is a line that does not pass through the origin. 

(c) This is a circle that does not pass through the 
origin, so its image is a circle that does not pass 
through the origin. 

(d) This is a line through the origin, so its image 
is a line through the origin. 


Solution to Exercise 1.7 


(a) The function f has a single singularity in C, 
at —1/3. Since f(z) > co as z = —1/3, we define 
f(—1/3) = œ. Next, 


6z+4 6+4/z 
G2 
3z+1 3441/2 


Solutions to exercises 


Therefore 
6 
f(z) > 3 =2asz> o0, 


so we define f (o0) = 2. Hence the extended 
function is 


6 4 
ZEE, zeC-{-1/3}, 
z 
fe) = oO, z = —1/3, 
2, Z=O. 


(b) The function f has a single singularity in C, 
at 0. Since f(z) > œo as z > 0, we define 
f(0) = oo. Next, 


1 
f(z) =-70as z > œ, 
z 


so we define f(o0) = 0. Hence the extended 
function is 


, 2€C-— {0}, 
? z=0, 


0, z=. 
(c) Here f is entire and 
f(z) =5z+7- œ as z > œ, 


so we define f(o0) = œœ. Hence the extended 
function is 


ee et 


Ow, 


zéEC, 


a = 0O: 


(d) The function f has a single singularity in C, 
at —1/2. Since f(z) — co as z + —1/2, we define 
f(—1/2) = oo. Next, 
1 1/2 

A ae ae ae 
Therefore 


0 
F(z) > 5 = 0 as z > 00, 


so we define f (o0) = 0. Hence the extended 
function is 


1 
Iai z E€ C — {-1/2}, 
f) = 4 o, z = —1/2, 
0, Z = Oo. 
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(e) The function f has a single singularity in C, (ii) The image of the circle z? + y? = 2 is a circle 
at 0. Since f(z) — co as z — 0, we define not through the origin. 
f(0) = œ. Next, (iii) The image of the circle x? + (y — 2)? = 4 is an 
24] i (extended) line not through the origin. 
j= EL Nae RO (iv) The image of the line 2x + y = 1 is a circle 


through the origin (with the origin excluded). 


so we define f(co) = oo. Hence the extended 
function is (b) (i) In 2x — y = 0, we replace x by 
24] u/(u? +v?) and y by —v/(u? +v?) to obtain 
z? + ` 2€C— {0}, /( ) y by —v/( ) 
f(z = z 2u v B 
oO, z € {0, co}. Po aes 


: . that is, 2u + v = 0. 

Solution to Exercise 1.8 (i) The 44 = Deer a 
(a) Rotating the half-plane {z : Imz > 1} about 0 and y by —v(u? + v”) to obtain 

through 7/2 clockwise and translating the result g v2 

one unit to the right gives the half-plane 

{z : Rez > 2}. The linear function that does this is 


We aC a 

Then multiplying through by u? + v?, we obtain 
i= 2(u? + v’), 

that is, u? + v? = 1/2. 


f(z) =e z +1 = iz +1. 


Solution to Exercise 1.10 


(a) Here f is entire and 


v 
N 
aS N 
v 


f(z) = 2z +6 > œ as z > ov, 


so we define f(co) = oo. Hence the extended 
(b) Translating the disc {z : |z — i| < 1} one unit function is 


downwards and then scaling the result by the 2246, zEC 
factor 3 gives the disc {z2 : |z| < 3}. The linear f(z) = i ee 
function that does this is —— 
f(z) = 3(z — i). (b) The function f has a single singularity in C, 
at 1. Since f(z) — co as z > 1, we define 
A E fl) = œ. Next, 
— q , N 
4~ f(z) =3(z2-1) 7 \ 1 1/z 
Gz, ——~ } Lea ae 
=o- > l $ = 
\ / 3° Therefore 
NX á 0 
——— f(z) > 7 =O as z > om, 


i : so we define f(o0) = 0. Hence the extended 
Solution to Exercise 1.9 oe 


a) Using Theorem 1.2 and Exercise 1.5, we 1 
oc Umg =a etait 


obtain the following classification. PL 

(i) The image of the line 22 — y = 0 is an flz) = oO, z=1, 
(extended) line through the origin (with the origin 0, z=. 
excluded). 
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Solution to Exercise 2.1 


(a) The function f(z) = 3/z is a Möbius 
transformation with a = d = 0, b = 3, c 


ad — be = —3 £0. 


(b) The function f(z) = (3i + 2z)/z is a Möbius 
transformation with a = 2, b = 3i, c = 1, d = 0 and 


ad — be = —3i £ 0. 


1 and 


(c) The function f(z) = 1 satisfies f’(z) = 0 for 
all complex numbers z, so f is not conformal. 
Therefore f is not a Möbius transformation, by 
Theorem 2.1. 


(d) The function f(z) = z + 3/z satisfies 
fig) S1=—3/2". 


Hence f’(/3) = 0, so f is not conformal. Therefore 
f is not a Möbius transformation, by Theorem 2.1. 


(e) The function f(z) = (1 — i + z)/(2 + 32) isa 
Möbius transformation with a = 1, b = 1 — i, c = 3, 
d = 2 and 


ad— be = 2 — 3(1 — i) = —1 + 3i 40. 


Solution to Exercise 2.2 


6) 2z +i 
i 
a ACn 
FO) = 4 0, z= 1/3, 
—2/3, oo 
(b) , 
z—i 
PRE € C- {-2/3}, 
f(z) = oS, z = —2/3, 
1/3, z= 
(c) 
ros fZ = 
00, Z= 


Solution to Exercise 2.3 


(a) By Theorem 2.2(a), the Möbius 
transformation f is a one-to-one function from C 


onto C. Also, f(—2/3) = œ and f(oo) = 1/3. 


Solutions to exercises 


So f maps C — {—2/3} onto C — {1/3}. Thus, for 
each w € C — {1/3}, we have 


pos ey gut wy ae 4 
3z4+2 
<> 3zw — z = —2w— í 
An 2w +i 
—3w +1 
Hence 
-i 2w +i 
f a Tek for w € C — {1/3}. 


Since f(oo) = 1/3 and f(—2/3) = œ, we have 


f +(1/3)=œ and foo) = —2/3. 
Hence the inverse function is 
9 f 
UFI pecs), 
i —3w +1 
f~ (w) = oO, w = 1/3, 
—2/3, w = œ. 


Remark: The function f in this exercise is the 
inverse function of the function f considered in 
Example 2.1, so you may have expected this 
answer. 


(b) By Theorem 2.2(a), the Möbius 
transformation f is a one-to-one function from C 
onto Č. Also, f(4/3) = œ and f(co) = 1/3. So f 
maps C — {4/3} onto C — {1/3}. Thus, for each 
w € C — {1/3}, we have 


po <> 3zw — 4w = z + 2i 
3z—4 
<> 3zw — z = 4w + 2i 
— 4w+ 2% 
A el 
Hence 
E 4w + 2i 
f () = So 1° for w € C — {1/3}. 


Since f(oo) = 1/3 and f(4/3) = 00, we have 
f U3) =c0 and 746s) = 4/3. 


Hence the inverse function is 


4 2i 

— w € C -— {1/3}, 
— w — 
fw) = 4 o, w = 1/3, 

4/3, w = œ. 
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Solution to Exercise 2.4 


Let f(z) = (az + b)/(cz + d), where a,b,c,d € C 
and ad — bc #0. Then, by Theorem 2.2(a), f is a 
one-to-one function from Ĉ onto C. We deal with 
the cases c Æ 0 and c = 0 separately. 


Suppose first that c #0. Then f(co) = a/c and 
f(—d/c) = œ. So f maps C — {—d/c} onto 
C — {a/c}. Thus, for each w € C — {a/c}, we have 


az+b 
= = b 
ea A az + 
< czw — az = -dw +b 
—dw +b 
= z = ——_ 
cw—a 
dw — b 
e 
—cw +a 
Hence 
dw — b 
=J _ _ 
f YS ea for w € C — {a/c}. 


Since f(oo) = a/c and f(—d/c) = œ, we have 
f-'(a/c) = and f l(c) = -—d/c. 


Hence the inverse function is 


dw — 
E w E€ C- {a/c}, 
=4 —cw +a 
f~ (w) = 00, w = afc, 
—d/c, w= oO, 


as required. The function f~! is a Möbius 
transformation because 


da — (—b)(—c) = ad — bc £0, 


and because f~! is defined suitably at the pole 
at a/c and at co. 


The case c = 0 is similar except that this time 
f(co) = œ and f maps C onto C, so we obtain 
dw — b 


Solution to Exercise 2.5 


Theorem 2.3 states that we can write down the 
inverse function of a Möbius transformation 

f(z) = (az + b)/(cz + d) by interchanging the 
coefficients a and d, and reversing the signs of the 
coefficients b and c. By applying this process to 
the Möbius transformations in Exercise 2.3, we 
obtain the following inverse functions. 
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2w +i 
—1 ane 
(a) fw) = 

—4w—?2i 4w+2i 
b) f7! = —_— = 
Pr U= oT ee 


Following our convention, these transformations 
are defined at their poles, and at the point oo, in 
the usual way. 


Solution to Exercise 2.6 


Let z be a complex number that is not a 
singularity of g and such that g(z) is not a 
singularity of f. Since (fo g)(z) = f(g(z)), we have 


(fog)(z) = 


| 

YS 
ATR 
xjx 
| a 
~a. >. 
Sa 


32-1 
—z+ 31 
Hence f og is the Möbius transformation 
37 — i 
Ae es 
—z+ 32 


Solution to Exercise 2.7 
(a) The fixed points of f are oo and the solution 
in C of z/2 + 1 = z, which is 2. 
(b) The fixed points of f are the solutions in C of 
1/z = z, which are 1 and —1. 
(c) The fixed points of f are the solutions in C of 
3z+i 
"TT 
Multiplying through by —iz + 3 gives 
3z +i = —iz? + 3z. 
Cancelling 3z from both sides, we obtain i = —iz?, 


which is equivalent to z? = —1. Hence the fixed 
points are i and —i. 


Solution to Exercise 2.8 


In each case we use formula (2.2). 


_ (2-2) (+2) _ 2-2) 
l= eo) Gia) a 
ate + 24 
z+2 
_(z=i)(œ-1)_ z-i 
W= Ca Gay eT 
(z= œ) (3i-1) 3-1 
Wee e] eol 
(z= (1=+i)) (0-0) 
A) I) ay, OF a) 
_#= ils) 
-~ —(1+i) 
=-—}4(1— i)z +1 


Solution to Exercise 2.9 


We find the required transformation by using the 
Implicit Formula for Möbius Transformations, 
which in this case is 


(z= 2) (z+2) | (w-i) (w-1) 


(2i +2) (2i-—2) (œ-1) (œi) 


By evaluating the constant term and 
cross-multiplying, we obtain 


(z — 2)(w — 1)(-t) = (w — i)(z + 2), 
that is, 


w—i 


w—-1 


= +12 + 2ow — 20 = wz + Qw — 1z — 21. 
On collecting the w terms on the left, we obtain 


(-1 


i)zw + (2i — 2)w = —2iz, 


so 
—2iz 21z 
WwW = nh ee = 
(—1 — i)z + (2i — 2) 


The required Möbius transformation is therefore 
2iz 
1) apna) 
If we wish, we can write this in a simpler form by 
multiplying the numerator and denominator by 
1 — ¿ to give 
(2 + 2i)z 


I) = "Sa = 


(1+i)z 
z=2i 


+ae+20—0 


Solutions to exercises 


Alternatively, we could use the results of parts (a) 
and (b) of Exercise 2.8 to find the required Möbius 


transformation, because 


f=k oh, 
where 
—iz + 2i zZ-1 
h(z) = ee and k(z) ZIT 


Solution to Exercise 2.10 

(a) The function f(z) = (z — i)/(iz + 1) is not a 

Möbius transformation because 
Z=- ee O B 
= iz+1 ilz=i) 


It is a constant function. 

The function g(z) = (z — 1)/(z + 2i) is a Möbius 
transformation with a = 1, b = —1, c = 1, d = 2i 
and ad — be = 2i + 1 £ 0. 

The function h(z) = z/(2z — i) is a Möbius 
transformation with a = 1, b = 0, c= 2, d 
and ad — bc = —i £ 0. 


(b) By Theorem 2.3, the inverse functions of g 
and h are 


g*(w) 


—i 


_ 2%iw+1 
~~ —w+1 


Solution to Exercise 2.11 


Let z be a complex number that is not a 
singularity of g and such that g(z) is not a 


singularity of f. Since (f og)(z) = f(g(z)), we have 


sgo = 7) 


(z+1) —2(z-1) 
(z+1)+i(z-— 1) 
=~ 
(l+i)z+(1-i) 
Hence f og is the Möbius transformation 
=e 3 
(l+i)z+(1-i) 


hlz2)= 
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Solution to Exercise 2.12 


In each case we can use the Explicit Formula for 
Mobius Transformations to find the required 
transformation f. 

(z—1) (—1 — œ) 


~~ p0 (2-a-—(1+%) 
(2— i)z — (3 + i) 
(1 — 2i)z 


Solution to Exercise 2.13 
We find the required transformation by using the 
Implicit Formula for Möbius Transformations, 
which in this case is 
(z — 2i) ((1 + 22) — 1) 
(z—1) (1+ 2%) — 2%) 
By evaluating the constant terms and 
cross-multiplying, we obtain 


(z — 2i)(w — #)(2%) = (w — 1)(z — 1)(-4), 


that is, 


(w —1) ((1+i)-— i) 


2izw + 4w + 2z — 4i = -—iwz+iw+iz—-1. 
On collecting the w terms on the left, we obtain 
3izw + (4 — i)w = (—2 + i)z + 3i, 
so 
_ (=2+i)z+3i 
Biz t+ (4-1) ` 
Hence the required Mobius transformation is 
—2 +4i)z + 32 
jig 
3iz + (4-7) 
Solution to Exercise 3.1 


The circle C = {z : |z — (1 + i)| = V2} passes 


through the points 0, 2 and 27. Now, 
—2i + 2 
f(0) =1, = 


2i +2 


f2Q)=0 and J(2:)= 


(w —i) ((1+%)-1) 


These points are three of the four vertices of a 
square centred at f — ži of side length 1. The 
image of C is the circle centred at 3 — zi of radius 
1/\/2, which passes through the four vertices of 


this square. That is, 


f(C) = {2:|2— (4-3) =1/v3}. 


A _ =e A 
fe) = z+2 
2i e T 
0 1 
C > 
; a —i F(C) 
1! iy 
2772 


Solution to Exercise 3.2 


The extended line L = {z : Rez = Imz} U {oo} 
passes through the points 0, 1 +i and oo. 


f(0)=-1, fd+i)=14+2i and f(oo)=1. 
These points are three of the four vertices of a 
square centred at i of side length 2. So the image 
of L is the circle centred at i of radius V2, which 
passes through the vertices of the square. That is, 


f(L) = {z : |z — il = v2}. 


z+í 


f(z) = 


zZ—1 


Solution to Exercise 3.3 

Here f maps 1 to oo. Since 1 lies on 

C = {z : |z| = 1}, the image of C must be an 

extended line. In fact, we have 

; 1l 

So f(C) is the extended line through 0 and —1. 

That is, f(C) is the extended imaginary axis 
{z:Rez=0}U {oo}. 


—i and f(—1)=0. 


Solution to Exercise 3.4 


First observe that the image f(C) of 
C = {z : |z| = 1} is an extended line, because 
—1 € C and f(—1) = œ. Next, by Theorem 2.3, 


=l _ Ww +i 
fw) =, 
Now, w is a point on the image f(C) if and only if 


f—'(w) lies on the unit circle C. That is, w € f(C) 
if and only if w = oo or 


wt 
—w +1 


=. 


This equation can be rearranged to give 

|w + i| = |—w + 1|, which is an equation for the 
line comprising points that are equidistant from —7 
and 1. Hence f(C) is the extended line 


{w : |w + i| = |—w + 1|} U {oo}. 


This answer is perfectly acceptable, but let us try 
writing the equation |w + i| = |—w + 1| in another 
form (which will be used later on). By substituting 
w = u + iv into this equation, we obtain 


ju + ifv + 1)| = |(—u + 1) — iv]. 
Hence 
u? + (v +1)? = (~u +1}? +0. 


After expanding brackets and cancelling terms we 


are left with u = —v. Therefore, since u = Rew 
and v = Im wv, we can write the equation 
|w + i| = |w + 1| as Rew = — Im w. Hence 


f(C) = {w : Rew = — Im w} U {oo}. 


Solutions to exercises 


Solution to Exercise 3.5 


(a) Since C has equation |z — (1 +7)| = v2, it 

follows from the corollary to Theorem 3.1 that 1 +i 

and œ are inverse points with respect to C. But 
fQ+i)=i and f(œ)=1. 

So, by Theorem 3.2, i and 1 are inverse points with 

respect to f(C). 

By Theorem 3.1, f(C) has an equation of the form 


|w — i| = k|w — 1|, for some k > 0. 


Since 0 lies on C, it follows that f(0) = —i lies 
on f(C), so 


i-i 2 

|-i-1| v2 
An Apollonian form of the equation for f(C), 
which is a circle, is therefore 


lw — i] = V2|w — 1]. 


(b) Here 1 and oo are inverse points with respect 
to C. So, by Theorem 3.2, f(1) =0 and f(co) =1 
are inverse points with respect to f(C). 


By Theorem 3.1, f(C) has an equation of the form 


|w| =k|w—1|, for some k > 0. 


Since 0 lies on C, it follows that f(0) = —i lies 
on f(C), so 
[il 1 
k = = —. 
[i-i] v2 
An Apollonian form of the equation for f (C), 
which is a circle, is therefore 


[w| = |w- 1|/V2 or |w- 1) = v2 Iu}. 


(c) Here i and oo are inverse points with respect 
to C. So, by Theorem 3.2, f(z) = œ and f(oo) = 1 
are inverse points with respect to f(C). 


By Theorem 3.1, f(C) has an equation of the form 
|w—1|=r, for some r > 0. 


Since 0 lies on C, it follows that f(0) = —i lies 
on f(C), so 


r= |-i-1] = v2. 
It follows that f(C) is the circle with equation 


|w — 1| = V2. 
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(d) Here 1 +i and œ are inverse points with Thus a = 5(3 +i), so C has an equation of the 
respect to C. So, by Theorem 3.2, f(1+i)=iand form 


f (oo) = 1 are inverse points with respect to f(C). lz ~134 ‘| ei ae 
By Theorem 3.1, f(C) has an equation of the form i : 
Since 1 lies on C, we find that 


|w — i| = k|w — 1|, for some k > 0. AE 
l kal yf 
Since 1 lies on C, it follows that f(1) = 0 lies a vA 
oa ehya Hence an equation for C in Apollonian form is 
[il 
k= =i 1 : 
|=1] |z- $(3+4)| = -lz — (1 +4). 


V2 
An Apollonian form of the equation for f(C), F : 
which is an extended line, is therefore Solution to Exercise 3.8 
(a) The reflection of the point 2 + 37 in L is 
—2 + 3i, so a = —2 + 3i. An equation for L in 
Solution to Exercise 3.6 Apollonian form is therefore 
|z — (—2 + 3i)| = |z — (2 + 3i). 


|w — i| = |w — 1I. 


(a) By Theorem 3.3 with a = i, k = V2 and 


B = 1, the circle with equation (b) The reflection of the point 4 — 2i in L is 
, 2 — 2i, so œ = 2 — 2i. An equation for L in 
|z = i] = v2|z — 1| Apollonian form is therefore 
has centre |z — (2 — 2i)| = |z — (4 — 2i)|. 
i—2x1 i ‘ 
A= ——— =2—i Solution to Exercise 3.9 
and radius (a) Here f maps 2 to oo. Since 2 lies on C, the 
li- 1 image of C is an extended line. Also, 
a ~~ . . 
T= Ti-2 =2 f(—2i)=0 and f(-2)= - — ži. 


Thus the image f (C) is the extended line through 


the points 0 and i — ži, namely 


{z : Rez = — Im z} U {oo}. 
(b) Choosing the three points 2, —2 and 2i on C, 


(b) By Theorem 3.3 with a = 1, k = V2 and 
6 = 0, the circle with equation 


lz- 1) = vZ] 


has centre we have 
fae eg f(2)=0, f(-—2)=2 and f(2i)=1+i. 

1-2 These points are three of the four vertices of a 

and radius square centred at 1 of side length v2. Hence f(C) 
V2 1-0] is the circle centred at 1 of radius 1, which passes 
= = V2. through the vertices of the square. That is, 
|1 — 2| 
; ; f(G) =fe: |z- 1| =1}. 
Solution to Exercise 3.7 A 
Here C has centre 2 and radius 1, so À = 2 and 1+. KO) 
r= 1. So, from Theorem 3.3, 
2 = . : 
(1+i)-2 -l1 +: 2 
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Solution to Exercise 3.10 


We use the substitution method for part (a) and 
the inverse points method for part (b). Both 
methods can be used for both parts. 
(a) The pole —7 of f does not lie on the circle 
C = {z : |z + i| =1}, so f(C) must be a circle. By 
Theorem 2.3, 

iw +i 


O 


Now, w is a point on the image f(C) if and only if 
ft (w) lies on the circle C. That is, w € f (C) if 
and only if 


C 

Multiplying through by |—w + 1|, we obtain 
(iw +i) +4(—w + 1)| = |—w + 1], 

that is, |2i| = |w — 1|. Hence f(C) is the circle 
w —1| = 2. 


(b) The centre of C = {z : |z — i| = 1} is i, so it 
follows, from the corollary to Theorem 3.1, that i 
and oo are inverse points with respect to C. 
Hence, by Theorem 3.2, 
f@=0 and f(œ)=1 
are inverse points with respect to f(C). So, by 
Theorem 3.1, f(C) has an equation of the form 
|w| = k|w — 1|, for some k > 0. 
Since 0 lies on C, f(0) = —1 lies on f(C), so 
-1| 1 
k = —— = =. 
-i-i 2 
It follows that f(C) is the circle |w — 1| = 2|w]. 


Solution to Exercise 3.11 


(a) By Theorem 3.3 with a =i, k = 2 and 
6 = —31, the circle with equation 


|z — i| = 2|z + 3i| 


has centre 
i — 4(—3i) 13 
~ —ja4, a 
and radius 
2|i — (—37)| 8 
[=a 8 


Solutions to exercises 


(b) By Theorem 3.3 with a = 0, k = 6 and 


6 = —i, the circle with equation 
|z| = 6|z + i| 
has centre 
_ 0—36(—i) 36 
= 1—36 35 
and radius 
eo- (Òl_ 6 
(1-36) 35` 


Solution to Exercise 3.12 


(a) (i) The circle C4 has centre A = 0 and radius 
r= 2. Thus, using the equation 

(a—A)(B—A) =r? 
from Theorem 3.3 with 8 = 1 + i, we see that 

2 41i) 
ü+ğj-0 2 
so a = 2(1 + i). 
(ii) The circle Cz has centre \ = į and radius 
r= z. Thus, from Theorem 3.3 with 6 = 1 + i, we 
see that 


’ 


so Q = ; +i. 
(b) (i) An Apollonian form of the equation for 
the circle C4 is 
|z—2(1+2)| = k|z — (1 + i)|, 
for some k > 0. Since 2 lies on C4, 
|2 — 2(1+2)| |—2i| 
k = ETI TEK — : — V2, 
|2—(1+2)| |1 — il 
so Cı has equation 
|jz—2(1+4)| = V2 |z — (1 + a). 
(ii) An Apollonian form of the equation for the 
circle Co is 
|z- (3 +i)| = klz- (1 +), 
for some k > 0. Since ži + i lies on Co, 
3 1 F 
k= (+-+ _ 
l(g+4)- +9) 
so Cy has equation 


lz—(4+4| = 3lz-( +4). 
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Solution to Exercise 4.1 
(a) {z: |z| = 2} 

(b) {z: Rez =1}U {oo} 

(c) {2: |z| = 3} U {oo} 

(d) {z : |z| = 3} 


Solution to Exercise 4.2 


The boundary in C of D is the unit circle 

C = {z : |z| = 1}. We proved in Exercise 3.3 that 
f(C) is the extended imaginary axis. It follows 
from Theorem 4.1 that f(D) is a generalised open 
disc with boundary in Č the extended imaginary 
axis. Hence f(D) is either the left or the right 
half-plane. Since 0 € D, and f(0) = —1, we see 
that f(D) is the left half-plane. 


z+l1 
0 ae A 
f as 1 F(C) 

C aaia f(D) | 
/ D> | 

oe =f} 
| 
| 


Solution to Exercise 4.3 


The boundary in Č of D is the circle 

C = {z : |z — i| = 1}. We proved in Exercise 3.5(c) 
that f(C) is the circle {w : |w — 1| = V2}. Now, 

i € D and f(i) = oo. Hence, by Theorem 4.1, 


f(D) = {w : |w — 1] > V2} U {oo}. 
Since R = D — {i}, it follows that 
F(R) = f(D) — {FO} = {w : |w — 1| > V2}. 


z—1 
OO, lee 
C a. 
/ N 
i ISR) 
/ 
“Sap” > 
0 
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Solution to Exercise 4.4 


We can apply a linear function to map R onto S, 
as follows. First scale R by two units, and then 
translate upwards by 3 units. These two 
transformations are given by the functions 


z— 2z and zero 24+31. 


Hence f(z) = 2z + 3i is a linear function that 
maps R onto S, and since f is a linear function, it 
is a one-to-one conformal mapping from R onto S. 


7o Ns 
/ cS N 
I \ 
f(z) =2z+3i i 3i $ l 
A 7 a~ \ / 
\ 7 
= ul 
P TN Hg 
a. : 
h A l 


Solution to Exercise 4.5 
The boundary of R is the circle 

C= {z:|z-2|=1}, 
and the boundary in C of S is the extended real 
line. We will construct a Möbius transformation f 
that sends the points 3, 2+ ¿į and 1, which lie 


on C, in order to 0, 1 and oo, which lie on the 
extended real line. 


By the Explicit Formula for Möbius 


Transformations, 
(4) 
_ niet 8i 
z-l1 ` 


Now, the Mobius transformation f maps C onto 
the extended real line, and it maps the centre 2 of 
the disc R to f(2) = i, which lies in S. Both R 
and S are generalised open discs, so it follows from 
Theorem 4.1 that f maps R onto S. Since f isa 
Mobius transformation, it is a one-to-one 
conformal mapping from R onto S. 


—iz + 30 
f(z) = 
z=] 
-a 
A A 
2+12 
zeN S 
AEREA 
E ea V E > 
1 WE 3 0 1 oO 
Va 


Solution to Exercise 4.6 


The points 0 and 2 are inverse points with respect 
to the extended line L that is the boundary of R, 
and œo € L. Also, 0 and oo are inverse points with 
respect to the unit circle, and the point 1 lies on 
the unit circle. So let us choose a Mobius 
transformation f that satisfies 


fi) =0, f2Q})=]c0 and f(oo)=1, 


Using the Explicit Formula for Mobius 
Transformations, we obtain 
z 


ID= 


By preservation of inverse points under f, 0 and œo 
are inverse points with respect to f(L), so f(L) is 
a circle centred at 0. Since 1 € f(L), we see that 

f (ZL) is the unit circle. Observe also that 0 E€ R 
and f(0) = 0 lies in S. Therefore we can apply 
Theorem 4.1 to see that the Mobius transformation 


f is a one-to-one conformal mapping from R 
onto S. 


Solutions to exercises 


Solution to Exercise 4.7 
We can use the square function 
fla =z. 
This function squares the modulus of each complex 


number and doubles the argument. Therefore it is 
a one-to-one analytic function from 


R ={z: -r < Argz < —7/2} 


onto the set of points w with arguments between 
—2r and —r. By adding 27 to each of these 
arguments (to get them in the range of the 
principal argument), we see that f is a one-to-one 
conformal mapping from R onto the upper 
half-plane 


S= {w:0 < Argw <7}. 


Next observe that the principal square root 
function z = w"? maps S = {w : 0 < Argw < 7} 
onto the upper-right quadrant 

{z:0 < Argz < 1/2} (it halves the principal 
argument of each non-zero complex number). 
Therefore the (not principal) square root function 
z = —w!/? maps S onto the lower-left quadrant R, 
so this is the inverse function of f. 


0 


| 
2 | 
| 


Solution to Exercise 4.8 


Both regions are lunes of angle 7/2 (for each lune, 
the two generalised circles that bound the lune 
intersect at right angles), so we can apply the 
strategy for mapping lunes to find a Möbius 
transformation f that maps R onto S. 


First choose f to map the vertices of R to those 

of S, say f(1) =0 and f(z) = co. Now, the 

region œR lies to the left of the upper boundary arc 
of R traversed from 1 to i. Also, the region S lies 
to the left of the positive real axis traversed from 0 
to oo. We select a point on the upper arc of R to 
map to a point on the positive real axis, say 


fie =]; 
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Unit C3 Conformal mappings 


In summary, we have 

fQ)=0, fle") =1 and f(i)=o0. 
Using the Explicit Formula for Möbius 
Transformations, we see that 
(z — 1) (e*"/4 — i) 
ED (T 


f= 


Now, 
eit /4 Dr, T erie a ent) E wa 
ein/4 1 eit /4_ | TEE 


and —e'/4 = —(1 + i)/ V2, so 
L+iyz=i 
ra=- a)r 
Since f is one-to-one and conformal throughout C, 


we see that f is a one-to-one conformal mapping 
from R onto S. 


1+7\z-1 
FA = 
f(z) ea 
1, SN a aa i 
i \ 
oe es 
Z ND / l 
/ VEN L | 
t ~b = ——— -> 
\ /1 0 
Sadla 


Remark: You may have chosen points other 

than e’*/4 and 1 when applying the strategy for 
mapping lunes, to give a different, but equally 
valid, answer. Also, you may not have obtained the 
constant —(1 + i)/v2 (or a similar constant) using 
the same method presented here. 


Notice that the transformation z > kz, where 

k > 0, is a one-to-one conformal mapping from S 
onto S. It follows that we can multiply the formula 
for f(z) by any positive number k to give another 
one-to-one conformal mapping from R onto S. 
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Solution to Exercise 4.9 
The cut plane is 


R = {z : |Argz| < T}. 
By applying the principal square root function, 
zı = yZ, we can halve the angle at the vertex to 
obtain the right half-plane 

Rı = {z : |Arg z| < 7/2}. 
Next, using Table 4.1, the function 


zı— 1 


zı +1 
is a one-to-one conformal mapping from Rı onto 


the open unit disc S. 


Since both these functions are one-to-one and 
conformal, the composition of the two functions 


_vz-1 
— yz+1 


is a one-to-one conformal mapping from R onto S. 


f(z) 


For the inverse function we observe that f is 
one-to-one on R (because its constituent functions 
are one-to-one), so f has an inverse function that 
can be obtained by composing the inverse of the 
square root function with the inverse of the Möbius 
transformation. This gives 


piu) (25). 


—wt+l 
zı— 1 
q4) = 
z1 = yz z +1 
R IR yo 
e > ' a. an. 
0 ol <P: 
| 
al We 
z= a? w+ 1 


ZZ) => 
j —w +1 


Solution to Exercise 4.10 
(a) {z : |z — i| = 2} 

(b) {z : Imz = —1} U {oo} 

(c) taei 

(d) {z:|z+2| =1}U {oo} 


Solution to Exercise 4.11 
(a) The boundary in Ĉ of the disc 
D= {z:|z-1| <2} 
is the circle 
C ={z:|\z -1| = 2}. 
The points 3, 1 + 2i and —1 on C are such that 


j= =16+8, 

; 1+ 31 . 
mE 2) = =1+ 4i, 
f(-1) = 00. 


Thus the image of C under f is the extended line 
that passes through the points +(3 +i) and 1 + ži. 


That is, f 
f(C) = {z : Rez — Imz = 4} U {oo}. 


Since 1 € D, and f(1) = ¿(1 + i), which lies to the 
left of f(C) in the complex plane, we see from 
Theorem 4.1 that f(D) is the generalised open disc 


f(D) = {z: Rez- Imz < 4}. 


z+. 

= oo 

í 1 . 

1+2i s(l+2) 7 

a ” f(D) 2 ° Pit si 
4 D , #8) 
=] ` i 13 y 7 

ae yp F(C) 

7 


(b) The boundary in Ĉ of D = {z : |z +i] < 1} is 
the circle C = {z : |z + i| = 1}. We proved in 
Exercise 3.10(a) that f(C) is the circle 
{w:|w—1|=2}. Now, —i € D and f(—i) = o. 
Hence, by Theorem 4.1, f(D) is the generalised 
open disc 


f(D) = {w : |w -— 1| > 2} U {oo}. 
Since R = D — {—i}, it follows that 
FR) = FD) — {f(-a)} = {w : w I > 2}. 


Solutions to exercises 


Solution to Exercise 4.12 

The boundary in Č of the open half-plane 
H = {z : Rez +Imz < 1} 

is the extended line 
L = {z : Rez + Imz = 1} U {oo}. 


Observe that 0 and 1 +7 are inverse points with 
respect to L. Since 0 € H, we can ensure (using 
Theorem 4.1) that H is mapped onto an open disc 
centred at 0 by mapping 0 to 0 and 1 +7 to oo. To 
ensure that H maps onto the open disc with 
radius 2 (and centre 0), we map oo (which is on 
the boundary in C of H) to 2. The required 
Mobius transformation f that does this is 


2z 
f(z) = ia 


Solution to Exercise 4.13 


First we use the lune strategy to map the 
right-angled lune R onto the open sector 


Ry = {z1 : |Are zi| < 2/4}. 


We choose this sector (rather than, say, the first 
quadrant) because we can then apply the square 
function w = z? to map Rı onto the right 
half-plane S. 


For the lune strategy, we send the vertices i to 0 
and —i to co. Now, the region œR lies to the left of 
the left-hand boundary arc of R, traversed from i 
to —i, and the region Rı lies to the left of the 
boundary ray with equation Arg z1 = —7/4, 
traversed from 0 to oo. We choose a point 1 — v2 
on the left-hand boundary arc of R and send it to 
the point e~7/4 on the boundary ray of Ri. Using 
the Implicit Formula for Möbius Transformations 
with a = i, 8 = 1 — V2, y = —i and a’ = 0, 
B! =e—*7/4 | y! = œœ, we obtain 

(2-1) 0-Vv2+i) _ (21-0) (e/t -— o) 

(z1 — 00) (e7?7/4 — 0) 
Z1 
T eria 

(We chose a, 8, y in this particular order to make 
the calculation of z; easier. Choosing a, p, y in a 
different order will give a different, but equally 
valid, Möbius transformation.) 


(z+i)(@-v2-i) 
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Unit C3 Conformal mappings 
Since 1 +i = V2etT/4 and 1— i = /2ein/4, we see 


that 
—in/4 1—-V2+i ~in/4 /2e%7/* — /2 
er —e 
l- vV2—i J/2e-in/4 — y2 
B V2 — V2e7iT/4 o 
E Veitt /2 


Zz—=i _ =z+i 
o z+i z+iíi 
is a Möbius transformation that maps R onto Rı. 
Composing this with the square function, we 
obtain the mapping 


N2 
=% F1 
2) = 
ro- (=), 
which is a one-to-one conformal mapping from R 
onto S, since it is composed of one-to-one 


conformal mappings from R onto Rı and from Ry 
onto S. 


Hence 


zı = 


—z+1 
21 = 
d zt+i w=z] 
PEPATE E 
/ | 
TAN y | 
/ 7 
\ Ry | 
—tRy— > 
W 0N Of 
N \ | 
B N l 
oo 
_ tz, +i zı = yw 
7 zı +1 


Since f is one-to-one, it has an inverse function 
that we can obtain by composing the inverse 
functions of the constituent mappings. The inverse 
function of the function w = 2? is z1 = yw, and 


the inverse function of the Möbius transformation 


—z +í 
z = - 
z+: 
is 
=t tt 
E zı +1 
Hence 
_ —i yw +1 
Pe 
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